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FROM THE PREFACE TO THE 
EIRST ENGLISH EDITION 


The present book is one of the series on Theoretical Physics, in which we 
endeavour to give an up-to-date account of various departments of that science. 
The complete series will contain the following nine volumes: 

1. Mechanics. 2. The classical theory of fields. 3. Quantum mechanics 
(non-relativistic theory). 4. Relativistic quantum theory. 5. Statistical physics. 
6 . Fluid mechanics: 1. Theory of elasticity. 8. Electrodynamics of continuous 
media. 9. Physical kinetics. 

Of these, volumes 4 and 9 remain to be written. 

The scope of modern theoretical physics is very wide, and we have, of 
course, made no attempt to discuss in these books all that is now included in 
the subject. One of the principles which guided our choice of material was 
not to deal with those topics which could not properly be expounded without 
at the same time giving a detailed account of the existing experimental results. 
For this reason the greater part of nuclear physics, for example, lies outside the 
scope of these books. Another principle of selection was not to discuss very 
complicated applications of the theory. Both these criteria are, of course, 
to some extent subjective. 

We have tried to deal as fully as possible with those topics that are included. 
For this reason we do not, as a rule, give references to the original papers, 
but simply name their authors. We give bibliographical references only to 
work which contains matters not fully expounded by us, which by their com¬ 
plexity lie “on the borderline” as regards selection or rejection. We have 
tried also to indicate sources of material which might be of use for reference. 
Even with these limitations, however, the bibliography given makes no pre¬ 
tence of being exhaustive. 

We attempt to discuss general topics in such a way that the physical signifi¬ 
cance of the theory is exhibited as clearly as possible, and then to build up the 
mathematical formalism. In doing so, we do not aim at “mathematical 
rigour” of exposition, which in theoretical physics often amounts to self- 
deception. 

The present volume is devoted to non-relativistic quantum mechanics. By 
“relativistic theory” we here mean, in the widest sense, the theory of all 
quantum phenomena which significantly depend on the velocity of light. The 
volume on this subject (volume 4) will therefore contain not only Dirac’s 
relativistic theory and what is now known as quantum electrodynamics, but 
also the whole of the quantum theory of radiation. 

Institute of Physical Problems L. D. Landau 

USSR Academy of Sciences E. M. Lifshitz 

August 1956 
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PREFACE TO THE 
SECOND ENGLISH EDITION 


For this second edition the book has been considerably revised and en¬ 
larged, but the general plan and style remain as before. Every chapter has 
been revised. In particular, extensive changes have been made in the sections 
dealing with the theory of the addition of angular momenta and with collision 
theory. A new chapter on nuclear structure has been added; in accordance 
with the general plan of the course, the subjects in question are discussed only 
to the extent that is proper without an accompanying detailed analysis of the 
experimental results. 

We should like to express our thanks to all our many colleagues whose 
comments have been utilized in the revision of the book. Numerous com¬ 
ments were received from V. L. Ginzburg and Ya. A. Smorodinskii. We are 
especially grateful to L. P. Pitaevskii for the great help which he has given in 
checking the formulae and the problems. 

Our sincere thanks are due to Dr. Sykes and Dr. Bell, who not only 
translated excellently both the first and the second edition of the book, but 
also made a number of useful comments and assisted in the detection of 
various misprints in the first edition. 

Finally, we are grateful to the Pergamon Press, which always acceded to 
our requests during the production of the book. 


October 1964 


L. D. Landau 
E. M. Lifshitz 



PREFACE TO THE 
THIRD RUSSIAN EDITION 


The previous edition of this volume was the last book on which I worked 
together with my teacher L. D. Landau. The revision and expansion that 
we then carried out was very considerable, and affected every chapter. 

For the third edition, naturally, much less revision was needed. Never¬ 
theless, a fair amount of new material has been added, including some more 
problems, and relating both to recent research and to earlier results that 
have now become of greater significance. 

Landau’s astonishing grasp of theoretical physics often enabled him to 
dispense with any consultation of original papers: he was able to derive 
results by methods of his own choice. This may have been the reason whv 
our book did not contain certain necessary references to other authors. In 
the present edition, I have tried to supply them as far as possible. I have 
also added references to the work of Landau himself where we describe 
results or methods that are due to him personally and have not been 
published elsewhere. 

As when dealing with the revision of other volumes in the Course of 
Theoretical Physics, I have had the assistance of numerous colleagues who 
informed me either of deficiencies in the treatment given previously, or of 
new material that should be added. Many useful suggestions incorporated 
in this book have come from A. M. Brodskii, G. F. Drukarev, 1. G. Kaplan, 
V P Krainov, 1. B. Levinson, P. E. Nemirovskii, V. L. Pokrovskii, 
I. I. Sobel’man, and 1. S Shapiro. My sincere thanks are due to all of 
these. 

The whole of the work on revising this volume has been done in close 
collaboration with L. P. Pitaevskii. In him I have had the good fortune 
to find a fellow-worker who has passed likewise through the school of 
Landau and is inspired by the same ideals in the service of science. 
Moscow E. M. Lifshitz 

November 1973 
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EDITOR’S PREFACE TO THE 
FOURTH RUSSIAN EDITION 


In this edition of Quantum Mechanics some misprints and errors noted 
since the publication of the third edition have been corrected. Some 
small improvements have also been made, and several problems have 
been added. 

I am grateful to all readers who have provided me with comments. 
May 1988 L. P. Pitaevsku 
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NOTATION 


Operators are denoted by a circumflex;/ 
dl' volume element in coordinate space 
d^ element in configuration space 
d^p element in momentum space 

fnm — — <k|/|»i> matrix elements of the quantity/ (see definition in §11) 

<^nm = {En — Em)lh transition frequency 
{/,= fg—gf commutator of two operators 
a Hamiltonian 

Si phase shifts of wave functions 

Atomic and Coulomb units (see beginning of §36) 

Vector and tensor indices are denoted by Latin letters i, k, I 
enci antisymmetric unit tensor (see §26) 


References to other volumes in the Course of Theoretical Physics: 
Mechanics = Vol. 1 {Mechanics, third English edition, 1976). 

Fields = Vol. 2 {The Classical Theory of Fields, fourth English edition, 
1975). 

RQT or Relativistic Quantum Theory = Vol. 4 {Relativistic Quantum Theory, 
first English edition. Part 1,1971; Part 2, 1974); the second English edition 
appeared in one volume as Quantum Electrodynamics, 1982. 

All are published by Pergamon Press. 


XV 



CHAPTER I 


THE BASIC CONCEPTS OF 
QUANTUM MECHANICS 


§1. The uncertainty principle 

When we attempt to apply classical mechanics and electrodynamics to explain 
atomic phenomena, they lead to results which are in obvious conflict with 
experiment. This is very clearly seen from the contradiction obtained on 
applying ordinary electrodynamics to a model of an atom in which the elec¬ 
trons move round the nucleus in classical orbits. During such motion, as in 
any accelerated motion of charges, the electrons w'ould have to emit electro¬ 
magnetic waves continually. By this emission, the electrons would lose their 
energy, and this would eventually cause them to fall into the nucleus. Thus, 
according to classical electrodynamics, the atom would be unstable, which 
does not at all agree with reality. 

This marked contradiction between theory and experiment indicates that 
the construction of a theory applicable to atomic phenomena—that is, pheno¬ 
mena o<.curring in particles of very small mass at very small distances— 
demands a fundamental modification of the basic physical concepts and laws. 

As a starting-point for an investigation of these modifications, it is conveni¬ 
ent to take the experimentally observed phenomenon known as electron 
diffraction.-\ It is found that, when a homogeneous beam of electrons passes 
through a crystal, the emergent beam exhibits a pattern of alternate maxima 
and minima of intensity, wholly similar to the diffraction pattern observed 
in the diffraction of electromagnetic waves. Thus, under certain conditions, 
the behaviour of material particles—in this case, the electrons—displays 
features belonging to wave processes. 

How markedly this phenomenon contradicts the usual ideas of motion is 
best seen from the following imaginary experiment, an idealization of the 
experiment of electron diffraction by a crystal. Let us imagine a screen 
impermeable to electrons, in which two slits are cut. On observing the 
passage of a beam of electrons J through one of the slits, the other being 
covered, we obtain, on a continuous screen placed behind the slit, some pat¬ 
tern of intensity distribution; in the same way, by uncovering the second 


t The phenomenon of electron diffraction was in fact discovered after quantum mechanics 
was invented. In our discussion, however, we shall not adhere to the historical sequence of 
development of the theory, but shall endeavour to construct it in such a way that the con¬ 
nection between tbe basic principles of quantum mechanics and the experimentally observed 
phenomena is most clearly shown 

J The beam is supposed so rarefied that the interaction of the particles in it plays no part. 

1 



2 The Basic Concepts of Quantum Mechanics §1 

slit and covering the first, we obtain another pattern. On observing the 
passage of the beam through both slits, we should expect, on the basis of 
ordinary classical ideas, a pattern which is a simple superposition of the other 
two: each electron, moving in its path, passes through one of the slits and 
has no effect on the electrons passing through the other slit. The phenomenon 
of electron diffraction shows, however, that in reality we obtain a diffraction 
pattern which, owing to interference, does not at all correspond to the sum 
of the patterns given by each slit separately. It is clear that this result can 
in no way be reconciled with the idea that electrons move in paths. 

Thus the mechanics which governs atomic phenomena— quantum mechanics 
or wave mechanics —must be based on ideas of motion which are fundamentally 
different from those of classical mechanics. In quantum mechanics there is 
no such concept as the path of a particle. This forms the content of what is 
called the uncertainty principle, one of the fundamental principles of quantum 
mechanics, discovered by W. Heisenberg in 1927.j' 

In that it rejects the ordinary ideas of classical mechanics, the uncertainty 
principle might be said to be negative in content. Of course, this principle 
in itself does not suffice as a basis on which to construct a new mechanics of 
particles. Such a theory must naturally be founded on some positive asser¬ 
tions, which we shall discuss below (§2). However, In order to formulate 
these assertions, we must first ascertain the statement of the problems which 
confront quantum mechanics. To do so, we first examine the special nature 
of the interrelation between quantum mechanics and classical mechanics. A 
more general theory can usually be formulated in a logically complete manner, 
independently of a less general theory which forms a limiting case of it. Thus, 
relativistic mechanics can be constructed on the basis of its owr fundamental 
principles, without any reference to Newtonian mechanics. It is in principle 
impossible, however, to formulate the basic concepts of quantum mechanics 
without using classical mechanics. The fact that an electron^ has no definite 
path means that it has also, in itself, no other dynamical characteristics.!! 
Hence it is clear that, for a system composed only of quantum objects, 
it would be entirely impossible to construct any logically independent 
mechanics. The possibility of a quantitative description of the motion of an 
electron requires the presence also of physical objects which obey classical 
mechanics to a sufficient degree of accuracy. If an electron interacts with 
such a “classical object”, the state of the latter is, generally speaking, altered. 
The nature and magnitude of this change depend on the state of the electron, 
and therefore may serve to characterize it quantitatively 

In this connection the “classical object” is usually called apparatus, and 


t It is of interest to note that the complete mathematical formalism of quantum mechanics 
was constructed by W. Heisenberg and E. Schrodinger in 1925-6, before the discovery of 
the uncertainty principle, which revealed the physical content of this formalism. 

J In this and the following sections we shall, for brevity, speak of "an electron”, meaning 
in general any object of a quantum nature, i.e. a particle or system of particles obeving 
quantum mechanics and not classical mechanics 

We refer to quantities which characterize the motion of the electron, and not to those, 
such as the charge and the mass, which relate to it as a particle; these are parameters. 



§1 The uncertainty principle 3 

its interaction with the electron is spoken of as measurement. However, it 
must be emphasized that we are here not discussing a process of measurement 
in which the physicist-observer takes part. By measurement, in quantum 
mechanics, we understand any process of interaction between classical and 
quantum objects, occurring apart from and independently of any observer. 
The importance of the concept of measurement in quantum mechanics was 
elucidated by N. Bohr. 

We have defined “apparatus” as a physical object which is governed, with 
sufficient accuracy, by classical mechanics. Such, for instance, is a body 
of large enough mass. However, it must not be supposed that apparatus is 
necessarily macroscopic. Under certain conditions, the part of apparatus may 
also be taken by an object which is microscopic, since the idea of “with 
sufficient accuracy” depends on the actual problem proposed. Thus, the 
motion of an electron in a Wilson chamber is observed by means of the 
cloudy track which it leaves, and the thickness of this is large compared with 
atomic dimensions; when the path is determined with such low accuracy, 
the electron is an entirely classical object. 

Thus quantum mechanics occupies a very unusual place among physical 
theories: it contains classical mechanics as a limiting case, yet at the same 
time it requires this limiting case for its own formulation. 

We may now formulate the problem of quantum mechanics. A typical 
problem consists in predicting the result of a subsequent measurement from 
the known results of previous measurements. Moreover, we shall see later 
that, in comparison with classical mechanics, quantum mechanics, generally 
speaking, restricts the range of values which can be taken by various physical 
quantities (for e.xample, energy); that is, the values which can be obtained 
as a result of measuring the quantity concerned. The methods of quantum 
mechanics must enable us to determine these admissible values. 

The measuring process has in quantum mechanics a very important pro¬ 
perty: it always affects the electron subjected to it, and it is in principle 
impossible to make its effect arbitrarily small, for a given accuracy of measure¬ 
ment. The more exact the measurement, the stronger the effect exerted by 
it, and only in measurements of very low accuracy can the effect on the mea¬ 
sured object be small. This property of measurements is logically related 
to the fact that the dynamical characteristics of the electron appear only as a 
result of the measurement itself. It is clear that, if the effect of the measuring 
process on the object of it could be made arbitrarily small, this would mean 
that the measured quantity has in itself a definite value independent of the 
measurement. 

Among the various kinds of measurement, the measurement of the co¬ 
ordinates of the electron plays a fundamental part. Within the limits of 
applicability of quantum mechanics, a measurement of the coordinates of an 
electron can always be performed-)- with any desired accuracy. 


f Once again we emphasize that, in speaking of “performing a measurement”, we refer to 
the interaction of an electron with a classical “apparatus”, which in no way presupposes 
the presence of an external observer, 



4 The Basic Concepts of Quantum Mechanics §1 

Let us suppose that, at definite time intervals A/, successive measurements of 
the coordinates of an electron are made. The results will not in general lie 
on a smooth curve. On the contrary, the more accurately the measurements 
are made, the more discontinuous and disorderly will be the variation of 
their results, in accordance with the non-existence of a path of the electron, 
A fairly smooth path is obtained only if the coordinates of the electron are 
measured with a low degree of accuracy, as for instance from the condensa¬ 
tion of vapour droplets in a Wilson chamber. 

If now, leaving the accuracy of the measurements unchanged, we diminish 
the intervals A/ between measurements, then adjacent measurements, of 
course, give neighbouring values of the coordinates. However, the results 
of a series of successive measurements, though they lie in a small region of 
space, will be distributed in this region in a wholly irregular manner, lying on 
no smooth curve. In particular, as Bt tends to zero, the results of adjacent 
measurements by no means tend to lie on one straight line. 

This circumstance shows that, in quantum mechanics, there is no such 
concept as the velocity of a particle in the classical sense of the word, i.e. the 
limit to which the difference of the coordinates at two instants, divided by 
the interval At between these instants, tends as At tends to zero. However, 
we shall see later that in quantum mechanics, nevertheless, a reasonable 
definition of the velocity of a particle at a given instant can be constructed, 
and this velocity passes into the classical velocity as we pass to classical mech¬ 
anics. But whereas in classical mechanics a particle has definite coordinates 
and velocity at any given instant, in quantum mechanics the situation is 
entirely different. If, as a result of measurement, the electron is found to have 
definite coo.dinates, then it has no definite velocity whatever. Conversely, 
if the electron has a definite velocity, it cannot have a definite position in 
space. For the simultaneous existence of the coordinates and velocity would 
mean the existence of a definite path, which the electron has not. Thus, in 
quantum mechanics, the coordinates and velocity of an electron are quantities 
which cannot be simultaneously measured exactly, i.e. they cannot simultane¬ 
ously have definite values. We may say that the coordinates and velocity 
of the electron are quantities which do not exist simultaneously. In what 
follows we shall derive the quantitative relation vvhich determines the pos¬ 
sibility of an inexact measurement of the coordinates and velocity at the same 
instant. 

A complete description of the state of a physical system in classical mech¬ 
anics is effected by stating all its coordinates and velocities at a given instant; 
with these initial data, the equations of motion completely determine the 
behaviour of the system at all subsequent instants. In quantum mechanics 
such a description is in principle impossible, since the coordinates and the 
corresponding velocities cannot exist simultaneously. Thus a description 
of the state of a quantum system is effected by means of a smaller number of 
quantities than in classical mechanics, i.e. it is less detailed than a classical 
description. 

A very important consequence follows from this regarding the nature of the 
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predictions made in quantum mechanics. Whereas a classical description 
suffices to predict the future motion of a mechanical system with complete 
accuracy, the less detailed description given in quantum mechanics evidently 
cannot be enough to do this. This means that, even if an electron is in a state 
described in the most complete manner possible in quantum mechanics, its 
behaviour at subsequent instants is still in principle uncertain. Hence quan¬ 
tum mechanics cannot make completely definite predictions concerning the 
future behaviour of the electron. For a given initial state of the electron, a 
subsequent measurement can give various results. The problem in 
quantum mechanics consists in determining the probability of obtaining vari¬ 
ous results on performing this measurement. It is understood, of course, 
that in some cases the probability of a given result of measurement may be 
equal to unity, i.e. certainty, so that the result of that measurement is unique. 

All measuring processes in quantum mechanics may be divided into two 
classes. In one, which contains the majority of measurements, we find those 
which do not, in any state of the system, lead with certainty to a unique 
result. The other class contains measurements such that for every possible 
result of measurement there is a state in which the measurement leads with 
certainty to that result. These latter measurements, which may be called 
predictable, play an important part in quantum mechanics. The quantitative 
characteristics of a state which are determined by such measurements are 
what are called physical quantities in quantum mechanics. If in some state 
a measurement gives with certainty a unique result, we shall say that in this 
state the corresponding physical quantity has a definite value. In future we 
shall always understand the expression “physical quantity” in the sense given 
here. 

We shall often find in what follows that by no means every set of physical 
quantities in quantum mechanics can be measured simultaneously, i.e. can 
all have definite values at the same time. We have already mentioned one 
example, namely the velocity and coordinates of an electron. An important 
part is played in quantum mechanics by sets of physical quantities having 
the following property: these quantities can be measured simultaneously, 
but if they simultaneously have definite values, no other physical quantity 
(not being a function of these) can have a definite value in that state. We 
shall speak of such sets of physical quantities as complete sets. 

Any description of the state of an electron arises as a result of some mea¬ 
surement. We shall now formulate the meaning of a complete description of 
a state in quantum mechanics. Completely described states occur as a result 
of the simultaneous measurement of a complete set of physical quanti¬ 
ties. From the results of such a measurement we can, in particular, deter¬ 
mine the probability of various results of any subsequent measurement, 
regardless of the history of the electron prior to the first measurement. 

From now on (except in §14) we shall understand by the states of a quan¬ 
tum system just these completely described states. 
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§2. The principle of superposition 

The radical change in the physical concepts of motion in quantum 
mechanics as compared with classical mechanics demands, of course, an 
equally radical change in the mathematical formalism of the theory. We 
must therefore consider first of all the way in which states are described in 
quantum mechanics. 

We shall denote bv q the set of coordinates of a quantum system, and by d^ 
the product of the differentials of these coordinates. This d^ is called an 
element of volume in the configuration space of the system; for one particle, 
d^ coincides with an element of volume dF in ordinary space. 

The basis of the mathematical formalism of quantum mechanics lies in the 
proposition that the state of a system can be described by a definite (in 
general complex) function N["(^) of the coordinates. The square of the 
modulus of this function determines the probability distribution of the values 
of the coordinates; ITj^d^ is the probability that a measurement performed 
on the system will find the values of the coordinates to be in the element d^ 
of configuration space. The function T is called the zvave function of the 
system.t 

A knowledge of the wave function allows us, in principle, to calculate the 
probability of the various results of any measurement (not necessarily of the 
coordinates) also. All these probabilities are determined by expressions 
bilinear in and Nf"*. The most general form of such an expression is 

JJ'F(g)'F*(5')^(9,9')d5d9', (2.1) 

where the function q') depends on the nature and the result of the mea¬ 
surement, and the integration is extended over all configuration space. The 
probability ff'T* of various values of the coordinates is itself an expression 
of this type.J 

The state of the system, and with it the wave function, in general varies 
with time. In this sense the wave function can be regarded as a function of 
time also. If the wave function is known at some initial instant, then, from 
the very meaning of the concept of complete description of a state, it is in 
principle determined at every succeeding instant. The actual dependence 
of the wave function on time is determined by equations which will be de¬ 
rived later. 

The sum of the probabilities of all possible values of the coordinates of 
the system must, by definition, be equal to unity. It is therefore necessary 
that the result of integrating (T'l® over all configuration space should be equal 
to unity: 

Jm*dg = l. (2.2) 


t It was first introduced into quantum mechanics by Schrodinger in 1926. 

J It is obtained from (2.1) when <^(g, q') = ^( 9 — q^) —$ 0 ), where S denotes the delta 

function, defined in §5 below; q^ denotes the value of the coordinates whose probability 
is required. 
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This equation is what is called the normalization condition for wave functions. 
If the integral of converges, then by choosing an appropriate constant 
coefficient the function T can always be, as we say, normalized. However, we 
shall see later that the integral of may diverge, and then T cannot be 
normalized by the condition ( 2 . 2 ). In such cases ,4‘i- does not, of course, 
determine the absolute values of the probability of the coordinates, but the 
ratio of the values of at two different points of configuration space deter¬ 
mines the relative probability of the corresponding values of the coordinates. 

Since all quantities calculated by means of the wave function, and having a 
direct physical meaning, are of the form ( 2 . 1 ), in which T appears multiplied 
by T’*, it is clear that the normalized wave function is determined only to 
w'ithin a constant phase factor of the form (wffiere a is any real number). 
This indeterminacy is in principle irremovable ; it is, however, unimportant, 
since it has no effect upon any physical results 

The positive content of quantum mechanics is founded on a series of 
propositions concerning the properties of the wave function These are as 
follows. 

Suppose that, in a state with wave function 'F^( 9 ), some measurement leads 
with certainty to a definite result (result 1 ), while in a state with '^ 2 ( 5 ) it 
leads to result 2. Then it is assumed that every linear combination of Tj 
and Tj, i.e. every function of the form CiTi-f (where c^ and Cj are con¬ 

stants), gives a state in which that measurement leads to either result 1 or 
result 2. Moreover, we can assert that, if we know the time dependence of 
the states, which for the one case is given by the function 'Fi(g, /), and for the 
other by ^ 2 ( 5 , t), then any linear combination also gives a possible dependence 
of a state on time. These propositions constitute what is called the principle 
of superposition of states, the chief positive principle of quantum mechanics. 
In particular, it follows from this principle that all equations satisfied by 
wave functions must be linear in T. 

Let us consider a system composed of two parts, and suppose that the state 
of this system is given in such a way that each of its parts is completely 
described.f Then we can say that the probabilities of the coordinates q\ of 
the first part are independent of the probabilities of the coordinates 92 of the 
second part, and therefore the probability distribution for the whole system 
should be equal to the product of the probabilities of its parts. This means 
that the wave function T'j 2 ( 9 i, ^ 2 ) of the system can be represented in the form 
of a product of the wave functions ^^(^j) and '^’ 2 ( 52 ) of its parts: 

'i^i2(ffi» 92 ) ~ 'f^i(9i) 2 ( 92 )' (2-3) 

If the two parts do not interact, then this relation between the wave function 
of the system and those of its parts will be maintained at future instants also, 


f This, of course, means that the state of the whole system is completely described also. 
However, we emphasize that the converse statement is by no means true: a complete descrip¬ 
tion of the state of the whole system does not in general completely determine the states of 
Its individual parts (see also §14). 
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i.e. we can write 
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't^l2(Sl> ^21 l(?l» ^)'1'2(92! 0- (2-4-) 


§3. Operators 

Let us consider some physical quantity / which characterizes the state 
of a quantum system. Strictly, we should speak in the following discussion 
not of one quantity, but of a complete set of them at the same time. 
However, the discussion is not essentially changed by this, and for brevity 
and simplicity we shall work below in terms of only one physical quantity. 

The values which a given physical quantity can take are called in quantum 
mechanics its eigenvalues, and the set of these is referred to as the spectrum 
of eigenvalues of the given quantity. In classical mechanics, generally speak¬ 
ing, quantities run through a continuous series of values. In quantum mech¬ 
anics also there are physical quantities (for instance, the coordinates) whose 
eigenvalues occupy a continuous range; in such cases we speak of a continuous 
spectrum of eigenvalues. As well as such quantities, however, there exist in 
quantum mechanics others whose eigenvalues form some discrete set; in 
such cases we speak of a discrete spectrum. 

We shall suppose for simplicity that the quantity / considered here has a 
discrete spectrum; the case of a continuous spectrum will be discussed in §5. 
The eigenvalues of the quantity / are denoted by /„, where the suffix n takes 
the values 0,1, 2, 3,.... We also denote the wave function of the system, in 
the state where the quantity / has the value/„, by The wave functions 
Tn are called the eigenfunctions of the given physical quantity/. Each of these 
functions is supposed normalized, so that 

Jl'F„|*dj = l. (3.1) 

If the system is in some arbitrary state with wave function T, a measure¬ 
ment of the quantity / carried out on it will give as a result one of the eigen¬ 
values/„. In accordance with the principle of superposition, we can assert 
that the wave function T must be a linear combination of those eigenfunc¬ 
tions which correspond to the values/„ that can be obtained, with prob¬ 
ability different from zero, when a measurement is made on the system and 
it is in the state considered. Hence, in the general case of an arbitrary state, 
the function T can be represented in the form of a series 

(3.2) 

where the summation extends over all n, and the are some constant coeffi¬ 
cients. 

Thus we reach the conclusion that any wave function can be, as we say, 
expanded in terms of the eigenfunctions of any physical quantity. A set of 
functions in terms of which such an expansion can be made is called a complete 
(or closed) set. 

The expansion (3.2) makes it possible to determine the probability of find- 
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ing (i.e. the probability of getting the corresponding result on measurement), 
in a system in a state with wave function T, any given value /„ of the quantity 
/. For, according to what was said in the previous section, these probabili¬ 
ties must be determined by some expressions bilinear in 'F and T*, and 
therefore must be bilinear in and Furthermore, these expressions 

must, of course, be positive. Finally, the probability of the value /„ must 
become unity if the system is in a state with wave function Y = and 
must become zero if there is no term containing ^F^ in the expansion (3.2) 
of the wave function 4-’. The only essentially positive quantity satisfying 
these conditions is the square of the modulus of the coefficient Thus we 
reach the result that the squared modulus of each coefficient in the 

expansion (3.2) determines the probability of the corresponding value /„ of 
the quantity / in the state with wave function T. The sum of the probabi¬ 
lities of all possible values/„ must be equal to unity; in other words, the 
relation 

E = 1 (3.3f 

n 

must hold. 

If the function T were not normalized, then the relation (3.3) would not 
hold either. The sum S |a„|^ would then be given by some expression 
bilinear in T and 4'*, and becoming unity when 4’ was normalized. Only 
the integral J T'T'* dj is such an expression. Thus the equation 

E = J TT* dg (3.4) 

must hold. 

On the other hand, multiplying by T the expansion 4"* = S of 

the function 4^* (the complex conjugate of 4"), and integrating, we obtain 

J 4-4* dg = Z a„*J 4„*4 dg. 

Comparing this with (3.4), we have 

2 a„a„* = Z a„* I 4‘„*4 dg, 

71 71 J 

from which we derive the following formula determining the coefficients 
in the expansion of the function 4" in terms of the eigenfunctions 4'„; 

= J 4'4-„* dg. (3.5) 

If we substitute here from (3.2), we obtain 

= Z f 4'„4„* dg, 

m J 

from which it is evident that the eigenfunctions must satisfy the conditions 

J'F„4„*dg = S„„, (3.6) 
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where = 1 for n = m and = 0 for n ^ m. The fact that the integrals 
of the products with m ^ n vanish is called the orthogonality of the 

functions Thus the set of eigenfunctions forms a complete set of 
normalized and orthogonal (or, for brevity, orthonormal) functions. 

We shall now introduce the concept of the mean value f of the quantity / 
in the given state. In accordance with the usual definition of mean values, 
we define / as the sum of all the eigenvalues /„ of the given quantity, each 
multiplied by the corresponding probability Thus 

/= (3.7) 

We shall write / in the form of an expression which does not contain the 
coefficients in the expansion of the function T, but this function itself. 
Since the products appear in (3.7), it is clear that the required expres¬ 
sion must be bilinear in T and T* We introduce a mathematical opera¬ 
tor, which we denotef by / and define as follows. Let (/T) denote the result 
of the operator / acting on the function T". We define / in such a way that 
the integral of the product of (/'I") and the complex conjugate function T* 
is equal to the mean value /: 

/= jT*(/T-)d9. (3.8) 

It is easily seen that, in the general case, the operator / is a linearj 
integral operator. For, using the expression (3.5) for a„, we can rewrite the 
definition (3.7) of the mean value in the form 

/= = j ^*(2 «„/„T„) dg. 

Comparing this with (3.8), we see that the result of the operator / acting on 
the function T has the form 

(/T) = E«„/„T„. (3.9) 

n 

If we substitute here the expression (3.5) for we find that /is an integral 
operator of the form 

(/T-)= jA:(g,g')T(g')d9'. (310) 

where the function K{q, q') (called the kernel of the operator) is 

K{q, q') = £/„T„*(g')T„( 5 ). (3.11) 

Thus, for every physical quantity in quantum mechanics, there is a definite 
corresponding linear operator. 

It is seen from (3.9) that, if the function T is one of the eigenfunctions 


t Bv convention, we shall always denote operators by letters with circumflexes. 
J An operator is said to be linear if it has the properties 

t and /(oT) = Gpi’. 

where 'f'l and 4^2 s^e arbitrary functions and a is an arbitrary constant. 
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(so that all the except one are zero), then, when the operator / acts on it, 
this function is simply multiplied by the corresponding eigenvalue /„; 

=/„'F„. (3.12) 

(In what follows we shall always omit the parentheses in the expression 
{p¥), where this cannot cause any misunderstanding; the operator is taken 
to act on the expression which follows it.) Thus we can say that the eigen¬ 
functions of the given physical quantity / are the solutions of the equation 

/T -/T-, 

where / is a constant, and the eigenvalues are the values of this constant for 
which the above equation has solutions satisfying the required conditions. 
As we shall see below, the form of the operators for various physical 
quantities can be determined from direct physical considerations, and then 
the above property of the operators enables us to find the eigenfunctions 
and eigenvalues by solving the equations /T = fW. 

Both the eigenvalues of a real physical quantity and its mean value in 
every state are real. This imposes a restriction on the corresponding 
operators. Equating the expression (3.8) to its complex conjugate, we 
obtain the relation 

J T*(/T) d? = J 'F(/*T*) d5, (3.13) 

where f* denotes the operator which is the complex conjugate of /.f This 
relation does not hold in general for an arbitrary linear operator, so that it is 
a restriction on the form of the operator /. For an arbitrary operator / we 
can find what is called the transposed operator /, defined in such a way that 

|■cD(/T)d^ = J'T(/a))d9, (3.14) 

where T and O are two different functions. If we take, as the function O, 
the function T* which is the complex conjugate of T, then a comparison with 
(3.13) shows that we must have 

/ = /*. (3.15) 

Operators satisfying this condition are said to be Hermitian.\ Thus the 
operators corresponding, in the mathematical formalism of quantum 
mechanics, to real physical quantities must be Hermitian. 

We can formally consider complex physical quantities also, i.e. those 
whose eigenvalues are complex. Let / be such a quantity. Then we can 
introduce its complex conjugate quantity/*, whose eigenvalues are the com¬ 
plex conjugates of those of /. We denote by /+ the operator corresponding 
to the quantity/*. It is called the Hermitian conjugate of the operator / and. 


t By definition, if for the operator/ we have/i/i = •)>, then the complex conjugate operator 
/* is that for which we have /* tfi* = 4‘* 

J For a linear integral operator of the form (3.10), the Hermitian condition means that 
the kernel of the operator must be such that K(q, g') —K*{g', g). 
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in general, will be different .from the definition of the operator /*: the mean 
value of the quantity f* in a state 'F is 

/* = f d^. 

We also have 

if)* = [/ 

= f Aq 

= \T*f*T<iq. 

Equating these two expressions gives 

/-=/*, (3 16) 

from which it is clear that/* is in general not the same as f*. 

The condition (3 15) can now be w'ritten 

/ = /-. (3.17) 


i.e. the operator of a real physical quantity is the same as its Hermitian 
conjugate (Hermitian operators are also called self-conjugate). 

We shall show how the orthogonality of the eigenfunctions of an Hermitian 
operator co'responding to different eigenvalues can be directly proved. Let 
/„ and frr be two different eigenvalues of the real quantity /, and the 

corresponding eigenfunctions; 




Multiplying both sides of the first of these equations by and both 

sides of the complex conjugate of the second by T'n, and subtracting corre¬ 
sponding terms, we find 

We integrate both sides of this equation over q. Since /* =/, by (3.14) the 
integral on the left-hand side of the equation is zero, so that we have 


(/„-/„) jT„T„*d? = 0, 

whence, since /„ /„, we obtain the required orthogonality property of the 

functions and T,,,. 

We have spoken here of only one physical quantity /, whereas, as we said 
at the beginning of this section, we should have spoken of a complete set 
of simultaneously measurable physical quantities. We should then have 
found that to each of these quantities f,g, ... there corresponds its operator 
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f, g, ... . The eigenfunctions then correspond to states in which all the 
quantities concerned have definite values, i.e. they correspond to definite 
sets of eigenvalues/„, gn, ■■■ , and are simultaneous solutions of the system 
of equations 

. 


§4. Addition and multiplication of operators 

If/and g are th operators corresponding to two physical quantities/ and 
g, the sum/+g has a corresponding operator f+g. However, the signi¬ 
ficance of adding different physical quantities in quantum mechanics 
depends considerably on whether the quantities are or are not simul¬ 
taneously measurable. If / and g are simultaneously measurable, the 
operators / and g have common eigenfunctions, which are also eigen¬ 
functions of the operator f+g, and the eigenvalues of the latter operator are 
equal to the sums /„ + gn- But if/ and g cannot simultaneously take definite 
values, their sum f+g has a more restricted significance. We can assert only 
that the mean value of this quantity in any state is equal to the sum of the 
mean values of the separate quantities; 


f+g = f+g. (4.1) 

The eigenvalues and eigenfunctions of the operator f+g will not, in general, 
now bear any relation to those of the quantities / and g. It is evident that, 
if the operators / and g are Hermitian, the operator f+g will be so too, so 
that its eigenvalues are real and are equal to those of the new quantity f+g 
thus defined. 

The following theorem should be noted. Let /o and gg be the smallest 
eigenvalues of the quantities / and g, and {f+g)o that of the quantity f+g. 
Then 

(J+s)o ^fo+So- ('f-2) 

The equality holds if / and g can be measured simultaneously. The proof 
follows from the obvious fact that the mean value of a quantity is always 
greater than or equal to its least eigenvalue. In a state in which the quantity 
f+g has the value (.f+g)o we have f+g = {f+g)o> and since, on the other 
hand, f+g = f+g > /o+^'oi we arrive at the inequality (4.2). 

Next, let/ and g once more be quantities that can be measured simultane¬ 
ously. Besides their sum, we can also introduce the concept of their product 
as being a quantity whose eigenvalues are equal to the products of those of the 
quantities / and g. It is easy to see that, to this quantity, there corresponds 
an operator whose effect consists of the successive action on the function 
of first one and then the other operator. Such an operator is represented 
mathematically by the product of the operators / and g. For, if are the 
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eigenfunctions common to the operators / and g, we have 

(the symbol fg denotes an operator whose effect on a function Y consists of 
the successive action first of the operator g on the function Y and then of the 
operator / on the function ^Y). We could equally well take the operator gf 
instead of fg, the former differing from the latter in the order of its factors. 
It is obvious that the result of the action of either of these operators on the 
functions Y„ will be the same. Since, however, every wave function Y can 
be represented as a linear combination of the functions Y„, it follows that 
the result of the action of the operators fg and|/ on an arbitrary function will 
also be the same. This fact can be written in the form of the symbolic 
equation fg = gf or 

ff-g=0. (4.3) 

Two such operators / and g are said to be commutative, or to commute 
with each other. Thus we arrive at the important result: if two quantities 
/ and g can simultaneously take definite values, then their operators com¬ 
mute with each other. 

The converse theorem can also be proved (§11): if the operators / and g 
commute, then all their eigenfunctions can be taken common to both; 
physically, this means that the corresponding physical quantities can be 
measured simultaneously. Thus the commutability of the operators is a 
necessary and sufficient condition for the physical quantities to be simultane¬ 
ously measurable. 

A particular case of the product of operators is an operator raised to some 
power. From the above discussion we can deduce that the eigenvalues of an 
operator (where p is an integer) are equal to the pth powers of the eigen¬ 
values of the operator /. Any function f{f) of an operator can be defined 
as an operator whose eigenvalues are equal to the same function <^(/) of 
the eigenvalues of the operator /. If the function expanded as a 

Taylor series, this expresses the effect of the operator <^(/) in terms of those 
of various powers / 

In particular, the operator f is called the inverse of the operator /. It is 
evident that the successive action of the operators / and / on any function 
leaves the latter unchanged, i.e. / f~^ = /“V” = 1- 

If the quantities f and g cannot be measured simultaneously, the concept 
of their product does not have the same direct meaning. This appears in 
the fact that the operator/^ is not Hermitian in this case, and hence cannot 
correspond to any real physical quantity. For, by the definition of the 
transpose of an operator we can write 

I Y/|<D = I Y/(|<D) d? = J (i<I>)(/Y) Aq. 

Here the operator/ acts only on the function Y, and the operator g on O, so 
that the integrand is a simple product of two functions and/Y. Again 
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using the definition of the transpose of an operator, we can write 

I T/i<D = J' d5 = J (D|/t dj. 

Thus we obtain an integral in which the functions T and O have changed 
places as compared with the original one. In other words, the operator // 
is the transpose of /^, and we can write 

(4.4) 

i.e. the transpose of the product is the product of the transposes of the 
factors written in the opposite order, Taking the complex conjugate of both 
sides of equation (4.4), we have 

(/£y =tt (4.5) 

If each of the operators / and ^ is Hermitian, then {fgY = gf. It follows 
from this that the operator fg is Hermitian if and only if the factors / and g 
commute. 

We note that, from the products^ and^/of two non-commuting Hermitian 
operators, we can form an Hermitian operator, the symmetrised product 

lifg+gf)- (4.6) 

It is easy to see that the difference fg—gf is an anti-Hermitian operator 

(i.e. one for which the transpose is equal to the complex conjugate taken with 
the opposite sign). It can be made Hermitian by multiplying by i\ thus 

yig-g!) (4.7) 

is again an Hermitian operator. 

In what follows we shall sometimes use for brevity the notation 

{/.i} =!g-gf^ (4.8) 

called the commutator of these operators. It is easily seen that 

{/^. = {/. f^)g+f{g, (4.9) 

We notice that, if {/, = 0 and {^, k\ = 0, it does not in general follow 

that / and g commute. 


§5. The continuous spectrum 

All the relations given in §§3 and 4. describing the properties of the eigen¬ 
functions of a discrete spectrum, can be generalized without difficulty to the 
case of a continuous spectrum of eigenvalues. 

Let / be a physical quantity having a continuous spectrum. We shall 
denote its eigenvalues by the same letter / simply, and the corresponding 
eigenfunctions by H’/. Just as an arbitrary wave function T can be expanded 
in a series (3.2) of eigenfunctions of a quantity having a discrete spectrum, 
it can also be expanded (this time as an integral) in terms of the complete 
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set of eigenfunctions of a quantity with a continuous spectrum. This 
expansion has the form 

T(5) = J a.WM) df, (5.1) 

where the integration is extended over the whole range of values that can be 
taken by the quantity /. 

The subject of the normalization of the eigenfunctions of a continuous 
spectrum is more complex than in the case of a discrete spectrum. The 
requirement that the integral of the squared modulus of the function should 
be equal to unity cannot here be satisfied, as we shall see below. Instead, 
we try to normalize the functions M"/ in such a wav that d/is the prob¬ 
ability that the physical quantity concerned, in the state described by the 
wave function T, has a value between / and /+ df. Since the sum of the 
probabilities of all possible values of / must be equal to unity, we have 

/N*d/=1 (5.2) 

(similarly to the relation (3.3) for a discrete spectrum). 

Proceeding in exactly the same way as in the derivation of formula (3.5), 
and using the same arguments, we can write, firstly, 

jTT*dj = jK|*d/ 

and, secondly, 

J TT* dj = JJ dfdq. 

By comparing these two expressions we find the formula which determines 
the expansion coefficients, 

a, = jT(j)T,*(?)d?, (5.3) 

in exact analogy to (3.5). 

To derive the normalization condition, we now substitute (5.1) in (5.3), 
and obtain 

= Ja,.(jT,.T,*d5)d/'. 

This relation must hold for arbitrary a/, and therefore must be satisfied 
identically. For this to be so, it is necessary that, first of all, the coefficient 
of a/, in the integrand (i.e. the integral JT/.T/* d^) should be zero for 
all /' /. For f — f, this coefficient must become infinite (otherwise the 

integral over /' would vanish). Thus the integral J d; is a function 

of the difference which becomes zero for values of the argument 

different from zero and is infinite when the argument is zero. We denote 
this function by 


jT,.T,*ds = «(/'-/). 


( 5 . 4 ) 
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The manner in which the function becomes infinite for/'—/= 0 

is determined by the fact that we must have 

It is clear that, for this to be so, we must have 

/S(/'-/)d/' = l. 

The function thus defined is called a delta function, and was first used in 
theoretical physics by P. A. M. Dirac. We shall write out once more the 
formulae which define it. They are 

8(ji:) = 0 for AT 0, S(0) = co, (5.5) 

while 

J S(jc) djc = 1. (5.6) 

—flO 

We can take as limits of integration any numbers such that a: = 0 lies between 
them. If f{x) is some function continuous at a: = 0, then 

OB 

JS(Jc)/(^)d^c=/(0). (5.7) 

—00 

This formula can be written in the more general form 

J h{x—a)f{x) djc =/(a), (5.8) 

where the range of integration includes the point x — a, and f{x) is continuous 
at a; = a. It is also evident that 

8(-ac) = 5(ac), (5.9) 

i.e. the delta function is even. Finally, writing 

r f dy 1 

r 8(aa:) dar = j 8(y) — = —, 

-i -i Ia| |a| 

we can deduce that 

8(a;c) = (l/|a|) 8(;c), (5.10) 

where a is any constant. 

The formula (5.4) gives the normalization rule for the eigenfunctions of a 
continuous spectrum; it replaces the condition (3.6) for a discrete spectrum. 
We see that the functions '¥/ and T/' with f ¥^ f' are, as before, orthogonal. 
However, the integrals of the squared moduli IT/I® of the functions diverge 
for a continuous spectrum. 

The functions T" f{q) satisfy still another relation similar to (5.4). To derive 
this, we substitute (5.3) in (5.1), which gives 

'i'C?) = J Y(?'){J'i'/*(?')'fV(?) d/) dq', 

whence we can at once deduce that we must have 
J'FA?'m{?)d/=S(j'-ff). 


(5.11) 
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There is, of course, an analogous relation for a discrete spectrum: 

= (5.12) 

Comparing the pair of formulae (5.1), (5.4) with the pair (5.3), (5.11), we 
see that, on the one hand, the function '^’( 9 ) can be expanded in terms of 
the functions 'F/( 5 ) with expansion coefficients a/ and, on the other hand, 
formula (5.3) represents an entirely analogous expansion of the function 
af = a{f) in terms of the functions T/*( 9 ), while the ^"( 5 ) play the part of 
expansion coefficients. The function a(f), like ^“( 5 ), completely determines 
the state of the system; it is sometimes called a wave function in the f repre¬ 
sentation (while the function 'F(^) is called a wave function in the q representa¬ 
tion). Just as 1 ^( 5 ) I® determines the probability for the system to have co¬ 
ordinates lying in a given interval d^, so \a(f)\^ determines the probability for 
the values of the quantity / to lie in a given interval df. On the one hand, 
the functions '!''/($) are the eigenfunctions of the quantity / in the q representa¬ 
tion; on the other hand, their complex conjugates are the eigenfunctions of 
the coordinate q in the/representation. 

Let </>(/) be some function of the quantity /, such that (/> and f are related in 
a one-to-one manner. Each of the functions 'Ey(f) can then be regarded as 
an eigenfunction of the quantity (j>. Here, however, the normalization of 
these functions must be changed; the eigenfunctions ^'‘^{q) of the quantity 4> 
must be normalized by the condition 

/'i'^l/-)Wd<7 = S[^(/')-^(/)], 

whereas the functions T/ are normalized by the condition (5.4). The argu¬ 
ment of the delta function becomes zero only for/' =/. As /' approaches/, 
we have </>(/') — [d</'(/)/d/] . (/'—/). By (5.10) we can therefore writej- 

=jT77^s(/'-/). (5.13) 


Comparing this with (5.4), we see that the functions and T"/ are related 
by 

1 


V\d<Kf)ldf\^'’ 


(5.14) 


There are also physical quantities which in one range of values have a 
discrete spectrum, and in another a continuous spectrum. For the eigen¬ 
functions of such a quantity all the relations derived in this and the previous 
sections are, of course, true. It need only be noted that the complete set 
of functions is formed by combining the eigenfunctions of both spectra. 


t in general, if 4>{x) is some one-valued function (the inverse function need not be one¬ 
valued), we have 

where Oi are the roots of the equation ^(x) = 0. 


(5.13a) 
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Hence the expansion of an arbitrary wave function in terms of the eigenfunc¬ 
tions of such a quantity has the form 

'F( 5 ) = E J a.'VM) d/. (5.15) 

where the sum is taken over the discrete spectrum and the integral over the 
whole continuous spectrum. 

The coordinate q itself is an example of a quantity having a continuous 
spectrum. It is easy to see that the operator corresponding to it is simply 
multiplication by q. For, since the probability of the various values of the 
coordinate is determined by the square |'F( 9 )| 2 , the mean value of the 
coordinate is 


q = j ^|T|2 d^ = I d?. 

Comparison of this with the definition (3.8) of an operator shows thatf 

q=q. (5.16) 

The eigenfunctions of this operator must be determined, according to the 
usual rule, by the equation q'Yg^ = q^g^, where q^ temporarily denotes the 
actual values of the coordinate as distinct from the variable q. Since this 
equation can be satisfied either by = 0 or by 9 = q^, it is clear that the 
eigenfunctions which satisfy the normalization condition are| 

'i'c, = 8(5-?o). (5.17) 


§6. The passage to the limiting case of classical mechanics 

Quantum mechanics contains classical mechanics in the form of a certain 
limiting case. The question arises as to how this passage to the limit is 
made. 

In quantum mechanics an electron is described by a wave function which 
determines the various values of its coordinates; of this function we so far 
know only that it is the solution of a certain linear partial differential equation. 
In classical mechanics, on the other hand, an electron is regarded as a material 
particle, moving in a path which is completely determined by the equations 
of motion. There is an interrelation, somewhat similar to that between 
quantum and classical mechanics, in electrodynamics between wave optics 


t In future we shall always, for simplicity, write operators which amount to multiplication 
by some quantity in the form of that quantity itself. 

J The expansion coefficients for an arbitrary function '¥ in terms of these eigenfunctions 
are 

The probability that the value of the coordinate lies in a given interval d^o 

1^5,1® dVo, 


as it should be. 
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and geometrical optics. In wave optics, the electromagnetic waves are 
described by the electric and magnetic field vectors, which satisfy a definite 
system of linear differential equations, namely Maxwell’s equations. In 
geometrical optics, how'ever, the propagation of light along definite paths, or 
rays, is considered. Such an analogy enables us to see that the passage from 
quantum mechanics to the limit of classical mechanics occurs similarly to the 
passage from wave optics to geometrical optics. 

Let us recall how this latter transition is made mathematically (see Fields, 
§53). Let u be any of the field components in the electromagnetic wave. It 
can be written in the form u = ae^'t’ (with a and (f) real), where a is called the 
amplitude and <}> the phase of the wave (called in geometrical optics the 
eikonal). The limiting case of geometrical optics corresponds to small wave¬ 
lengths; this is expressed mathematically by saying that <j> varies by a large 
amount over short distances; this means, in particular, that it can be 
supposed large in absolute value. 

Similarly, we start from the hypothesis that, to the limiting case of classical 
mechanics, there correspond in quantum mechanics wave functions of the 
form T = ae'‘l‘, where a is a slowly varying function and (j> takes large values. 
As is well known, the path of a particle can be determined in mechanics by 
means of the variational principle, according to which what is called the 
action 5 of a mechanical system must take its least possible value {the principle 
of least action). In geometrical optics the path of the rays is determined by 
what is called Fermat's principle, according to which the optical path length 
of the ray, i.e. the difference between its phases at the beginning and end of 
the path, must tike its least (or greatest) possible value. 

On the basis of this analogy, we can assert that the phase 4> of the wave 
function, in the limiting (classical) case, must be proportional to the mech¬ 
anical action S of the physical system considered, i.e. we must have 
5 = constant X </>. The constant of proportionality is called Planck's con- 
stant^ and is denoted by h. It has the dimensions of action (since <}> is 
dimensionless) and has the value 

h — 1054 X10“*’ erg sec. 

Thus, the wave function of an “almost classical” (or, as we say, quasi- 
classical) physical system has the form 

T = ae^/n, (6.1) 

Planck’s constant H plays a fundamental part in all quantum phenomena. 
Its relative value (compared with other quantities of the same dimensions) 
determines the “extent of quantization” of a given physical system. The 
transition from quantum mechanics to classical mechanics, corresponding to 
large phase, can be formally described as a passage to the limit h -*-0 (just 


t It was introduced into physics by M. Planck in 1900. The constant H, w'hich we use 
everywhere in this book, is, strictly speaking, Planck’s constant divided by 27r; this is Dirac’s 
notation. 
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as the transition from wave optics to geometrical optics corresponds to a 
passage to the limit of zero wavelength, A -> 0). 

We have ascertained the limiting form of the wave function, but the 
question still remains how it is related to classical motion in a path. In 
general, the motion described by the wave function does not tend to motion 
in a definite path. Its connection with classical motion is that, if at some 
initial instant the wave function, and with it the probability distribution of 
the coordinates, is given, then at subsequent instants this distribution will 
change according to the laws of classical mechanics (for a more detailed dis¬ 
cussion of this, see the end of §17). 

In order to obtain motion in a definite path, we must start from a wave 
function of a particular form, which is perceptibly different from zero only 
in a very small region of space (what is called a wave packet ); the dimensions 
of this region must tend to zero with h. Then we can say that, in the quasi- 
classical case, the wave packet will move in space along a classical path of a 
particle. 

Finally, quantum-mechanical operators must reduce, in the limit, simply 
to multiplication by the corresponding physical quantity. 


§7. The wave function and measurements 

Let us again return to the process of measurement, whose properties have 
been qualitatively discussed in §1; we shall show how these properties are 
related to the mathematical formalism of quantum mechanics. 

We consider a system consisting of two parts: a classical apparatus and 
an electron (regarded as a quantum object). The process of measurement 
consists in these two parts’ coming into interaction with each other, as a 
result of which the apparatus passes from its initial state into some other; 
from this change of state we draw conclusions concerning the state of the 
electron. The states of the apparatus are distinguished by the values of some 
physical quantity (or quantities) characterizing it—the “readings of the ap¬ 
paratus”. We conventionally denote this quantity by g, and its eigenvalues 
by gn', these take in general, in accordance with the classical nature of the 
apparatus, a continuous range of values, but we shall—merely in order to 
simplify the subsequent formulae—suppose the spectrum discrete. The 
states of the apparatus are described by means of quasi-classical wave func¬ 
tions, which we shall denote by 0„(^^), where the suffix n corresponds to the 
“reading” gn of the apparatus, and ^ denotes the set of its coordinates. The 
classical nature of the apparatus appears in the fact that, at any given instant, 
we can say with certainty that it is in one of the known states <I)„ with some 
definite value of the quantity g\ for a quantum system such an assertion 
would, of course, be unjustified. 

Let Oo(^) be the wave function of the initial state of the apparatus (before 
the measurement), and T(g) some arbitrary normalized initial wave function 
of the electron [q denoting its coordinates). These functions describe the 
state of the apparatus and of the electron independently, and therefore the 



22 The Basic Concepts of Quantum Mechanics §7 

initial wave function of the whole system is the product 

(7-1) 

Next, the apparatus and the electron interact with each other. Applying the 
equations of quantum mechanics, we can in principle follow the change of 
the wave function of the system with time. After the measuring process it 
may not, of course, be a product of functions of ^ and q. Expanding the 
wave function in terms of the eigenfunctions <I)„ of the apparatus (which 
form a complete set of functions), we obtain a sum of the form 

S.^„(5)<D„(a. (7.2) 

where the A^{q) are some functions of q. 

The classical nature of the apparatus, and the double role of classical 
mechanics as both the limiting case and the foundation of quantum mechanics, 
now make their appearance. As has been said above, the classical nature of 
the apparatus means that, at any instant, the quantity g (the “reading of the 
apparatus”) has some definite value. This enables us to say that the state 
of the system apparatus + electron after the measurement will in actual fact 
be described, not by the entire sum (7.2), but by only the one term which 
corresponds to the “reading” g^ of the apparatus, 

(7-3) 

It follows from this that An{q) is proportional to the wave function of the 
electron after the measurement. It is not the wave function itself, as is seen 
from the fact that the function An{q) is not normalized. It contains both 
information concerning the properties of the resulting state of the electron 
and the probability (determined by the initial state of the system) of the 
occurrence of the wth “reading” of the apparatus. 

Since the equations of quantum mechanics are linear, the relation between 
An{q) and the initial wave function of the electron T'(g) is in general given by 
some linear integral operator: 

^„(J) = jA„(5,s')T(e')de'. (7.4) 

with a kernel A„(^, q') which characterizes the measurement process con¬ 
cerned. 

We shall suppose that the measurement concerned is such that it gives a 
complete description of the state of the electron. In other words (see §1), 
in the resulting state the probabilities of all the quantities must be inde{>en- 
dent of the previous state of the electron (before the measurement). Mathe¬ 
matically, this means that the form of the functions AJff) must be determined 
by the measuring process itself, and does not depend on the initial wave 
function ^"( 9 ) of the electron. Thus the A^ must have the form 


AJ,q) = a,4‘Ja), 


(7.5) 
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where the </>„ are definite functions, which we suppose normalized, and only 
the constants Wn depend on In the integral relation (7.4) this corresponds 

to a kernel Kn{q, q') which is a product of a function of q and a function of q'i 

Kn{q,q') = <l>n{qyVn*{q'y, (7.6) 

then the linear relation between the constants an and the function '^"( 5 ) is 

= J 'F( 5 )'I'„*( 5 ) dg, (7.7) 


where the 'F„(g) are certain functions depending on the process of measure¬ 
ment. 

The functions <f>n{q) are the normalized wave functions of the electron after 
measurement. Thus we see how the mathematical formalism of the theory 
reflects the possibility of finding by measurement a state of the electron 
described by a definite wave function. 

If the measurement is made on an electron with a given wave function 
T(g), the constants have a simple physical meaning: in accordance with 
the usual rules, |a„|® is the probability that the measurement will give the 
nth result. The sum of the probabilities of all results is equal to unity: 

(7.8) 

In order that equations (7.7) and (7.8) should hold for an arbitrary nor¬ 
malized function T(g), it is necessary (cf. §3) that an arbitrary function T(g) 
can be expanded in terms of the functions T„(g). This means that the 
functions T„(g) form a complete set of normalized and orthogonal functions. 

If the initial wave function of the electron coincides with one of the func¬ 
tions 'F„(g), then the corresponding constant is evidently equal to unity, 
while all the others are zero. In other words, a measurement made on an 
electron in the state 'F„(g) gives with certainty the nth result. 

All these properties of the functions T’„(g) show that they are the eigen¬ 
functions of some physical quantity (denoted by/) which characterizes the 
electron, and the measurement concerned can be spoken of as a measurement 
of this quantity. 

It is very important to notice that the functions ^^.(g) do not, in general, 
coincide with the functions </>„(g); the latter are in general not even mutually 
orthogonal, and do not form a set of eigenfunctions of any operator. This 
expresses the fact that the results of measurements in quantum mechanics 
cannot be reproduced. If the electron was in a state 'F„(g), then a measure¬ 
ment of the quantity / carried out on it leads with certainty to the value /„. 
After the measurement, however, the electron is in a state <^„(g) different 
from its initial one, and in this state the quantity/ does not in general take 
any definite value. Hence, on carrying out a second measurement on the 
electron immediately after the first, we should obtain for / a value which did 
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not agree with that obtained from the first measurement.f To predict (in the 
sense of calculating probabilities) the result of the second measurement from 
the known result of the first, we must take from the first measurement the 
wave function 4>n{.Q) of '^he state in which it resulted, and from the second 
nieasurement the wave function 'F„( 5 ) of the state whose probability is re¬ 
quired. This means that from the equations of quantum mechanics we deter¬ 
mine the wave function 4>rfq, t) which, at the instant when the first measure¬ 
ment is made, is equal to</)„(^); the probability of the mth result of the second 
measurement, made at time f, is then given by the squared modulus of the 
integral J t)'¥rn*{q) Aq. 

We see that the measuring process in quantum mechanics has a “two- 
faced” character: it plays different parts with respect to the past and future 
of the electron. With respect to the past, it “verifies” the probabilities of the 
various possible results predicted from the state brought about by the previ¬ 
ous measurement. With respect to the future, it brings about a new state 
(see also §44). Thus the very nature of the process of measurement involves 
a far-reaching principle of irreversibility. 

This irreversibility is of fundamental significance. We shall see later (at 
the end of §18) that the basic equations of quantum mechanics are in them¬ 
selves symmetrical with respect to a change in the sign of the time; here 
quantum mechanics does not differ from classical mechanics. The irrever¬ 
sibility of the process of measurement, however, causes the two directions 
of time to be physically non-equivalent, i.e. creates a difference between the 
futtu-e and the past. 


t There is. however, an important exception to the statement that results of measurements 
cannot be reproduced; the one quantity the result of whose measurement can be exactly 
reproduced is the coordinate. Two measurements of the coordinates of an electron, made at 
a sufficiently small interval of time, must give neighbouring values; if this were not so, it 
would mean that the electron had an infinite velocity', \Iathematically, this is related to the 
fact that the coordinate commutes with the operator of the interaction energy between the 
electron and the apparatus, since this energy is (in non-relativistic theory) a function of the 
coordinates only. ' 
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§8. The Hamiltonian operator 

The wave function T completely determines the state of a physical system 
in quantum mechanics. This means that, if this function is given at some 
instant, not only are all the properties of the system at that instant described, 
but its behaviour at all subsequent instants is determined (only, of course, to 
the degree of completeness which is generally admissible in quantum mech¬ 
anics). The mathematical expression of this fact is that the value of the deri¬ 
vative d'Yjdt of the wave function with respect to time at any given instant 
must be determined by the value of the function itself at that instant, and, 
by the principle of superposition, the relation between them must be linear. 
In the most general form we can write 

i/j dT/dt = //T, (8.1) 

where /? is some linear operator; the factor ih is introduced here for a reason 
that will become apparent. 

Since the integral JT*T dj is a constant independent of time, we have 
dr f rT* r ST 

Substituting here (8.1) and using in the first integral the definition of the 
transpose of an operator, we can write (omitting the common factor i',h) 

jT//*4''*d^ - = jV*^*T d^ - |’T*/5Td5 

= j'T*(//*-/?)Td9 = 0. 

Since this equation must hold for an arbitrary function T', it follows that we 
must have identically //" = //; the operator H is therefore Hermitian. Let 
us find the physical quantity to which it corresponds. To do this, we use 
the limiting expression (6,1) for the wave function and write 

3T i dS 

-=-T; 

dt h dt 

the slowly varying amplitude a need not be differentiated. Comparing this 
equation with the definition (8.1), we see that, in the limiting case, the 
operator H reduces to simply multiplying by — dS, dt. This means that 
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- rS ct is the physical quantity into which the Hermitian operator H 
passes. 

The derivative — cS ct is just Hamilton’s function H for a mechanical 
system. Thus the operator H is what corresponds in quantum mechanics 
to Hamilton’s function; this operator is called the Hamiltonian operator or, 
more brieflv, the Hamiltonian of the svstem. If the form of the Hamiltonian 
is known, equation (8.1) determines the wave functions of the physical 
system concerned. This fundamental equation of quantum mechanics is 
called the wave equation 


§9. The differentiation of operators with respect to time 
The concept of the derivative of a phj’sical quantity with respect to time 
cannot be defined in quantum mechanics in the same way as in classical mech¬ 
anics. For the definition of the derivative in classical mechanics involves 
the consideration of the values of the quantity at two neighbouring but 
distinct instants of time. In quantum mechanics, however, a quantity which 
at some instant has a definite value does not in general have definite values at 
subsequent instants; this was discussed in detail in §1, 

Hence the idea of the derivative with respect to time must be differently 
defined in quantum mechanics. It is natural to define the derivative / of a 
quantity / as the quantity whose mean value is equal to the derivative, with 
respect to time, of the mean value /. Thus we have the definition 

/=/ (9.1) 

Starting from this definition, it is easy to obtain an expression for the 
quantum-mechanical operator / corresponding to the quantity /: 

, , d f . r df r5T*. r 

/ _ / _ _ J T./T d, - J d,+ J - /T d, + J V/- d,. 

Here dfidt is the operator obtained by differentiating the operator / with 
respect to time; /may depend on the time as a parameter. Substituting for 
d'Vjdt, d'¥*ldt their expressions according to (8.1), we obtain 

/ = J 'F'l'F dj-pi J (i?*^*)/^' dq-- J T*/(/?T) dq. 

Since the operator i? is Hermitian, we have 

J (i?*'l-*)(/T') dj = J T’/J/T dg: 

thus 

_ Since, on the other hand, we must have, by the definition of mean values, 
/ = J'T*/T Aq, it is seen that the expression in parentheses in the inte- 
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grand is the required operator f \\ 

^ 9 . 2 ) 

ct n 

If the operator/is independent of time,/ reduces, apart from a constant 
factor, to the commutator of the operator / and the Hamiltonian. 

A very important class of physical quantities is formed by those whose 
operators do not depend explicitly on time, and also commute with the 
Hamiltonian, so that / = 0. Such quantities are said to be conserved. For 
these f = f = ^, that is, / is constant. In other words, the mean value of 
the quantity remains constant in time. We can also assert that, if in a given 
state the quantity / has a definite value (i.e. the wave function is an eigen¬ 
function of the operator/), then it will have a definite value (the same one) 
at subsequent instants also. 


§10. Stationary states 

The Hamiltonian of a closed system (and of a system in a constant external 
field) cannot contain the time explicitly. This follows from the fact that, 
for such a system, all times are equivalent. Since, on the other hand, any 
operator of course commutes with itself, we reach the conclusion that 
Hamilton’s function is conserved for systems which are not in a varying 
external field. As is well known, a Hamilton’s function which is conserved 
is called the energy. The law of conservation of energy in quantum mecha¬ 
nics signifies that, if in a given state the energy has a definite value, this 
value remains constant in time. 


t In classical mechanics we have for the total derivative, with respect to time, of a quantity 
/ which is a function of the generalized coordinates qi and momenta pi of the system 


Substituting, in accordance with Hamilton’s equations, qi = oHjpi and pi = —dHjdqt, we 
obtain 


where 


if jit = 8fl3t+[H,fl 


vr / a/ SH 


a/ a//' 

dPi 8qi , 


is what is called the Potsson bracket for the quantities / and H (see Mechanics, §42). On 
comparing with the expression (9.2), we see that, as we pass to the limit of classical mechanics, 
the operator i(Hf—f(i) reduces in the first approximation to zero, as it should, and in the 
second approximation (with respect to h) to the quantity /i[ff,/]. This result is true also 
for any two quantities / and g\ the operator i(fg—gf) tends in the limit to the quantity 
h\_f,g'\, where [/, g] is the Poisson bracket 


u.g] 


= 2 (- 



a/ 

Sg a/\ 


dPi~ 

dp, dq, ) 


This follows from the fact that we can always formally imagine a system whose Hamiltonian 
is R. 
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States in which the energy has definite values are called stationary states 
of a system. They are described by wave functions which are the eigen¬ 
functions of the Hamiltonian operator, i.e. which satisfy the equation 
where are the eigenvalues of the energy. Correspondingly, 
the wave equation (8.1) for the function 

ihd'i'-Jdt =/?'F„ = £„T„ 

can be integrated at once with respect to time and gives 

( 10 . 1 ) 

where ipn is a function of the coordinates only. This determines the relation 
between the wave functions of stationary states and the time. 

We shall denote by the small letter ip the wave functions of stationary states 
without the time factor. These functions, and also the eigenvalues of the 
energy, are determined by the equation 

f}>lj = E^. (10.2) 

The stationary state with the smallest possible value of the energy is called 
the normal or ground state of the system. 

The expansion of an arbitrary wave function T in terms of the wave func¬ 
tions of stationary states has the form 

T = S a„e-<^/»'^nt^„(q). (10.3) 

The squared moduli |a„l* of the expansion coefficients, as usual, determine 
the probabilities of various values of the energy of the system. 

The probability distribution for the coordinates in a stationary state is 
determined by the squared modulus ITnl® = we see that it is indepen¬ 

dent of time. The same is true of the mean values 

/= jT„*/'F„dg = J^„*/0nCl5 

of any physical quantity / (whose operator does not depend explicitly on the 
time). 

As has been said, the operator of any quantity that is conserved commutes 
with the Hamiltonian. This means that any physical quantity that is con¬ 
served can be measured simultaneously with the energy. 

Among the various stationary states, there may be some which correspond 
to the same value of the energy (the same energy level of the system), but 
differ in the values of some other physical quantities. Such energy levels, 
to which several different stationary states correspond, are said to be 
degenerate. Physically, the possibility that degenerate levels can exist is 
related to the fact that the energy does not in general form by itself a com¬ 
plete set of physical quantities. 

If there are two conserved physical quantities/ and g whose operators do 
not commute, then the energy levels of the system are in general degenerate. 
For, let tjj be the wave function of a stationary state in which, besides the 
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energy, the quantity / also has a definite value. Then we can say that the 
function g>p does not coincide (apart from a constant factor) with tfj\ if it did, 
this would mean that the quantity g also had a definite value, which is 
impossible, since/and g cannot be measured simultaneously. On the other 
hand, the function gip is an eigenfunction of the Hamiltonian, corresponding 
to the same value E of the energy as 

= E{g>P). 

Thus we see that the energy E corresponds to more than one eigenfunction, 
i.e. the energy level is degenerate. 

It is clear that any linear combination of wave functions corresponding 
to the same degenerate energy level is also an eigenfunction for that value of 
the energy. In other words, the choice of eigenfunctions of a degenerate 
energy level is not unique. Arbitrarily selected eigenfunctions of a degener¬ 
ate energy level are not, in general, orthogonal. By a proper choice of linear 
combinations of them, however, we can always obtain a set of orthogonal 
(and normalized) eigenfunctions (and this can be done in infinitely many 
ways; for the number of independent coefficients in a linear transformation 
of n functions is n^, while the number of normalization and orthogonality 
conditions for n functions is ^n(n +1), i.e. less than n^). 

These statements concerning the eigenfunctions of a degenerate energy 
level relate, of course, not only to eigenfunctions of the energy, but also to 
those of any operator. Oply those functions are automatically orthogonal 
which correspond to different eigenvalues of the operator concerned; 
functions which correspond to the same degenerate eigenvalue are not in 
general orthogonal. 

If the Hamiltonian of the system is the sum of two (or more) parts, 
/? = + one of which contains only the coordinates qi and the other 

only the coordinates 92 . then the eigenfunctions of the operator jff can ^e 
written down as products of the eigenfunctions of the operators Hi and H 2 , 
and the eigenvalues of the energy are equal to the sums of the eigenvalues of 
these operators. 

The spectrum of eigenvalues of the energy may be either discrete or 
continuous. A stationary state of a discrete spectrum always corresponds to 
a finite motion of the system, i.e, one in which neither the system nor any 
part of it moves off to infinity. For, with eigenfunctions of a discrete spec¬ 
trum, the integral J dj, taken over all space, is finite. This certainly 
means that the squared modulus ITi^ decreases quite rapidly, becoming 
zero at infinity. In other words, the probability of infinite values of the co¬ 
ordinates is zero; that is, the system executes a finite motion, and is said to 
be in a bound state. 

For wave functions of a continuous spectrum, the integral J ITj® d^ diverges. 
Here the squared modulus of the wave function does not directly deter¬ 
mine the probability of the various values of the coordinates, and must be 
regarded only as a quantity proportional to this probability. The divergence 
of the integral J iq is always due to the fact that does not become 
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zero at infinity (or becomes zero insufficiently rapidly). Hence we can say 
that the integral J [TP d^, taken over the region of space outside any arbi¬ 
trarily large but finite closed surface, will always diverge. This means that, 
in the state considered, the system (or some part of it) is at infinity. For a 
wave function which is a superposition of the wave functions of various 
stationary states of a continuous spectrum, the integral / ITP d^ may 
converge, so that the system lies in a finite region of space. However, in the 
course of time, this region moves unrestrictedly, and eventually the system 
moves off to infinity. This can be seen as follows. Any superposition of 
wave functions of a continuous spectrum has the form 

T = J aEe-<^/’'^^^tPE{q) d.E. 

The squared modulus of can be written in the form of a double integral: 

ITP = d£dE'. 

If we average this expression over some time interval T, and then let T tend 
to infinity, the mean values of the oscillating factors and there¬ 

fore the whole integral, tend to zero in the limit. Thus the mean value, 
with respect to time, of the probability of finding the system at any given 
point of configuration space tends to zero. This is possible only if the 
motion takes place throughout infinite space.fThus the stationary states of 
a continuous spectrum correspond to an infinite motion of the system. 

§11. Matrices 

We shall suppose for convenience that the system considered has a discrete 
energy spectrum; all the relations obtained below can be generalized at once 
to the case of a continuous spectrum. Let T" = be the expansion of 

an arbitrary wave function in terms of the wave functions T,, of the stationary 
states. If we substitute this expansion in the definition (3.8) of the mean 
value of some quantity /, we obtain 

(U.l) 

fi m 

where/„,„(t) denotes the integral 

/„„(«) = jT„*/^'„dg. (11.2) 

The set of quantities/,im(/) with all possible n and m is called the matrix of the 


t Note that, for a function 'f" which is a superposition of functions of a discrete spectrum, 
we should have 


i.e. the probability density remains finite on averaging over time. 
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quantity/, and each of the/„„,(!) is called the matrix element corresponding 
to the transition from state m to state «.f 

The dependence of the matrix elements on time is determined (if 

the operator / does not contain the time explicitly) by the dependence of the 
functions on time. Substituting for them the expressions (10.1), we find 
that 1 




(11.3) 


where 


= (E„—E„)lh 


(11.4) 


is what is called the transition frequency between the states n and m, and the 
quantities 

fn,n = \>l>n*h^Aq (11.5) 

form the matrix of the quantity / which is independent of time, and which 
is commonly used.J 

The matrix elements of the derivative / are obtained by differentiating the 
matrix elements of the quantity/with respect to time; this follows directly 
from the fact that 

/=/= YiEi Oj^arrifnwif)- (H-^) 

mn 

From (11.3) we thus have for the matrix elements of / 

/nm(0 = »Wnm/nm(0 (11-7) 


or (cancelling the time factor from both sides) for the matrix elements 
independent of time 

(/)nm = i<^nmlnm = {il^){En-E„)f„„. (11.8) 


To simplify the notation in the formulae, we shall derive all our relations 
below for the matrix elements independent of time; exactly similar relations 
hold for the matrices which depend on the time. 

For the matrix elements of the complex conjugate/* of the quantity/we 
obtain, taking into account the definition of the Hermitian conjugate operator, 

in.m = I dg = I /„*/•/„. dg = J dg 

or 

(/*)nm = (/mn)*- (11.9) 

For real physical quantities, which are the only ones we usually consider. 


t The matrix representation of physical quantities was introduced by Heisenberg in 1925, 
before Schrodinger’s discovery of the wave equation “Matrix mechanics” was later de¬ 
veloped by M. Born, \V. Heisenberg and P Jordan. 

X Because of the indeterminacy of the phase factor in normalized wave functions (see §2), 
the matrix elements fnm (and fnm(O) also are determined only to within a factor of the form 
Here again this indeterminacy has no effect on any physical results. 
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we consequently have 

Um =fmn* ( 1110 ) 

(/mn* Stands for {fm-n)*)- Such matrices, like the corresponding operators, 
are said to be Hermitian. 

Matrix elements with n = m are called diagonal eletn^nts. These are 
independent of time, and (11.10) shows that they are real. The element/«« 
is the mean value of the quantity/in the state d/,, 

It is not difficult to obtain the ‘multiplication rule” for matrices. To do 
so, we first observe that the formula 

( 11 . 11 ) 

holds. This is simply the expansion of the function /</<„ in terms of the func¬ 
tions the coefficients being determined in accordance with the general 
formula (3.5). Remembering this formula, let us write down the result of 
the product of two operators acting on the function 

= f(g'pn) = ^g^j4‘k =^^gknUk‘P,n- 

Since, on the other hand, we must have 

in 

we arrive at the result that the matrix elements of the product fg are deter¬ 
mined by the formula 

{fg)mn = ^fmkgkn- ( 11 . 12 ) 

This rule is the same as that used in mathematics for the multiplication of 
matrices: the rows of the first matrix in the product are multiplied by the 
columns of the second matrix 

If the matrix is given, then so is the operator itself. In particular, if the 
matrix is given, it is in principle possible to determine the eigenvalues of the 
physical quantity concerned and the corresponding eigenfunctions. 

We shall now consider the values of all quantities at some definite instant, 
and expand an arbitrar}’ wave function T (at that instant) in terms of the 
eigenfunctions of the Hamiltonian, i.e. of the wave functions ipm of the 
stationary states (these wave functions are independent of time). 

(11.13) 

m 

where the expansion coefficients are denoted by c„. We substitute this expan¬ 
sion in the equation /T = /T which determines the eigenvalues and eigen¬ 
functions of the quantity/. We have 

2 Cm(//m) = / 2 
m tn 

We multiply both sides of this equation by /„* and integrate over q. Each 
of the integrals j dj on the left-hand side of the equation is the cor¬ 

responding matrix element /„„,. On the right-hand side, all the integrals 
/ 'Pn*'Pm with m ^ n vanish by virtue of the orthogonality of the functions 
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tprrt, and j tfjn*’Pn d^ = 1 by virtue of their normalization.f Thus 

or 

S (/„m—/SnJCm = 0, 

Ttl 

where = 0 for m ^ n and = 1 for m = n. 

Thus we have obtained a system of homogeneous algebraic equations of 
the first degree (with the as unknowns). As is well known, such a system 
has solutions different from zero only if the determinant formed by the 
coefficients in the equations vanishes, i.e. only if 

l/n™-/S„™| =0. (11.15) 

The roots of this equation (in which / is regarded as the unknown) are the 
possible values of the quantity/. The set of values satisfying the equations 
(11.14) when / is equal to any of these values determines the corresponding 
eigenfunction. 

If, in the definition (11.5) of the matrix elements of the quantity/, we take 
as the eigenfunctions of this quantity, then from the equation /i/<„ =/„^„ 
we have 

/nm = J /n*//m d? = /m [ /n*/m ^q. 

By virtue of the orthogonality and normalization of the functions ijjm, this 
gives fnm — 0 for n ^ m and frnm — fm- Thus only the diagonal matrix 
elements are different from zero, and each of these is equal to the correspond¬ 
ing eigenvalue of the quantity /. A matrix with only these elements different 
from zero is said to be put in diagonal form. In particular, in the usual 
representation, with the wave functions of the stationary states as the functions 
/n, the energy matrix is diagonal (and so are the matrices of all other physical 
quantities having definite values in the stationary states). In general, the 
matrix of a quantity /, defined with respect to the eigenfunctions of some 
operator g, is said to be the matrix of fin a representation in which g is diagonal. 
We shall always, except where the subject is specially mentioned, understand 
in future by the matrix of a physical quantity its matrix in the usual repre¬ 
sentation, in which the energy is diagonal. Everything that has been said 
above regarding the dependence of matrices on time refers, of course, only 
to this usual representation,! 


f In accordjnce with the general rule (§5). the set ot' coefficients Cn in the expansion (11.13) 
can be considered as the vvave function m the “energy representation” (the variable being 
the suffix n that gives the number ot the energy eigenvalue). The matrix /nm here acts as 
the operator / in this representation, the action of which on the wave function is given by 
the left-hand side of (11.14) The formula / = ZX cJ(/nmCm) then corresponds to the general 
expression for the mean value of a quantity in terms of its operator and the wave function of 
the state concerned. 

t Bearing in mind the diagonalitv of the energy matrix, it is easy to see that equation (11.8) 
IS the operator relation (9 2) written in matrix form 
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By means of the matrix representation of operators we can prove the 
theorem mentioned in §4: if two operators commute with each other, they 
have their entire sets of eigenfunctions in common. Let / and g be two 
such operators. From fg — gf and the matrix multiplication rule (11.12), 
it follows that 

^ f mkSkn ~ ^ £mkfkn‘ 

If we take the eigenfunctions of the operator / as the set of functions ip^ with 
respect to which the matrix elements are calculated, we shall have = 0 
for m / A, so that the above equation reduces to f^rngmn = Smnfnn, or 

If all the eigenvalues/,, of the quantity/are different, then for all wi / n we 
have fm—fn ®o that we must have g^^ = 0. Thus the matrix g^^ is 
also diagonal, i.e. the functions i/(„ are eigenfunctions of the physical quantity 
g also. If, among the values /„, there are some which are equal (i.e. if there 
are eigenvalues to which several different eigenfunctions correspond), then 
the matrix elements corresponding to each such group of functions 
are, in general, different from zero. However, linear combinations of the 
functions which correspond to a single eigenvalue of the quantity / are 
evidently also eigenfunctions of/; one can always choose these combinations 
in such a way that the corresponding non-diagonal matrbc elements g^^ are 
zero, and thus, in this case also, we obtain a set of functions which are 
simultaneously the eigenfunctions of the operators / and g. 

The following formula is tseful.in applications: 

{dHldX)nn = dEnjdX, (11.16) 

w’here A is a parameter on which the Flamiltonian i? (and therefore the 
energy eigenvalues E,,) depends. It is proved as follows. Differentiating 
the equation {H —En)4>n = 0 with respect to A and then multiplying on the 
left by ipn*, we obtain 

I */fj p \ ^4’n I »/ SE„ dl3 \ 

dX \ dX cX) 

On integration with respect to q, the left-hand side gives zero, since 

j ^„*(/?-£„)^d9 = ^^{H-En)*^n* df, 

the operator H being Hermitian. The right-hand side gives the required 
equation. 

A widely used notation (introduced by Dirac) in recent literature is that 
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which denotes the matrix elements/nm byf 

<«l/|w>. (11.17) 

This symbol is written so that it may be regarded as “consisting” of the 
quantity / and the symbols |m> and <«1 which respectively stand for the 
initial and final states as such (independently of the representation of the 
wave functions of the states). With the same symbols we can construct 
notations for the expansion coefficients of wave functions: if there is a 
complete set of wave functions corresponding to the states lni>, lw 2 >, , 

the coefficients in the expansion in terms of these of the wave function of a 
state \m') are denoted by 

<«i|OT> = J iPn,*>pmdq. (11.18) 

§12. Transformation of matrices 

The matrix elements of a given physical quantity can be defined with 
respect to various sets of wave functions, for example the wave functions of 
stationary states described by various sets of physical quantities, or the wave 
functions of stationary states of the same system in various external fields. 
The problem therefore arises of the transformation of matrices from one 
representation to another. 

Let ^n(?) and <pn'{g) (n = i, 2,...) be two complete sets of orthonormal 
functions, related by some linear transformation: 

>ljn' ^ T. Srrtn4>m, ( 12 . 1 ) 

m 

which is simply an expansion of the function fn in terms of the complete set 
of functions ipn- This transformation may be conventionally written in the 
operator form 

fn = Sfn. ( 12 . 2 ) 

The operator S must satisfy a certain condition in order that the functions 
ipn should be orthonormal 'f the functions are. Substituting (12.2) in 
the condition 


J *pm — ^mnr 

and using the definition of the transposed operator (3.14), we have 

J" (‘§0n)‘^*’/'77»* d^ = J" ipTn*S*Sijjn df = SmTi- 

If these equations hold for all m and n, we must have S*S = 1, or 

= 5+ = S-\ (12.3) - 


t Both notations are used in the present book. The form (11.17) is especially convenient 
when each suffix has to be written as several letters. 
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i.e. the inverse operator is equal to the Hermitian conjugate operator. 
Operators having this property are said to be unitary. Owing to this property, 
the transformation ipn = inven.e to (12.1) is given by 

>pn = ^ Snm*4‘m ■ (12.4) 

m 

Writing the equations 5+5 = 1 and 55+ = 1 in matrix form, we obtain 
the following forms of the unitarity condition: 

s Sir„*Sin = (12.5) 

^ Sml*Snl = Snjjj. (12.6) 

Let US now consider some physical quantity / and write down its matrix 
elements in the “new” representation, i.e. with r.;spect to the functions 
These are given by the integrals 

J 4‘m *f4‘n' d? = I {S*4im*){fS4>n) d$ 

= f d$ 

= J Aq. 

Hence we see that the matrix of the operator / in the new representation is 
equal to the matrix of the operator 

/' = 5-1/5 (12.7) 

in the old representation.f 

The sum of the diagonal elements of a matrix is called the trace or spur\ 
of the matrix and denoted by tr/: 

tr f = S/na- (1^-^) 

n 

It may be noted first of all that the trace of a product of two matrices is 
independent of the order of multiplication: 

tr(/f) = irfl/). (12.9) 


If {/. ^ } = —itic is the commutation rule for two operators /and g, the transformation 
(12.7) gives {/', g ') = —itic', i.e. the rule is unchanged. We have shown in the footnote 
in §9 that c is the quantum analogue of the classical Poisson bracket [/, g]. In classical 
mechanics, however, the Poisson brackets are invariant under canonical transformations of 
the variables (generalized coordinates and mc'nenta); see Mechanics, §45. In this sense we 
can say that unitary transformations in quant m mechanics play a role analogous to that of 
canonical transformations in classical mecha* cs. 

X From the German word Spur. The no m sp/ is also used. The trace can be defined, 
of course, only if the sum over n is convert 
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since the rule of matrix multiplication gives 

tr Ug) = S '^fnkgkn = S 'Lgknfnk = tr {gf). 

Similarly we can easily see that, for a product of several matrices, the trace 
is unaffected by a cyclic permutation of the factors; for example, 

tr Ugh) = tr {hfg) = tr {ghf). (12.10) 

An important property of the trace is that it does not depend on the choice 
of the set of functions with respect to which the matrix elements are defined. 
Since 

(tr/)' = tr (5-i/S) = tr (SS-^f) = tr/. (12.11) 

A unitary transformation leaves unchanged the sum of the squared 
moduli of the functions that are transformed: from (12.6) we have 

S 10/12 = Z Su4>kSn*4‘i* = 2 (12.12) 

i k,l,i k,l k 

Any unitary operator may be writtenras 

^ = e^K (12.13) 

where R is an Hermitian operator: since R+ = we have 

^ 4 . ^ g-ik* ^ g-ik = ^- 1 , 

The expansion 

/' = S-ifS = /+{/, i^ } + }. ■■■ (12.14) 

is easily verified by a direct expansion o' the factors exp ( ± iR) in powers of 
R. This expansion may be useful when R is proportional to a small para¬ 
meter, so that (12.14) becomes an expansion in powers of the parameter. 

§13. The Heisenberg representation of operators 

In the mathematical formalism of quantum mechanics described here, the 
operators corresponding to various physical quantities act on functions of the 
coordinates and do not usually depend explicitly on time. The time depen¬ 
dence of the mean values of physical quantities is due only to the time 
dependence of the wave function of the state, according to the formula 

/(0 = JT*(?,<)/T(5,0d5. (13.1) 

The quantum-mechanical treatment can, however, be formulated also in a 
somewhat different but equivalent form, in which the time dependence is 
transferred from the wave functions to the operators. Although we shall not 
use this Heisenberg representation (as opposed to the Schrodinger represen¬ 
tation) of operators in the present volume, a statement of it is given here with 
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a view to applications in the relativistic theory. 

We define the operator (which is unitary; see (12.13)) 

.§ = exp[—(*7^)i?/], (13.2) 

where i? is the Hamiltonian of the system. By definition, its eigenfunctions 
are the same as those of the operator i?, i.e. the stationary-state w'ave functions 
4>n{q), where 

§4.n{q) = e-wn)E,t^n{q)- (13.3) 

Hence it follows that the expansion (10.3) of an arbitrary wave function 
T in terms of the stationary-state wave functions can be written in the 
operator form 

mo =-^mo). (13.4) 

i.e. the effect of the operator .§ is to convert the wave function of the system 
at some initial instant into the wave function at an arbitrary instant. 
Defining, as in (12.7), the time-dependent operator 

At) = §-VS, (13.5) 

we have 

At) = / T*( 9 , 0)/(Om, 0) dq, (13.6) 

and thus obtain the formula (3.8) for the mean value of the quantity f in z 
form in which the time dependence is entirely transferred to the operator (for 
our definition of an operator rests on formula (3.8)). 

It is evident that the matrix elements of the operator (13.5) with respect 
to the stationary-state wave functions are the same the time-dependent 
matrix elements fnm{t) defined by formula (11.3). 

Finally, differentiating the expression (13.5) with respect to time (assuming 
that the operators / and i? do not themselves involve t), we obtain 

y{t) - kmt) - (13-7) 

ct h 

which is similar in form to (9,2) but has a somew’hat different significance: 
the expression (9.2) defines the operator / corresponding to the physical 
quantity/, while the left-hand side of equation (13.7) is the time derivative 
of the operator of the quantity / itself. 

§14. The density matrix 

The description of a system by means of a W'ave function is the most 
complete description possible in quantum mechanics, in the sense indicated 
at the end of §1. 

States that do not allow such a description are encountered if we consider 
a system that is part of a larger closed system, We suppose that the closed 
system as a whole is in some state described by the w'ave function ^\q, x), 
w'here x denotes the set of coordinates of the system considered, and q the 
remaining coordinates of the closed system. This function in general does 
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not fall into a product of functions of x and of q alone, so that the system 
does not have its own wave function.f 

Let / be some physical quantity pertaining to the system considered. Its 
operator therefore acts only on the coordinates x, and not on q. The mean 
value of this quantity in the state considered is 

/ = IJ ^*(9. x)Mq. AqAx. (14.1) 

We introduce the function p{x, x') defined by 

p{x, x) = J x') d^, (1+-2) 

where the integration is extended only over the coordinates q\ this function 
is called the density matrix of the system. From the definition (14.2) it is 
evident that the function is “Hermitian”: 

p*{x.x)^p{x'.x). (14.3) 

The “diagonal elements” of the density matrix 

p{x,x) = JlT( 5 .^)|^d$ 

determine the probability distribution for the coordinates of the system. 
Using the density matrix, we can write the mean value / in the form 

/= J[/p(^c,x')]^..*d*. (14.4) 

Here/ acts only on the variables x in the function p(.v, .v'); after calculating 
the result of its action, we put x' = x. We see that, if we know the density 
matrix, we can calculate the mean value of any quantity characterizing the 
system. It follows from this that, by means of p{^x, x'), we can also determine 
the probabilities of various values of the physical quantities in the system. 
Thus the state of a system which does not have a wave function can be 
described by means of a density matrix. This does not contain the co¬ 
ordinates q which do not belong to the system concerned, though, of course, 
it depends essentially on the state of the closed system as a whole. 

The description by means of the density matrix is the most general form 
of quantum-mechanical description of the system. The description by means 
of the wave function, on the other hand, is a particular case of this, cor¬ 
responding to a density matrix of the form p{x, x’) = 'F(x)'I'’*(x'). The 
following important difference exists between this particular case and the 
general one.^ For a state having a wave function there is always a complete 


t In order that should (at a given instant) fall into such a product, the measurement 

as a result of which this state was brought about must completely describe the system con¬ 
sidered and the remainder of the closed system separately. In order that 'F(^, x) should 
continue to have this form at subsequent instants, it is necessary in addition that these parts of 
the closed system should not interact (see §2). Neither of these conditions is now assumed. 

t States having a wave function are called “pure” states, as distinct from “mixed” states, 
which are described by a density matrix. 
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set of measuring processes such that the^' lead with certainty to definite 
results (mathematically, this means that T is an eigenfunction of some opera¬ 
tor). For states having only a density matrix, on the other hand, there is no 
complete set of measuring processes whose result can be uniquely predicted. 

Let us now suppose that the system is closed, or became so at some instant. 
Then we can derive an equation giving the change in the density matrix with 
time, similar to the wave equation for the T" function. The derivation can be 
simplified by noticing that the required linear differential equation for 
p(x, x', t) must be satisfied in the particular case where the system has a wave 
function, i.e. 

p{x, x', t) = *F(x, t). 


Differentiating with respect to time and using the wave equation (8.1), we 
have 


dp 3T(x,/) 0T*(x',/) 

ifi— = tW(x', t) -— -+ih'i'(x, t) -^- - 

dt dt dt 


= W{x\ /)/?T(x, t)-T(x. t)/?'*T*(x'. t), 


where fl is the Hamiltonian of the system, acting on a function of x, 
and i?.' is the same operator acting on a function of x'. The functions 
T*(x', t) and T'(x, t) can obviously be placed behind the respective operators 
and i?', and we thus obtain the required equation: 


ih dp(x, x', t)ldt = (/? —/?'*)p(x, x\ t). (l'^-5) 


Let Tn(x, 0 be the wave functions of the stationary states of the system, 
i.e. the eigenfunctions of its Hamiltonian. We expand the density matrix 
in terms of these functions; the expansion consists of a double series in the 
form 


p(x, X', 0 = 

m n 

= (14.6) 

fn n 

For the density matrix, this expansion plays a part analogous to that of the 
expansion (10.3) for wave functions. Instead of the set of coefficients 
we have here the double set of coefficients These clearly have the pro¬ 
perty of being “Hermitian”, like the density matrix itself; 

anm*=amn- (14.7) 

For the mean value of some quantity / we have, substituting (14.6) in (14.4), 

f T„*(x,t)/T„(x,0dx, 

7n n J 

or 

7 = 2 : 2 : = si: (14.8) 

m n tn n 
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where fnm are the matrix elements of the quantity /. This expression is 
similar to formula (ll.l).f 

The quantities must satisfy certain inequalities. The “diagonal 
elements” p{x, x) of the density matrix, which determine the probability 
distribution for the coordinates, must obviously be positive quantities. It 
therefore follows from the expression (14.6) (with x' = x) that the quadratic 
form 

^mn^n ^m 

n m 


constructed with the coefficients amn (where the are arbitrary complex 
quantities) must be positive. This places certain conditions, known from the 
theory of quadratic forms, on the quantities In particular, all the 

“diagonal” quantities must clearly be positive: 

ann > 0, (14.9) 

and any three quantities and must satisfy the inequality 

^ l^mnl • (14.10) 

To the “pure” case, where the density matrix reduces to a product of 
functions, there evidently corresponds a matrix of the form 

= (14.11) 

We shall indicate a simple criterion which enables us to decide, from the 
form of the matrix Oron. whether we are concerned with a “pure” or a 
“mixed” state. In the pure case we have 

(^ )tn« ^ ^mk^kn 

= S aj*a^ar*a^ 

= I \a^Y 

r 

or 

(«=)„„ = a„„, (14.12) 

i.e. the density matrix is equal to its own square. 


§15, Momentum 

Let us consider a closed system of particles not in an external field. Since 
all positions in space of such a system as a whole are equivalent, we can say, 
in particular, that the Hamiltonian of the system does not vary when the 
system undergoes a parallel displacement over any distance. It is sufficient 
that this condition should be fulfilled for an arbitrary small displacement. 

An infinitely small parallel displacement over a distance Sr signifies'a trans¬ 
formation under which the radius vectors r„ of all the particles {a being the 
number of the particle) receive the same increment Sr : r^, -> r^, -fi Sr. An 

t The quantities Otnn form the density matrix in the energy representation. The description 
of the states of a system bv means of this matrix was introduced independently by L. Landau 
and F Bloch in 1927. 
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arbitrary function 0 (ri, r 2 , ...) of the coordinates of the particles, under 
such a transformation, becomes the function 

v!'(ri+ 8 r,i* 2 + 8 r,...) = ... )+ 8 r . S 

= (l+ 8 r . S 

(Vjj denotes the operator of differentiation with respect to Tq). The expression 

l+ 8 r . E Va 

a 

is the operator of an infinitely small displacement, which converts the 
function i/((ri, r 2 , ...) into the function 

ip{ri+Br, r 2 + 8 r,...). 

The statement that some transformation does not change the Hamiltonian 
means that, if we make this transformation on the function litp, the result is 
the same as if we make it only on the function ip and then apply the operator fl. 
Mathematically, this can be written as follows. Let 0 be the operator which 
effects the transformation in question. Then we have = 2?((50), whence 

on-no = 0 , 

i.e. the Hamiltonian must commute with the operator 0. 

In the case considered, the operator 0 is the operator of an infinitely 
small displacement. Since the unit operator (the operator of multiplying 
by unity) commutes, of course, with any operator, and the constant factor 5r 
can be taken in front of n, the condition On — nO = 0 reduces here to 

(E S/c)n-n{'L Vo) = 0. (15.1) 

As we know, the commutability of an operator (not containing the time 
explicitly) with i? means that the physical quantity corresponding to that 
operator is conserved. The quantity whose conservation for a closed system 
follows from the homogeneity of space is the momentum of the system (cf. 
Mechanics, §7). Thus the relation (15.1) expresses the law of conservation 
of momentum in quantum mechanics; the operator E Vq must correspond, 
apart from a constant factor, to the total momentum of the system, and 
each term of the sum to the momentum of an individual particle. 

The coefficient of proportionality between the operator p of the momentum 
of a particle and the operator V can be determined by means of the passage 
to the limit of classical mechanics, and is —ih : 

p = -ihV, (15.2) 

or, in components, 

= —ihdjdx, py — —ihdjdy, p, = —ihdjdz. 

Using the limiting expression (6.1) for the wave function, we have 


pT = ~ih{ilh)'i~VS = TV 5, 
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i.e. in the classical approximation the effect of the operator p reduces to 
multiplication by V5. The gradient V5 of the action is the classical 
momentum p of the particle (see Mechanics, §43). 

It is easy to see that the operator (15.2) is Hermitian, as it should be. 
For, with arbitrary functions 0(x) and ^(jc) which vanish at infinity, we have 

J" <j>px'}> d* = —ih <^- dx = ih j da; = J" dac, 

and this is the condition that the operator should be Hermitian. 

Since the result of differentiating functions with respect to two different 
variables is independent of the order of differentiation, it is clear that the 
operators of the three components of momentum commute with one another; 

Pxpv—Pvpx = 0, pxpx—ptpx = 0, pypx—pipv = 0. (15.3) 

This means that all three components of the momentum of a particle can 
simultaneously have definite values. 

Let us find the eigenfunctions and eigenvalues of the momentum operators. 


They are determined by the vector equation 

— ihVip = ptfi. 

(15.4) 

The solutions are of the form 

,p = 

(15.5) 


where C is a constant. If all three components of the momentum are given 
simultaneously, we see that this completely determines the wave function 
of the particle. In other words, the quantities px,py> pz form one of the poss¬ 
ible complete sets of physical quantities for a particle. Their eigenvalues 
form a continuous spectrum extending from — c» to + 00 . 

According to the rule (5.4) for normalizing the eigenfunctions of a con¬ 
tinuous spectrum, the integral | taken over all space (dF = dj; 

dy; d^) must be equal to the delta function §(p' -p).t However, for reasons 
that will become clear from subsequent applications, it is more natural to 
normalize the eigenfunctions of the particle momentum by the delta function 
of the momentum difference divided by Z-nh: 

or, equivalently. 


J S(p' -p) (15.6) 

(since each of the three factors in the three-dimensional delta function 
is S[{p'j:-px)i2TTh] = 2-rrh 8(p'j:-px), and so on). 

t The three-dimensional function 5(a) of a vector a is defined as a product of delta functions 
of the components of the vector a: 5(a) = 5(flx)5(ay)5(o«)* 
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The integration is effected by means of the formulaf 


00 





S(a). 


(15.7) 


This shows that the constant in (15.5) is equal to unity if the normalization 
is according to (15.6);J 

(15.8) 

The expansion of an arbitrary wave function i/((r) of a particle in terms 
of the eigenfunctions of its momentum operator is simply the expansion 
as a Fourier integral: 

«r) - j - J (15.9) 

(where d^p = dp^^dp^^dp^). The expansion coefficients fl(p) are, according 
to formula (5.3), 

a(p) = J tp(r)tpp*{r) dV = J i/((r)e dF. (15.10), 

The function a(p) can be regarded (see §5) as the wave function of the 
particle in the “momentum representation”; |c(p)p d^pKlnh)^ is the proba¬ 
bility that the momentum has a value in the interval d^p. 

Just as the operator p corresponds to the momentum, determining its 
eigenfunctions in the coordinate representation, we can introduce the 
operator f of the coordinates of the particle in the momentum represen¬ 
tation. It must be defined so that the mean value of the coordinates can be 
represented in the form 


? = f a*{p)ra{p)-^^ (15.11) 

On the other hand, this mean value is determined from the wave function 
0(r) by 

r = J dV. 


f The conventional meaning of this formula is that the function on the left-hand side has 
the property (5.8) of the delta function. Substituting &(x—a) in the form (15.7), we obtain 
from (5.8) the well-known Fourier integral formula 

/ (a) = j |/(Ar)f'4<^"“i djr d^/27r 

J Note that with this normalization the probability density |vi|* = 1, i.e. the function is 
normalized to “one particle per unit volume”. This agreement of normalizations is, of 
course, no accident; see the last footnote to §48. 
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Substituting i/<(r) in the form (15.9) we have (integrating by parts) 

r0(r) = (27 t^)“® j" ra(p)c**^*’''' 

= (277^)-3jr^»/«‘’-Wp)/3p]d3p. 

Using this expression and (15.10), we find 

r = (277^)'"^ JJi/(*(r)t^[3fl(p)/0p]ef*/'‘’*’’''d^pdU 

= r t^a*(p)[da(p)/dp]-^-|-. 

J (27r^)® 

Comparing with (15.11), we see that the radius vector operator in the 
momentum representation is 

f = t^a/0p. (15.12) 

The momentum operator in this representation reduces simply to multipli¬ 
cation by p. 

Finally, we shall express in terms of p the operator of a parallel displace¬ 
ment in space over any finite (not only infinitesimal) distance a. By the 
definition of this operator (f'J we must have 

'f'i^(r) =>p{r+a). 

Expanding the function (/((r+ a) in a Taylor series, we have 

= ^(r)-l-a . dip{T)ldT+ ..., 
or, introducing the operator p = —ihV, 

iP{r+a.) = j^l+^a .p-F-^-a , p^-l- ... 

The expression in brackets is the operator 

fa = e(i/«“-p. (15.13) 

This is the required operator of the finite displacement. 


§16. Uncertainty relations 

Let us derive the rules for commutation between momentum and co¬ 
ordinate operators. Since the result of successively differentiating with 
respect to one of the variables x, y, z and multiplying by another of them 
does not depend on the order of these operations, we have 

PxV-ypx = 0 , = 0 , 

and similarly for 


(16.1) 
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To derive the commutation rule for and x, we write 


(p^—xpx)>p = —ih d(xtji)ldx+ihx dipidx 
= —ihip. 

We see that the result of the action of the operator p^x—xp^ reduces to 
multiplication by —ih-, the same is true, of course, of the commutation oipy 
with V and p^ with z. Thus we have'}' 

p„x—xp,, = —ih, p^y—ypv = — PzZ—zpz = —ih. (16.2) 

All the relations (16.1) and (16.2) can be written jointly in the form 

piXk—Xkpi = —i'ASifc ii,k = x,y,z). (16.3) 

Before going on to examine the physical significance of these relations and 
their consequences, we shall set down two formulae which will be useful 
later. Let /(r) be some function of the coordinates. Then 

M*")—/(*■)? = —ih^/f. (16-4) 


For 

(P/-/P)0 = -ih[Vif<P)-f^<P] = -ihp'Uf. 

A similar relation holds for the commutator of r with a function of the 
momentum operator: 

/(p)r-r/(p) = —ihdficp. (16.5) 

It can be derived in the same way as (16.4) if we calculate in the momentum 
representation, using the expression (15.12) for the coordinate operators. 

The relations (16.1) and (16.2) show that the coordinate of a particle along 
one of the axes can have a definite value at the same time as the components 
of the momentum along the other two axes; the coordinate and momentum 
component along the same axis, however, cannot exist simultaneously. In 
particular, the particle cannot be at a definite point in space and at the same 
time have a definite momentum p. 

Let us suppose that the particle is in some finite region of space, whose 
dimensions along the three axes are (of the order of magnitude of) Ax, Ay, Az. 
Also, let the mean value of the momentum of the particle be pp. Mathe¬ 
matically, this means that the wave function has the form p = u{r)e^* /WPo-r^ 
where w(r) is a function which differs considerably from zero only in the 
region of space concerned. We expand the function tp in terms of the eigen¬ 
functions of the momentum operator (i.e. as a Fourier integral). The co¬ 
efficients tz(p) in this expansion are determined by the integrals (15.10) of 
functions of the form u(r)ct‘/'*><*’‘~P>-*'. If this integral is to differ consider¬ 
ably from zero, the periods of the oscillatory factor must not be 

small in comparison with the dimensions Ax, Ay, Az of the region in which 
the function w(r) is different from zero. This means that a(p) will be con- 


t These relations, discovered in matrix form by Heisenberg in 1925, formed the genesis of 
quantum mechanics. 
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siderably different from zero only for values of p such that {ljh){pQ^—p^)Ax< 
1, etc. Since |a(p)|^ determines the probability of the various values of the 
momentum, the ranges of values oi p^, py, p^in which o(p) differs from zero 
are just those in which the components of the momentum of the particle may 
be found, in the state considered. Denoting these ranges by Ap^, Apy, Ap^, 
we thus have 

ApjA.v ~ h, ApyAy ~ fi, Ap^Az ~ h. (16.6) 

These relations, known as the uncertainty relations, were obtained by 
Heisenberg in 1927. 

We see that, the greater the accuracy with which the coordinate of the 
particle is known (i.e. the less Ax), the greater the uncertainty Ap^. in the 
component of the momentum along the same axis, and vice versa. In parti¬ 
cular, if the particle is at some completely definite point in space (Ax = 
Ay — Az — 0), then Ap^ = Apy = Ap^ = oo. This means that all values 
of the momentum are equally probable. Conversely, if the particle has a 
completely definite momentum p, then all positions of it in space are equally 
probable (this is seen directly from the wave function (15.8), whose squared 
modulus is quite independent of the coordinates). 

If the uncertainties of the coordinates and momenta are specified by the 
standard deviations 


8x = ^px = V[{px-px)% 

we can specify exactly the least possible value of their product (H. Weyl). Let 
us consider the oiie-dimensional case of a wave packet with wave function 
ip{x) depending on only one coordinate, and assume for simplicity that the 
mean values of x and px in this state are zero. We consider the obvious 
inequality 



> 0 , 


where a is an arbitrary real constant. On calculating this integral, noticing 
that 


J" dx = (8x)2, 


J( 
I 


dii* dii 

x-^iL+xiL*— 
dx dx 


dip* dp 
dx dx 


dx = 



we obtain 


a2(Sx)2-a-t-(l/fi2)(S^;,)2 ^ 0. 
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If this quadratic (in a) trinomial is positive for all a, its discriminant must be 
negative, which gives the inequality 

bx Bpx ^ hh. (16.7) 

The least possible value of the product is ih, and occurs for wave packets with 
wave functions of the form 

^ (277)1/4 V(Sjc) ~ 4(S^)’ 

where po and bx are constants. The probabilities of the various values of the 
coordinates in such a state are 


1^12 


1 


. bx 


exp 




and thus have a Gaussian distribution about the origin (the mean value x = 0) 
with standard deviation bx. The wave function in the momentum represen¬ 
tation is 


^(P^) = 


OD 


r 

j djc. 

- 00 


Calculation of the integral gives 


a{px) = constant x exp 




(6x)2(p^-po)2 

fi- 


The distribution of probabilities of values of the momentum, \a{px)\'^, is also 
Gaussian about the mean value px = po, with standard deviation bpx = 
hjlbx, so that the product bpxbx is indeed hh. 

Finally, we shall derive another useful relation. Let/andp be two physical 
quantities w'hose operators obey the commutation rule 


fg-gf = 


(16:9) 


where c is the operator of some physical quantity c. On the right-hand side 
of the equation the factor h is introduced in accordance with the fact that in 
the classical limit (i.e. as A -> 0) all operators of physical quantities reduce 
to multiplication by these quantities and commute with one another. Thus, 
in the “quasi-classical” case, we can, to a first approximation, regard the right- 
hand side of equation (16.9) as being zero. In the next approximation, the 
operator c can be replaced by the operator of simple multiplication by the 
quantity c. We then have 

fg-gf = 

This equation is exactly analogous to the relation= —ih, the only 
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difference being that, instead of the constant li, we havef the quantity he. 
We can therefore conclude, by analogy with the relation — h, that 

in the quasi-classical case there is an uncertainty relation 

~ he (16.10) 

for the quantities / and g. 

In particular, if one of these quantities is the energy {f=S) and the 
operator (|) of the other does not depend explicitly on the time, then by 
(9.2) c = g, and the uncertainty relation in the quasi-classical case is 

AEAg ~ hg. (16.11) 


■f The classical quantity c is the Poisson bracket of the quantities/ and g; see the footnote 
in §9. 
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§17. Schrodinger’s equation 

The form of the wave equation of a physical system is determined by its 
Hamiltonian, which is therefore of fundamental significance in the whole 
mathematical formalism of quantum mechanics. 

The form of the Hamiltonian for a free particle is established by the 
general requirements imposed by the homogeneity and isotropy of space and 
by Galileo’s relativity principle. In classical mechanics, these requirements 
lead to a quadratic dependence of the energy of the particle on its momentum: 
E = where the constant m is called the mass of the particle (see 

Mechanics, §4). In quantum mechanics, the same requirements lead to a 
corresponding relation for the energy and momentum eigenvalues, these 
quantities being conserved and simultaneously measurable (for a free 
particle). 

If the relation E = p^jlm holds for every eigenvalue of the energy and 
momentum, the same relation must hold for their operators also: 

n = (i/2t«)(^,*+^,HM- (17.1) 

Substituting here from (15.2), we obtain the Hamiltonian of a freely moving 
particle in the form 

-(A2/2w)A, (17.2) 

where A = d^jdx^+d^jdy^ + d^ldz^ is the Laplacian operator. 

The Hamiltonian of a system of non-interacting particles is equal to the 
sum of the Hamiltonians of the separate particles: 

i? = -J/i*i:(l/m„)A„ (17.3) 

a 

(the suffix a is the number of the particle; Aq is the Laplacian operator in 
which the differentiation is with respect to the coordinates of the ath particle). 

In classical (non-relativistic) mechanics, the interaction of particles is 
described by an additive term in the Hamiltonian, the potential energy of the 
interaction U{ri, r 2 ,...), which is a function of the coordinates of the particles. 
By adding a similar function to the Hamiltonian of the system, the interaction 
of particles can be represented in quantum mechanics rf 

n = £ A„/m„-t-17(ri,r2,...). (17.4) 

a 

t This statement is, of course, not a logical consequence of the basic principles of quantum 
mechanics, and is to be regarded as a deduction from experiment. 

50 
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The first term can be regarded as the operator of the kinetic energy and the 
second as that of the potential energy. In particular, the Hamiltonian for a 
single particle in an external field is 

i? = p^l2m+U(x,y,z) = —{h^[2m)^ + U{x,y,z), (17.5) 

where U{x, y, z) is the potential energy of the particle in the external field. 

Substituting the expressions (17.2) to (17.5) in the general equation (8.1), 
we obtain the wave equations for the corresponding systems. We shall write 
out here the wave equation for a particle in an external field: 

ih dYIdt = -(h^'2m)A'V+ U(x,y, z^V. (17.6) 

The equation (10.2), which determines the. stationary states, takes the form 

{h^l2m)A>}> +[£■- U{x,y, z)]p = 0. (17.7) 

The equations (17.6) and (17.7) were obtained by Schrddinger in 1926 and 
are called Schrodinger’s equations. 

For a free particle, equation (17.7) has the form 

(A*/2m)A^+£'li = 0. (17.8) 

This equation has solutions finite in all space for any positive value of the 
energy E. For states with definite directions of motion, these solutions are 
eigenfunctions of the momentum operator, with E = The complete 

(time-dependent) wave functions of such stationary states are 

T = constant (17-9) 

Each such function, z plane wave, describes a state in which the particle has a 
definite energy E and momentum p. The angular frequency of this wave is 
Ejh and its wave vector k = plh\ the corresponding wavelength l-nhjp is 
called the de Broglie wavelength of the particle.f 

The energy spectrum of a freely moving particle is thus found to be con¬ 
tinuous, extending from zero to -|-oo. Each of these eigenvalues (except 
E = 0) is degenerate, and the degeneracy is infinite. For there corresponds 
to every value of E, different from zero, an infinite number of eigenfunctions 
(17.9), differing in the direction of the vector p, which has a constant absolute 
magnitude. 

Let us enquire how the passage to the limit of classical mechanics occurs 
in Schrddinger’s equation, considering for simplicity only a single particle 
in an external field. Substituting in Schrddinger’s equation (17.6) the limit¬ 
ing expression (6.1) for the wave function, T" = we obtain, on per¬ 

forming the differentiation, 

dS da a ih ih h^ 

a - ih -1-(V5)!=- -aAS -V5 . Va- Aa+Ua = 0. 

dt dt 2m 2m m 2m 


t The idea of a wave related to a particle was first introduced by L. de Broglie in 1924. 
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In this equation there are purely real and purely imaginary terms (we recall 
that 5 and a are real); equating each separately to zero, we obtain two 
equations 

05 1 

—+-(V5)*+17-— Afl = 0. 

Ot 2m 2ma 

da a ^ 1 

- 1—A5+—. Vfl = 0. 

8t 2m m 

Neglecting the term containing in the first of these equations, we obtain 

05 1 

—+-(V5)=*+17=0, (17.10) 

dt 2m 

that is; the classical Hamilton-]acobi equation for the action 5 of a particle, 
as it should be. We see, incidentally, that, zs h ^0, classical mechanics is 
valid as far as quantities of the first (and not only the zero) order in h inclusive. 

The second equation obtained above, on multiplication by 2^2, can be re¬ 
written in the form 

da^ / V-S\ 

—-pdivf -) = 0. (17.11) 

dt \ m / 

This equation has an obvious physical meaning; is the probability density 
for finding the particle at some point in space (|T|2 = a^); V5/m = p/m 
is the classical velocity v of the particle. Hence equation (17.11) is simply 
the equation of continuity, which shows that the probability density “moves” 
according to the laws of classical mechanics with the classical velocity v at 
every point. 


PROBLEM 

Find the transformation law for the wave function in a Galilean transformation. 

Solution. Let us apply the transformation to the wave function for free motion of a 
particle (a plane wave). Since any function Y can be expanded in plane waves, this will also 
give the transformation law for any wave function. 

The plane waves in the frames of reference K and K' {K' moving with velocity V relative 
to K) are 

'F(r, t) = constant X 


T'(r', t) = constant x «<■'*)"’ ' *), 

where r = r' + Vt; the particle momenta and energies in the two frames are related by 


p = p' +7nV, E = E’ +V.p' + 


(see Mechanics, §8). Substitution of these expressions in T gives 
Tfr, fj = /) exp j”d(7nV.r’ + \mVh) 

{m\.T — \mV^t)\. 


= T'(r-Vt, Oexpj^I 


( 1 ) 


This formula does not contain the parameters of the free motion of the particle, and gives the 
required general transformation law for the w^ave function of any state of the particle. For a 
system of particles, the exponent in (1) contains a summation over the particles. 
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§18. The fundam ental properties of Schrodinger’s equation 

The conditions which must be satisfied by solutions of Schrodinger’s 
equation are very general in character. First of all, the wave function must 
be single-valued and continuous in all space. The requirement of continuity 
is maintained even in cases where the field lJ{x, y, z) itself has a surface of 
discontinuity. At such a surface both the wave function and its derivatives 
must remain continuous. The continuity of the derivatives, however, does 
not hold if there is some surface beyond which the potential energy becomes 
infinite. A particle cannot penetrate at all into a region of space where 
U = oo, i.e. we must have ip = 0 everywhere in this region. The continuity 
of p means that ip vanishes at the boundary of this region; the derivatives of 
tp, however, in general are discontinuous in this case. 

If the field U{x, y, z) nowhere becomes infinite, then the wave function 
also must be finite in all space. The same condition must hold in cases where 
U becomes infinite at some point but does so only as 1/r* with j < 2 (see 
also §35). 

Let f/min be the least value of the function U{x, y, z). Since the Hamil¬ 
tonian of a particle is the sum of two terms, the operators of the kinetic 
energy ( T) and of the potential energy, the mean value £ of the energy in any 
state is equal to the sum T+C. But all the eigenvalues of the operator T 
(which is the Hamiltonian of a free particle) are positive; hence the mean 
value T 0. Recalling also the obvious inequality C > U^, we find that 
£ > Since this inequality holds for any state, it is clear that it is valid 

for all the eigenvalues of the energy: 

En>U^. (18.1) 

Let us consider a particle moving in an external field which vanishes at 
infinity, we define the function U{x, y, z), in the usual way, so that it vanishes 
at infinity. It is easy to see that the spectrum of negative eigenvalues of the 
energy will then be discrete, i.e. all states with E < 0 in a field which vanishes 
at infinity are bound states. For, in the stationary states of a continuous 
spectrum, which correspond to infinite motion, the particle reaches infinity 
(see §10); however, at sufficiently large distances the field may be neglected, 
the motion of the particle may be regarded as free, and the energy of a freely 
moving particle can only be positive. 

The positive eigenvalues, on the other hand, form a continuous spectrum 
and correspond to an infinite motion; for E > 0, Schrodinger s equation 
in general has no solutions (in the field concerned) for which the integral 
J" dF converges. 

Attention must be drawn to the fact that, in quantum mechanics, a particle 
in a finite motion may be found in those regions of space where E < U\ 
the probability \p^ of finding the particle tends rapidly to zero as the distance 
into such a region increases, yet it differs from zero at all finite distances. 

t However, it must be mentioned that, for some particular mathematical forms of the 
function U(x, y, z) (which have no physical significance), a discrete set of values may be 
absent from the otherwise continuous spectrum. 
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Here there is a fundamental difference from classical mechanics, in which 
a particle cannot penetrate into a region w’here U > E. In classical mechanics 
the impossibility of penetrating into this region is related to the fact that, 
for E < U, the kinetic energy w'ould be negative, that is, the velocity would 
be imaginary. In quantum mechanics, the eigenvalues of the kinetic energy 
are likewise positive; nevertheless, we do not reach a contradiction here, 
since, if by a process of measurement a particle is localized at some definite 
point of space, the state of the particle is changed, as a result of this process, 
in such a way that it ceases in general to have any definite kinetic energy. 

If U(x,y, a:) > 0 in all space (and t/ -> 0 at infinity), then, by the inequality 
(18.1), we have £„ > 0. Since, on the other hand, for E > 0 the spectrum 
must be continuous, we conclude that, in this case, the discrete spectrum 
is absent altogether, i.e. only an infinite motion of the particle is possible. 

Let us suppose that, at some point (which we take as origin), U tends to 
— 00 in the manner 

U^-ar-> (a>0). (18.2) 

We consider a wave function finite in some small region (of radius Tq) about 
the origin, and equal to zero outside this region. The uncertainty in the 
values of the coordinates of a particle in such a wave packet is of the order 
of rj,; hence the uncertainty in the value of the momentum is ~ fi/rp. The 
mean value of the kinetic energy in this state is of the order of and 

the mean value of the potential energy is •—■ —a/ro*. Let us first suppose 
that 5 > 2. Then the sum 

takes arbitrarily large negative values for sufficiently small r^. If, however, 
the mean energy can take such values, this always means that the energy has 
negative eigenvalues which are arbitrarily large in absolute value. The mo¬ 
tion of the particle in a very small region of space near the origin corresponds 
to the energy levels with large ITj. The “normal” state corresponds to a 
particle at the origin itself, i.e. the particle “falls” to the point r = 0. 

If, however, s <2, the energy cannot take arbitrarily large negative values. 
The discrete spectrum begins at some finite negative value. In this case the 
particle does not fall to the centre. It should be mentioned that, in classical 
mechanics, the fall of a particle to the centre w’ould be possible in principle 
in any attractive field (i.e. for any positive s). The case ^ = 2 will be specially 
considered in §35, 

Next, let us investigate how the nature of the energy spectrum depends on 
the behaviour of the field at large distances. We suppose that, as r -j- co, 
the potential energy, which is negative, tends to zero according to the power 
law (18.2) (r is now large in this formula), and consider a wave packet “filling” 
a spherical shell of large radius and thickness Ar r^. Then the order 
of magnitude of the kinetic energy is again ^/m(Ar)2, and of the potential 
energy, — a/m'. We increase ro, at the same time increasing Ar, in such a 
way that Ar increases proportionally to r^. If s <2, then the sum ^®/m(Ar)® — 
a/fe* becomes negative for sufficiently large r^. Hence it follows that there 
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are stationary states of negative energy, in which the particle may be found, 
with a fair probability, at large distances from the origin. This, however, 
means that there are levels of arbitrarily small negative energy (it must be 
recalled that the wave functions rapidly tend to zero in the region of space 
where U > E). Thus, in this case, the discrete spectrum contains an infinite 
number of levels, which become denser and denser towards the level E — 0. 

If the field diminishes as — 1/r* at infinity, with s > 2, then there are not 
levels of arbitrarily small negative energy. The discrete spectrum terminates 
at a level with a non-zero absolute value, so that the total number of levels is 
finite. 

Schrodinger’s equation for the wave functions xfj of stationary states is real, 
as are the conditions imposed on its solution. Hence its solutions can always 
be taken as real.f The eigenfunctions of non-degenerate values of the energy 
are automatically real, apart from the unimportant phase factor. For ip* 
satisfies the same equation as ip, and therefore must also be an eigenfunction 
for the same value of the energy; hence, if this value is not degenerate, ip and 
tp* must be essentially the same, i.e. they can differ only by a constant factor 
(of modulus unity). The wave functions corresponding to the same de¬ 
generate energy level need not be real, however, but by a suitable choice of 
linear combinations of them we can always obtain a set of real functions. 

The complete (time-dependent) wave functions T are determined by an 
equation in whose coefficients i appears. This equation, however, retains the 
same form if we replace t in it by —t and at the same time take the complex 
conjugate.! Hence we can always choose the functions T in such a way that 
T and T* differ only by the sign of the time. 

As is well known, the equations of classical mechanics are unchanged by 
time reversal, i.e. when the sign of the time is reversed. In quantum mechanics, 
the symmetry with respect to the two directions of time is expressed, as we 
see, in the invariance of the wave equation when the sign of t is changed and 
T is simultaneously replaced byT*. However, it must be recalled that this 
symmetry here relates only to the equation, and not to the concept of 
measurement itself, which plays a fundamental part in quantum mechanics 
(as we have explained in detail in §7). 


§19. The current density 

In classical mechanics the velocity v of a particle is related to its momentum 
by p = wiv. similar relation holds between the corresponding operators 
in quantum mechanics, as we should expect. This is easily shown by cal¬ 
culating the operator v = r by the general rule (9.2) for the differentiation 
of operators with respect to time: 

^ = (*/^)(i?r-ri?). 


t These assertions are not valid for systems in a magnetic field 

X It IS assumed that the potential energy U does not depend explicitly on the time: the 
system is either closed or in a constant (non-magnetic) field. 
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Using the expression (17.5) for El and formula (16.5), we obtain 

v=p,;n. (19.1) 

Similar relations will clearly hold between the eigenvalues of the velocity 
and momentum, and between their mean values in any state. 

The velocity, like the momentum of a particle, cannot have a definite value 
simultaneously with the coordinates. But the velocity multiplied by an 
infinitely short time interval dt gives the displacement of the particle in the 
time d/. Hence the fact that the velocity cannot exist at the same time as 
the coordinates means that, if the particle is at a definite point in space at 
some instant, it has no definite position at an infinitely close subsequent 
instant. 

We may notice a useful formula for the operator / of the derivative, with 
respect to time, of some quantity/(r) which is a function of the radius vector 
of the particle. Bearing in mind that/commutes with U{r), we find 

/= mi^f-0) = 

Using (16.4), we can write 

pY = p-(/p-«^v/). 
fp- = (p/+i7iV/).p. 

Thus we obtain the required expression: 

/=(l/2«)(p. V/+V/.P). (19.2) 

Next, let us find the acceleration operator. We have 

V = {ijh){Eiv — ^Ei) = {ijmh){Eip— pEi) = (ijmh){Up — pC7)- 

Using formula (16.4), w'e find 

mif = -WU. (19.3) 

This operator equation is exactly the same in form as the equation of motion 
(Newton’s equation) in classical mechanics. 

The integral J dF, taken over some finite volume V, is the probability 
of finding the particle in this volume. Let us calculate the derivative of this 
probability with respect to time. We have 

^ I* |T|2 dF = J dF = ^ J (Ti?*T*-T*i?T) dF. 

Substituting here 

i? = = -(^V2"')A + U(*,y,*) 

and using the identity 


TaT*-T*aT = div (TVT'*-T*VT), 
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d 

d7 



J divj dV, 


where j denotes the vector-f 


j = (i^/2m)('FV'F*-'h’*Vy). (19.4) 

= J_{'Fp*'F*+'F*pT). 

2m 

The integral of divj can be transformed by Gauss’s theorem into an integral 
over the closed surface which bounds the volume V: 


d 

d/ 




. df. 


(19.5) 


It is seen from this that the vector j may be called tht probability current density 
vector, or simply the current density. The integral of this vector over a surface 
is the probability that the particle will cross the surface during unit time. 
The vector j and the probability density |*F|2 satisfy the equation 


a|T|2/dl + divj = 0, (19.6) 

which is analogous to the classical equation of continuity. 

The wave function of free motion (the plane wave (17.9)) can be normalized 
so as to describe a flow of particles with unit current density (in which, on 
average, one particle crosses a unit cross-section of the flow per unit time). 
This function is then 

T = (19.7) 

y/v 

where v is the velocity of the particle, since substitution of this in (19.4) gives 
j = pjmv, i.e. a unit vector in the direction of the motion. 

It is useful to show how the orthogonality of the wave functions of 
states with different energies follows immediately from Schrodinger’s 
equation. Let and be two such functions; they satisfy the equations 

We multiply the first of these by ifi„* and the second by and subtract 
corresponding terms; this gives 

(E^-EM^* = (^»/2m)(^„A^„*-^„*A0„) 

= (^*/2m) div(vI'„V\&„*-vI'„*Vf/'m)- 


t If i/i is written as then 


j = (A/m)|0|2Vj(. 


(19.4a) 
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If we now integrate both sides of this equation over all space, the right-hand 
side, on transformation by Gauss’s theorem, reduces to zero, and we obtain 

{E^-E^) I dF = 0, 

whence, by the hypothesis # £■„, there follows the required orthogonality 
relation 

I 0„V&„*dF = O. 


§20. The variational principle 

Schrodinger’s equation, in the general form = E\}i, can be obtained 
from, the variational principle 

5 I ^*((i-E)4i dq = 0. (20.1) 

Since i/f is complex, we can vary ^ and \fi* independently. Varying i/f*, we 
have 

I S>p*{fi-E)^ dq = 0, 

whence, because Sup* is arbitrary, we obtain the required equation tiijj = Eip. 
The variation of ip gives nothing different. For, varying >p and using the 
fact that the operator i? is Hermitian, we have 

I <P*(fi-E)S<p d5 = I S<P{fi*-E)>p* dq = 0, 

from which we obtain the complex conjugate equation fi*\p* = E>p*. 

The variational principle (20.1) requires an unconditional extremum of 
the integral. It can be stated in a different form by regarding £ as a Lagran- 
gian multiplier in a problem with the conditional extremum requirement 

8 J dg = 0, (20.2) 

the condition being 

J#*dg=l. (20.3) 

The least value of the integral in(20.2) (with the condition (20.3)) is the first 
eigenvalue of the energy, i.e. the energy E^, of the normal state. The func¬ 
tion ip which gives this minimum is accordingly the wave function xpo of the 
normal state.f The wave functions (w > 0) of the other stationary states 
correspond only to an extremum, and not to a true minimum of the integral. 

In order to obtain, from the condition that the integral in (20.2) is a mini¬ 
mum, the wave function ipi and the energy E\ of the state next to the normal 
one, we must restrict our choice to those functions ip which satisfy not only the 

t In the rest of this section we shall suppose the wave functions i/i to be real; they can 
always be so chosen (if there is no magnetic field). 
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normalization condition (20.3) but also the condition of orthogonality with 
the wave function of the normal state: J i/ii/fQ d^ = 0. In general, if the 
wave functions tfi-y ,... , of the first n states (arranged in order of in¬ 
creasing energy) are known, the wave function of the next state gives a mini¬ 
mum of the integral in (20.2) with the additional conditions 

J</>*d5 = l, J </«/<„ d5 = 0 (m = 0, l,2,...,n—1). (20.4) 

We shall give here some general theorems which can be proved from the 
variational principle.f 

The wave function of the normal state does not become zero (or, as we 
say, has no nodes) for any finite values of the coordinates.! In other words, 
it has the same sign in all space. Hence, it follows that the w'ave functions 
i/(„ (n > 0) of the other stationar}’ states, being orthogonal to must have 
nodes (if is also of constant sign, the integral J d^ cannot vanish). 

Next, from the fact that has no nodes, it follows that the normal energy 
level cannot be degenerate. For, suppose the contrary to be true, and let 
i/fo, i/(o' be two different eigenfunctions corresponding to the level E^. Any 
linear combination cipfj+c'ipQ will also be an eigenfunction; but by choosing 
the appropriate constants c, c', we can always make this function vanish at 
any given point in space, i.e. we can obtain an eigenfunction with nodes. 

If the motion takes place in a bounded region of space, we must have 
i/( = 0 at the boundary of this region (see §18). To determine the energy 
levels, it is necessary to find, from the variational principle, the minimum 
value of the integral in (20.2) with this boundary condition. The theorem that 
the wave function of the normal state has no nodes means in this case that 
{fjQ does not vanish anywhere inside this region. 

W'e notice that, as the dimensions of the region containing the motion 
increase, all the energy levels decrease; this follows immediately from 
the fact that an extension of the region increases the range of functions which 
can make the integral a minimum, and consequently the least value of the 
integral can only diminish. 

The expression 

J dq = f [- ^ Aq 

for the states of the discrete spectrum of a particle system may be transformed 
into another expression which is more convenient in practice. In the first 
term of the integrand we write 

</'Aa\Z' = diVa(^Va'/') —(Va'/')^- 


t The proof of theorems concerning the zeros of eigenfunctions (see also §21) is given by 
\I. A. l.avrent’ev and L. A. Lyusternik, The Calculus of Variations {Kurs variatsionnogo 
ischisleniya), 2nd edition, chapter IX, Moscow, 1950; R. Courant and D. Hilbert, Methods of 
Mathematical Physics, volume I, chapter VI, Interscience, New York, 1953. 

X This theorem and its consequences are not in general valid for the wave functions of 
systems consisting of several identical particles (see the end of §63). 
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The integral of diva (i/'Va’/') over all space is transformed into an integral 
over an infinitely distant closed surface, and since the w'ave functions of the 
states of a discrete spectrum tend to zero sufficiently rapidly at infinity, this 
integral vanishes. Thus 

J dg = J [E {mi2ma){SJa4>f+ dg. (20.5) 


§21. General properties of motion in one dimension 

If the potential energy of a particle depends on only one coordinate (:c), 
then the wave function can be sought as the product of a function of y and z 
and a function of x only. The former of these is determined by Schrodinger’s 
equation for free motion, and the second by the one-dimensional Schrodin- 
ger’s equation 

dPdi 2m 

^+-[E-U{x)yj = Q. (21.1) 

dj;^ I? 

Similar one-dimensional equations are evidently obtained for the problem of 
motion in a field whose potential energy is U{x, y, z) = Ui{x) -)- Uzi}’) + Usiz), 
i.e. can be w'ritten as a sum of functions each of which depends on only one 
of the coordinates. In §§22-24 we shall discuss a number of actual examples 
of such “one-dimensional” motion. Here we shall obtain some general 
properties of the motion. 

VVe shall show first of all that, in a one-dimensional problem, none of the 
energy levels of a discrete spectrum is degenerate. To prove this, suppose 
the contrary to be true, ana let ipi and be two different eigenfunctions 
corresponding to the same value of the energy. Since both of these satisfy 
the same equation (21.1), we have 

= {2mlfi^){U-E) = 

or ip\"tpz —= 0 (the prime denotes differentiation with respect to x). 
Integrating this relation, we find 

= constant. (21.2) 

Since = 0 zt infinity, the constant must be zero, and so 

= 0 , 

or 4'il4'i “ 'Pil'Pf Integrating again, we obtain ip^ = constant x ip^, i.e. the 
two functions are essentially identical. 

The following theorem (called the oscillation theorem) may be stated for the 
wave functions fpjjx) of a discrete spectrum. The function 0„(x) correspond¬ 
ing to the (n + l)th eigenvalue £„ (the eigenvalues being arranged in order of 
magnitude), vanishes n times (for finitef values of x). 

f If the particle can be found only on a limited segment of the *-axis, we must consider 
the zeros of tpn{x) within that segment. 
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We shall suppose that the function U{x) tends to finite limiting values as 
3 C -> ± 00 (though it need not be a monotonic function). We take the limiting 
value i7(+ oo) as the zero of energy (i.e. we put i7( + oo) = 0), and we denote 
U{—co) by Uq, supposing that > 0. The discrete spectrum lies in the 
range of energy values for which the particle cannot move off to infinity; for 
this to be so, the energy must be less than both limiting values i7(±oo), 
i.e. it must be negative: 

E<0, (21.3) 

and we must, of course, have in any case E > i.e. the function U{x) 

must have at least one minimum with < 0. 

Let us now consider the range of positive energy values less than Uq'. 

0<E<U^. (21.4) 

In this range the spectrum will be continuous, and the motion of the particle 
in the corresponding stationary states will be infinite, the particle moving off 
towards x = + oo. It is easy to see that none of the eigenvalues of the energy 
in this part of the spectrum is degenerate either. To show this, it is sufficient 
to notice that the proof given above (for the discrete spectrum) still holds if 
the functions ifi^ ^re zero at only one infinity (in the present case they tend 
to zero as jc -> — co). 

For sufficiently large positive values of x, we can neglect U{x) in Schro- 
dinger’s equation (21.1): 

4,"+{pnjh^)Ef = 0 . 

This equation has real solutions in the form of a stationary plane ivave 

Ip — a cosffcc+S), (21.5) 

where a and 8 are constants, and the wave number k = pjH = \/{2mE)lh. 
This formula determines the asymptotic form (for x -^+co) of the wave 
functions of the non-degenerate energy levels in the range (21.4) of the 
continuous spectrum. For large negative values of x, Schrodinger’s equation 
is 

P"-i2mlh^){U„-E}iP = 0. 

The solution which does not become infinite as a; -> — co is 

^ where k = (21-6) 

This is the asymptotic form of the wave function as a; ->• — co. Thus the 
wave function decreases exponentially in the region where E < U. 

Finally, for 

E>U, (21.7) 

the spectrum will be continuous, and the motion will be infinite in both 
directions. In this part of the spectrum all the levels are doubly degenerate. 
This follows from the fact that the corresponding wave functions are deter- 
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mined by the second-order equation (21.1), and both of the two independent 
solutions of this equation satisfy the necessary conditions at infinity (whereas, 
for instance, in the previous case one of the solutions became infinite as 
— 00 , and therefore had to be rejected). The asymptotic form of the 
wave function as .v -> co is 

</- = (21 8 ) 

and similarly for x —cc. The term e**-' corresponds to a particle moving 
to the right, and corresponds to one moving to the left. 

Let us suppose that the function U{x) is even [[/(—x) = t/(x)]. Then 
Schrddinger’s equation (21.1) is unchanged when the sign of the co¬ 
ordinate is reversed. It follows that, if 4^{x) is some solution of this equation, 
then i/f(—x) is also a solution, and coincides with ii(x) apart from a constant 
factor: i/'(—x) = ci/((x). Changing the sign of x again, we obtain i/((x) = 
c^i//(x), w’hence c = ±1. Thus, for a potential energy which is symmetrical 
(relative to x = 0), the wave functions of the stationarj’ states must be either 
even [^( —x) = i/<(x)] or odd [^—(x)= —i/((x)].j- In particular, the wave 
function of the ground state is even, since it cannot have a node, while an 
odd function always vanishes for x = 0 [ip{0) — — 1 /'( 0 ) = 0]. 

To normalize the wave functions of one-dimensional motion (in a continu¬ 
ous spectrum), there is a simple method of determining the normalization 
coefficient directly from the asymptotic expression for the wave function for 
large values of |x|. 

Let us consider the wave function of a motion infinite in one direction, 
x->- -t- CO. The normalization integral diverges as x->• co (as x->• — co, the 
function decreases exponentially, so that the integral rapidly converges). 
Hence, to determine the normalization constant, we can replace ijj by its 
asymptotic value (for large positive v), and perform the integration, taking as 
the lower limit any finite value of x, say zero; this amounts to neglecting a 
finite quantity in comparison with an infinite one. We shall show that the 
wave function normalized by the condition 

[ dx = = 27rfi 8{p~p'), (21.9) 

where p is the momentum of the particle at infinity, must have the asymptotic 
form (21.5) with a = 2; 

ijjp X 2 cos{kx + S) = +e-t(fc 2 +i). (21.10) 

Since we do not intend to verify the orthogonality of the functions corre- 


t In this discussion it is assumed that the stationary state is not degenerate, i.e. the motion 
is not infinite in both directions. Otherwise, when the sign of x is changed, two w’ave functions 
belonging to the energy level concerned may be transformed into each other. In this case, 
however, although the wave functions of the stationary states need not be even or odd, they 
can always be made so (by choosing appropriate linear combinations of the original functions). 
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spending to different/), on substituting the functions (21.10) in the normali¬ 
zation integral we shall suppose the momenta p and p' to be arbitrarily 
close; we can therefore put S = S' (in general S is a function of/)). Next, we 
retain in the integrand only those terms which diverge for p = p' \ in other 
words, we omit terms containing the factor Thus we obtain 

CO CO CO 

I" dx = J “*l^dA:+ J -ic)x ^ — J gi(k -t)® d^;, 

0 0 -■» 

which, from (15.7), is the same as (21.9). 

The change to normalization by the delta function of energy is effected, in 
accordance with (5.14), by multiplying xfip by 

/d(£/2^y/2 ^ 1 

V d^ / ^{l-nhv)' 

where v is the velocity of the particle at infinity. Thus 
~ x/{2nhv)^^ 

= _i_ (ei(kz+e) ,g~i(kx+s)-\ (21.11) 

V{27rhvy ’ ^ ’ 

The current density is Ijlnh in each of the travelling waves that make up the 
stationary wave (21,11). Thus we can formulate the following rule for the 
normalization of the wave function for a motion infinite in one direction by 
the delta function of energy; having represented the asymptotic expression 
for the wave function in the form of a sum of two plane waves travelling in 
opposite directions, we must choose the normalization coefficient in such a 
way that the current density in the wave travelling towards (or away from) 
the origin is Ijlnh. 

Similarly, we can obtain an analogous rule for normalizing the wave func¬ 
tions of a motion infinite in both directions. The wave function will be 
normalized by the delta function of energy if the sum of the probability cur¬ 
rents in the waves travelling towards the origin from x = -f- oo and x = —co 
is Ijlnh. 


§22. The potential well 

As a simple e.xample of one-dimensional motion, let us consider motion in 
a square potential well, i.e. in a field where t/(x) has the form shown in Fig. 1 
(p. 64): f/(.v) = 0 for 0 < .x < a, U{x) = Uo for x < 0 and x > a. It is 
evident a priori that for E < Uq the spectrum will be discrete, while for 
E > Uo we have a continuous spectrum of doubly degenerate levels. 
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Fig. 1 


In the region 0 < -v < a we have Schrodinger’s equation 

4s"+{2m:h^)E4j = 0 (22.1) 

(the prime denotes differentiation with respect to jc), while in the region 
outside the well 

r+{2ni:fi^)(E-U^)4j = (i (22.2) 

For = 0 and x = a the solutions of these equations must be continuous 
together with their derivatives, while for a: — ±co the solution of equation 
(22.2) must remain finite (for the discrete spectrum when E < Uq, it must 
vanish). 

For E < L’q, the solution of equation (22.2) which vanishes at infinity is 

i/( = constant where k = •\'[(2w/^®)(t/o—E)]; (22.3) 

the signs — and + in the exponent refer to the regions x > a and x <0 
respectively. The probability of finding the particle decreases exponen¬ 
tially in the region where E < U{x). Instead of the continuity of ^ and ifi' 
at the edge of the potential well, it is convenient to require the continuity of 
Ip and of its logarithmic derivative ip'jip. Taking account of (22.3), we obtain 
the boundary- condition in the form 


,p'l,p=^K (22.4) 

We shall not pause here to determine the energy levels in a well of arbitrary 
depth E'o (see Problem 2), and shall analyse fully only the limiting case of 
infinitely high walls {Uq co). 

For Ufj — 00 , the motion takes place only between the points x = 0 and 
X = a and, as was pointed out in §18, the boundary condition at these points 
is 

iP = 0. (22.5) 

(It is easy to see that this condition is also obtained from the general condition 
(22.4). For, when Uq -> oo, we have also k -> oo and hence xp'lxp -> co; 
since ip' cannot become infinite, it follows that ^ = 0.) We seek a solution 
of equation (22.1) inside the well in the form 


Ip = c sin(fci;+ S), where k = ■\/{2tnEjh'^). 


(22.6) 
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The condition i/; = 0 for = 0 gives 8 = 0, and then the same condition for 
X = a gives sin ka = 0, whence ka = mr, n being a positive integer,f or 

= {■n^fi^l2Tna^)n\ n = 1,2,3,.... (22.7) 

This determines the energy levels of a particle in a potential well. The 
normalized wave functions of the stationary states are 

= y/{2ja) sin(7Tnjc/a). (22.8) 


From these results we can immediately write down the energy levels for a 
particle in a rectangular “potential box”, i.e. for three-dimensional motion 
in a field whose potential energy U = 0 for 0 < x < a,0 < y < b,0 < z < c 
and U = CO outside this region. In fact, these levels are given by the sums 




(22.9) 


and the corresponding wave functions by the products 






J 


8 TT/Zj 

-sin- X sin- y sin- 

abc a b 


TTOa 

- z. 

c 


( 22 . 10 ) 


It may be noted that the energy Ea of the ground state is, by (22.7) or 
(22.9), of the order of h'^jml^, where I is the linear dimension of the region 
in which the particle moves. This result is in accordance with the uncertainty 
relation; when the uncertainty in the coordinate is the uncertainty in 
the momentum, and therefore the order of magnitude of the momentum 
itself, is ~hjl. The corresponding energy is ~(A/7)2 /ot. 


PROBLEMS 

Problem 1. Determine the probability distribution for various values of the momentum 
for the normal state of a particle in an infinitely deep square potential well. 

Solution. The coefficients a(p) in the expansion of the function <|l^ (22.8) in terms of the 
eigenfunctions of the momentum are 






dx. 


Calculating the integral and squaring its modulus, we obtain the required probability distri 
bution: 






{p-a^ 


cos- — dp. 

ip,iy2 2h 


Problem 2. Determine the energy levels for the potential well shown in Fig. 2 (p. 66). 
Solution. The spectrum of energy values E < Ui, which we shall consider, is discrete. 
In the region x < 0 the wave function is 


tjj = where k, = v'[(2'"/A“)(6',—£)], 


t For n = 0 we should have i/i = 0 identically. 
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Fig. 2 

while in the region x > a 

Ip = where = ■^[{2m,h-)(Vi—E)]. 

Inside the well (0 < x < a) we look for >p in the form 
p = c sin{Aj:+8). where 

The condition of the continuity of p'jp at the edges of the well gives the equations 
* cot S = K, = \'[(2m k cot(Ao+8) = '[{2m h-)U,—h^], 

or 

sin S = kh \/(2wit^j), sin(Aa4-8) = ~kfi \/{2mU^. 

Eliminating S. we obtain the transcendental equation 

ka = nn —sin"‘[Wi/\/(2mC/,)]—sin“'[AA, 

(where n = 1, 2, 3, , and the values of the inverse sine are taken between 0 and iw), whose 

roots determine the energy levels E = k^fi*l2m. For each n there is in general one root; 
the values of n number the levels in order of increasing energy. 

Since the argument of the inverse sine cannot exceed unity, it is clear that the values of k 
can lie only in the range from 0 to \'(2mUilffl). The left-hand side of equation (1) increases 
monotonically with k, and the right-hand side decreases monotonically. Hence it is neces¬ 
sary, for a root of equation (1) to exist, that for k = \/(2tnVilH‘) the right-hand side should 
be less than the left-hand side. In particular, the inequality 

<Jv'{2mU,) /) > U,). (2) 

which is obtained for n — 1, is the condition that at least one energy level exists in the well. 
We see that for given and unequal C/j, C/j there are always widths a of the well which are so 
small that there is no discrete energy level. For C/j = C/j, the condition (2) is evidently always 
satisfied. 

For Ui = Uf = Uf (a symmetrical well), equation (1) reduces to 

sin”*[/iA \^(2wb'o)] = \{mr~ka). (3) 

Introducing the variable f = \ka, we obtain for odd n the equation 

cosf=±yf, where -.• = (h a)^'{2 mV^, (4) 

and those roots of this equation must be taken for which tan f > 0. For even n we obtain 
the equation 

sin f = ±yf, (5) 

and we must take those roots for which tan f < 0. The roots of these two equations deter¬ 
mine the energ>" levels E = nufi. The number of levels is finite when y 0. 

In particular, for a shallow well in which C7o<^ we have y ^ 1 and equation (5) 

has no root. Equation (4) has one root (with the upper sign on the right-hand side), 
f = 1 'y~l/2y®. Thus the well contains only one energy level, 

£0 s L'o—[ma-l2h^)V(i^, 


which is near the top of the well. 
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Problem 3. Determine the pressure exerted on the walls of a rectangular “potential 
box” by a particle inside it. 

Solution. The force on the the wall perpendicular to the x-axis is the mean value of the 
derivative —dHjda of the Hamilton’s function of the particle with respect to the length of 
the box in the direction of the x-axis. The pressure is obtained by dividing this force by the 
area be of the wall. According to the formula (11.16), the required mean value is found by 
differentiating the eigenvalue (22.9) of the energy. The result is 


§23. The linear oscillator 

Let us consider a particle executing small oscillations in one dimension 
(what is called a linear oscillator). The potential energy of such a particle 
is where cu is, in classical mechanics, the characteristic (angular) 

frequency of the oscillations. Accordingly, the Hamiltonian of the oscillator 
is 

d =\p^jTn-\-\Tntij^x^. (23.1) 

Since the potential energy becomes infinite for x = ± co, the particle can 
have only a finite motion, and the energy eigenvalue spectrum is entirely 
discrete. 

Let us determine the energy levels of the oscillator, using the matrix 
methodf. We shall start from the equations of motion in the form (19.3); 
in this case they give 

x+a>^-x = 0. (23.2) 

In matrix form, this equation reads 

(^)n<t.+‘V*^mn = 0- 

For the matrix elements of the acceleration we have, according to (11.8), 
(^)mn = HenCe WC obtain 

{<0mJ—0>^)Xm„ = 0. 

Hence it is evident that all the matri.x elements Xmn vanish except those for 
which oimn = tv or ojmn = — cu. We number all the stationary states so that 
the frequencies + tv correspond to transitions n ->-n+\, i.e. tvn.nTi = ± tv. 
Then the only non-zero matrix elements are Xn,n^i- 

We shall suppose that the wave functions are taken real. Since a; is a real 
quantity, all the matrix elements are real. The Hermitian condition 
(11.10) now shows that the matrix x„„ is symmetrical: 

^mn — ^nm’ 

To calculate the matrix elements of the coordinate which are different 

t This was done by Heisenberg in 1925, before Schrodinger’s discovery of the wave 
equation. 
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from zero, we use the commutation rule 

iix—xA — —ihjm, 

written in the matrix form 

By the matrix multiplication rule (11.12) we hence have for m = n 

i E (cilnlXnmn — XnloiinXin) = 2i E = -iklm. 

In this sum, only the terms with / = n ± 1 are different from zero, so that 
we have 

{Xn+l,nf-{Xn.n-lT = hjlmoj. (23.3) 

From this equation we deduce that the quantities (:>Jm+ 17 i)* form an arith¬ 
metic progression, which is unbounded above, but is certainly bounded 
below, since it can contain only positive terms. Since we have as yet fixed 
only the relative positions of the numbers n of the states, but not their abso¬ 
lute values, we can arbitrarily choose the value of n corresponding to the first 
(normal) state of the oscillator, and put this value equal to zero. Accordingly 
*0 -1 niust be regarded as being zero identically, and the application of equa¬ 
tions (23.3) with K = 0, 1, ... successh'ely leads to the result 

(*n,n-x)* = nhlZmcjo. 

Thus we finally obtain the following expression for the matrix elements of 
the coordinate which are different from zero:f 

*n.n_i = *n-i.n = \/{nhl2mcS). (23.4) 

The matrix of the operator fi is diagonal, and the matrix elements H^n 
are the required eigenvalues E„ of the energy of the oscillator. To calculate 
them, we write 

= E„= im[(x=')„„-Fu)V*)T.r.] 

= E iw„,x^i<v,„x,„+w^ S 
=JotS {w^+w„^)xi„K 

In the sum over I, only the terms with / = n±l are different from zero; 
substituting (23.4), we obtain 

E„ = {n+i)hu>, n = 0,1,2. (23.5) 

Thus the energy' levels of the oscillator lie at equal intervals of hw from 
one another. The energy of the normal state (n = 0) is we call atten¬ 

tion to the fact that it is not zero. 


t e choose the indeterminate phases an (see the second footnote to §11) so as to obtain the 
plus sign in front of the radical in all the matrix elements (23.4). Such a choice is always 
possible for a matrix in which only those elements are different from zero which correspond 
to transitions between states with adjacent numbers 
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The result (23.5) can also be obtained by solving Schrbdinger’s equation. 
For an oscillator, this has the form 

dV 2m 
djc^ 

Here it is convenient to introduce, instead of the coordinate *, the dimension¬ 
less variable ^ by the relation 

I = ^,/(mu|k)x. (23.7) 

Then we have the equation 

^'’-l-[(2jB/M-^*]0 = 0; (23.8) 

here the prime denotes differentiation with respect to 

For large we can neglect lEjhco in comparison with the equation 
Ip” = ^^tp has the asymptotic integrals ip = (for differentiation of this 
function gives p" = on neglecting terms of order less than that of the 
term retained). Since the wave function p must remain finite as f ->±oo, 
the index must be taken with the minus sign. It is therefore natural to make 
in equation (23.8) the substitution 

P = (23.9) 

For the function x(f) we obtain the equation (with the notation {2Ej Hco) —' — 
2n; since we already know that £ > 0, we have n > — |) 

x”-2(x'+2nx = 0, (23.10) 

where the function x must be finite for all finite and for $ ->-±co must not 
tend to infinity more rapidly than every finite power of ^ (in order that the 
function p should tend to zero). 

Such solutions of equation (23.10) exist only for positive integral (and 
zero) values of n (see §a of the Mathematical Appendices); this gives the 
eigenvalues (23.5) for the energy, which we know already. The solutions of 
equation (23.10) corresponding to various integral values of n are x = con¬ 
stant xFf„(f), where H^i^) are what are called Hermite polynomials-, these 
are polynomials of the nth degree in defined by the formula 

H„(0 = (-l)Vd"(e-<‘)/dr. (23.11) 

Determining the constants so that the functions pn satisfy the normalization 
condition 

J PnKx) dx = 1, 

we obtain (see (a.7)) 

1/4 1 

(23.12) 

2"/2-v/(”0 
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Thus the wave function of the normal state is 

0oW = (23.13) 

It has no zeros for finite x, which is as it should be. 

<o 

By calculating the integrals J >Pn>Pm^ determine the matrix ele¬ 

ments of the coordinate; this calculation leads, of course, to the same values 
(23.4). 

Finally, we shall show how the wave functions i/i„ may be calculated by the 
matrix method. We notice that, in the matrices of the operators Adrfwx, 
the only elements different from zero are 

{x—iojx)^i^^ — —(x-l-»tux)„„_^ = —i\/{2whnlm). (23.14) 

Using the general formula (11.11), and taking into account the fact that 
ip-i = 0, we conclude that 

(^—UjJX)<Pq = 0 . 

After substituting the expression $ = —i{h/m)dldx, we obtain the equation 

dipojdx = —{ma>lh)xiJio, 
whose normalized solution is (23.13). And, since 

(x+iujx)ipn-i = {x+i(^x)n,n-i>pn = iy/{lwhnjm)i}>n, 
we obtain the recurrence formula 


'Pn = \/{ml2ojhn)[ — (hlm) dldx + wx]tpn-i 


1 

V(2n) 



Pn-l 


1 

V{2n) 


d 


d4 


when this is applied n times to the function (23.13), we obtain the expression 
(23.12) for the normalized functions ifij,. 


PROBLEMS 

Problem 1. Determine the probability distribution of the various values of the momentum 
for an oscillator. 

Solution. Instead of expanding the wave function of the stationary state in terms of the 
eigenfunctions of momentum, it is simpler in the case of the oscillator to start directly from 
Schrodinger’s equation in the momentum representation. Substituting in (23.1) the coordi¬ 
nate operator x = ihdjdp (15.12), we obtain the Hamiltonian in the p representation, 

H = d2/dp2. 


The corresponding Schrodinger's equation Ha{p) = Ea[p) for the wave function a{p) in the 
momentum representation is 


d*a(p) 2 / p>\ 

——+ - 1 E-—HP) 


0 . 


This equation is of exactly the same form as (23.6); hence its solutions can be written down 
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at once by analogy with (23.12). Thus we find the required probability distribution to be 
dp _ _1 




“IttH 2”n! {nmuifi) 


e dp. 


Problem 2. Determine the lower limit of the possible values of the energy of an oscillator, 
using the uncertainty relation (16.7). 

Solution. Since ** = x* + (Soi:)*, p^ — p^ + (Spy, (16.7) gives for the mean value of the 
energy of the oscillator 

E = \?nw-x^+^.p^jm ^ },miti-(6x)-+ },{Sp)-lm 

> mwmm&py+{Spy^l2m. 

On determining the minimum value of this expression (regarded as a function of Sp), we 
find the lower limit of the mean values of the energy, and therefore that of all possible values; 

E > ^hiu. 


Problem 3. Find the wave functions of the states of a linear oscillator that minimize the 
uncertainty relation, i.e. in which the standard deviations of the coordinate and momentum 
in the wave packet are related by Sp &x = ift (E. Schrodinger 1926).t 

Solution. The required wave functions must have the form 


vp(x. t) - 1 -exp 1'^ - - .^(/)1. (1) 

^ ' (2rr)l/^ax)l/2 I A 4 (Sx)2 '' ' 

Their dependence^on the coordinate at any instant is in accordance with (16.8), x = x{t) 
and p — p{t) = mx(t) being the mean values of the coordinate and the momentum; according 
to (19.3), we ^ave. for a linear oscillator (U = i»m.*x“), p = —mw^x, and therefore for the 
mean values p = — wtu’x or 

X + a»2x = 0. (2) 

i.e. the function x(t) satisfies the classical equation of motion. The constant factor in (1) is 
determined by the normalization condition 


J |'F|2 d.v = I, 

30 

in addition to this factor, T" may contain a phase factor with a time-dependent phase ^(t). 
The unknown constant Sx and the unknown function ^(l) are found by substituting (1) in 
the wave equation 


^2 

2m dx- 





With (2), the substitution gives 




TTt^fn- 

~w 


1 \ f-m^ 

4(8.v)V L 2 A 2 


S{&.xy * 4(6.v)2 



= 0 . 


Hence (Sx)* = fi/2maj and 


<1 = ~ w2x2) + iuj, 

4' = + 


Thus we have finally 

When X — 0 and p = 0, this becomes 0„(x)c'*“*^*, the wave function of the oscillator ground 
state. 


t These are called coherent states. 
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The mean energy of the oscillator in a coherent state is 

E = 

2m 

(4) 

2m - 


the quantity n is the mean “number** of quanta huj in the state. We see that the coherent 
state is completely specified by the function 5c(r) satisfying the classical equation (2). The 
general form of this, function may be given as 


muiX + ip 




(5) 


The function (3) can be expanded in wave functions of the stationary states of the oscillator; 

OS 

'!• = £ 
fi-0 

T„(jc, /) = 0 „(x) exp {-1(71+ 


The coefficients in this expansion are (cf. §41, Problem 1) 

<0 

= J 'i'n’V dx. 


( 6 ) 


The probability for the oscillator to be in the nth state is therefore 

«>» = kill* = e-”n”ln'., (7) 


the Poisson distribution. 



Problem 4. Determine the energy levels for a particle moving in a field of potential energy 

(Fig- 3) 

V{x) = 2<-“) 

(P. M. Morse). 

Solution. The spectrum of positive eigenvalues of the energy is continuous (and the levels 
are not degenerate), while the spectrum of negative eigenvalues is discrete. 

Schrodinger’s equation reads 

dV/d**+(2m/fi»)(£-i4e-»“+2^e-“)^ = 0. 


We introduce a new variable 


f = 


2V{2mA) 

-«■ 

ah 
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(taking values from 0 to co) and the notation (we consider the discrete spectrum, so that 

£• < 0 ) 

r = v'(—2m£)/a^, n = v/(2m^)/oJ)—(s+J) (1) 


Schrddinger’s equation then takes the form 

1 / n+j+i 

^ —f —py ^ 

As i -*■ CO, the function <li behaves asymptotically as e-i(, while as ^ 0 it is proportional to 

From considerations of finiteness we must choose the solution which behaves as e'if 
as f ^ 00 and as as f -»• 0. We make the substitution 

0 = 


and obtain for vi the equation 

(w"+(2s+l—f)ti!'+mii=-0, (2) 

which has to be solved with the conditions that to is finite as f -> 0, while as' I -*■ co, w tends 
to infinity not more rapidly than every finite power of f. Equation (2) is the equation for a 
confluent hypergeometric function (see §d of the Mathematical Appendices): 


ta = F( —n, 2s-|-1, f). 


A solution satisfying the required conditions is obtained for non-negative integral n (when 
the function F reduces to a polynomial). According to the definitions (1), we thus obtain 
for the energy levels the values 


where n takes positive integral values from zero to the greatest value for which V{2mA):3.h > 
n-l- i (so that the parameter i is positive in accordance with its definition). Thus the discrete 
spectrum contains only a limited number of levels. If \^(2mA)/aH < i, there is no discrete 
spectrum at all. 



Fig. 4 


Problem 5. The same as Problem 4, but with U = — f/u/cosh = ax (Fig. 4). 

Solution. The spectrum of positive eigenvalues of the energy is continuous, while that of 
negative values is discrete; we shall consider the latter. Schrddinger’s equation is 


dV 2m/ \ 

—f £•+ ■■ U 
d;r* A=v coshS«A 


0 
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We put ^ = tanh ax and use the notation 


§24 


€ SB Y^( — ImVaja^h'^ = j(j+1). 


s 




8m£7o1\ 

am J/’ 


obtaining 


d 




: +Ut+l)- 



= 0 . 


This is the equation of the associated Legendre polynomials; it can be brought to hyper¬ 
geometric form by making the substitution = (1 —ia(f) and temporarily changing 
the variable to it = J(1 —f): 

ti(l — u)w' + (€ +1)(1 — 2ti)ui' — (c — 1 )(< +1 + l)ni = 0. 

The solution finite for f = 1 (i.e. for x = oo) is 

4 , = (l-f2)</2F[,_s, ,+,+ !,,+I. 

If <!> remains finite for ( = —1 (i.e. for * = — co), we must have c—r = —n, where 
n = 0, 1,2,...; then f is a polynomial of degree n, which is finite for f = —1. 

Thus the energy levels are determined by r — < = n, or 

// 8mC/„N-|‘ 


There is a finite number of levels, determined by the condition « > 0, i.e. n < ». 


§24. Motion in a homogeneous field 

Let us consider the motion of a particle in a homogeneous external field. 
We take the direction of the field as the axis of let F be the force acting 
on the particle in this field. In an electric field of intensity E, this force is 
F = eE, where e is the charge on the particle. 

The potential energy of the particle in the homogeneous field is of the 
form U = —Fa:-hconstant; choosing the constant so that 17 = 0 for a: = 0, 
we have U = — Ex. Schrodinger’s equation for this problem is 

d^4>ldx^+{2mlfi»){E+Fx)^ = 0. (24.1) 

Since U tends to -(- cc as x — oo, and vice versa, it is clear that the energy 
levels form a continuous spectrum occupying the whole range of energy 
values E from — oo to d-oo. None of these eigenvalues is degenerate, and 
they correspond to motion which is finite towards x = —co and infinite to¬ 
wards X = -pco. 

Instead of the coordinate x, we introduce the dimensionless variable 

f = {x+EIF){2mFlh^)^». (24.2) 

Equation (24.1) then takes the form 

= 0. 


(24.3) 
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This equation does not contain the energy parameter. Hence, if we obtain a 
solution of it which satisfies the necessary conditions of finiteness, we at 
once have the eigenfunction for arbitrary values of the energy. 

The solution of equation (24.3) which is finite for all x has the form (see 
§b of the Mathematical Appendices) 

m = ^<D(-f), (24.4) 

where 

1 ** 

<I)(f) =- I cos(Jw®+«f) du 

x /tt J 

0 

is called the Airy function, while .^4 is a normalization factor which we shall 
determine below. 

As f -> — 00 , the function tends exponentially to zero. The asymp¬ 
totic expression which determines ^(f) for large negative values of f is (see 
(b.4)) 

Si(a ~^exp[-flf|3/*]. (24.5) 

For large positive values of f, the asymptotic expression for 0(^) is (see 

(b.S))t 

m = sin(|f=/*-l-j77). (24.6) 

Using the general rule (5.4) for the normalization of eigenfunctions of a 
continuous spectrum, let us reduce the function (24.4) to the form normalized 
by the delta function of energy, for which 

Jvi(avt(r) dx = 8{E'-E). (24.7) 

In §21 we gave a simple method of determining the normalization coefficient 
by means of the asymptotic expression for the wave functions. Following 
this method, we represent the function (24.6) as the sum of two travelling 
waves: 


0(0 ~ W^-^/^exp(i[f|3/2_j^])+j^f-i/4 exp(-i[fO/=*--i^]). 

The current density, calculated from each of these two terms, is 
z(^/2^i/4)2 = v/[2(F + Fx)/m](^/2^i/4)2 = 
and equating this to Xjlrrh we find 

(2m)i/3 

A = —^^-. (24.8) 

t It may be noted, by way of anticipation, that the asymptotic expressions (24.5) and (24.6) 
correspond to the quasi-classical expressions for the wave function in the classically inacces¬ 
sible and accessible regions (§47), 
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PROBLEM 

Determine the wave functions in the momentum representation for a particle in a homo¬ 
geneous field. 

Solution. The Hamiltonian in the momentum representation is 

II = p- Im — ihFd dp, 


so that Schrodinger’s equation for the wave function fl(p) has the form 

da / \ 

-thF—+( --Eja = 0 
dp \2m J 


Solving this equation, we find the required functions 


asip) = 


These functions are normalized by the condition 

I a£*(p)fl£ (p) dp = &{E‘—E). 


§25. The transmission coefficient 

Let us consider the motion of particles in a field of the type shown in 
Fig. 5: U(x) increases monotonically from one constant limit {U = 0 as 
a; _oo) to another {U ~ Lq as a: -f-co). According to classical mech¬ 
anics, a particle of energy E < moving in such a field from left to right, 
on reaching such a “potential wall”, is reflected from it, and begins to move 
in the opposite direction; if, however, E > Ug, the particle continues to 
move in its original direction, though with diminished velocity. In quantum 
mechanics, a new phenomenon appears: even for E > C/o, the particle may 
be reflected from the potential wall. The probability of reflection must in 
principle be calculated as follows. 



Let the particle be moving from left to right. For large positive values of 
X, the wave function must describe a particle which has passed “above the 
wall” and is moving in the positive direction of x, i.e. it must have the asymp¬ 
totic form 


for X 00 , a where Aj = (\lh)y/[2m{E- U^)] (25.1) 

and A is a constant. To find the solution of Schrodinger’s equation which 
satisfies this boundary condition, we calculate the asymptotic expression for 
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a; — 00 ; it is a linear combination of the two solutions of the equation of 
free motion, i.e. it has the form 

for X — oD, ijj K where Aj = \/{2mE)jh. (25.2) 

The first term corresponds to a particle incident on the wall (we suppose 
tp normalized so that the coefficient of this term is unity); the second term 
represents a particle reflected from the wall. The probability current 
density in the incident wave is in the reflected wave and in the 

transmitted wave ^21-^1^- We define the transmission coefficient D of the par¬ 
ticle as the ratio of the probability current density in the transmitted wave 
to that in the incident wave; 


D = 


(25.3) 


Similarly we can define the reflection coefficient R as the ratio of the density 
in the reflected wave to that in the incident wave. Evidently R = 1—D: 

R = \B\^^l-(kMA\^ (25.4) 


(this relation between A and B is automatically satisfied). 

If the particle moves from left to right with energy E < Uo, then is 
purely imaginary, and the wave function decreases exponentially as x -fco. 
The reflected current is equal to the incident one, i.e. we have “total reflec¬ 
tion” of the particle from the potential wall. We emphasize, however, that 
in this case the probability of finding the particle in the region where E < U 
is still different from zero, though it diminishes rapidly as x increases. 

In the general case of an arbitrary stationary state (with energy E > Uo), 
the asymptotic form of the wave function is given, both for x -»■— co and for 
X ^ + 00 , by a sum of waves propagated in each direction; 


ifi = for x — co. 

Ip = +B 2 e~*’^’^ for x ->• + co. 


} 


(25.5) 


Since these expressions are asymptotic forms of the same solution of a linear 
differential equation, there must be a linear relation between the coefficients 
Ai, Bi and Az, Bz- Let .<42 = cf.A\ + ^Bi, where a, jS are constants (in general 
complex) which depend on the specific form of the field C/(x). The corres¬ 
ponding relation for Bz can then be written down from the fact that Schro- 
dinger’s equation is real. This shows that, if (/< is a solution of a given 
Schrodinger’s equation, the complex conjugate function ip* is also a solution. 
The asymptotic forms 

0 * = ^ 1 * 6 - 4 * 12 : 4 . for x->-oo, 

,p* = Az*e-^^>^+Bz*e^^^^ for x->-|-oo 


differ from (25.5) only in the nomenclature of the constant coefficients; we 
therefore have £ 2 * = aBi* + ^Ai* or Bz = v.*Bi+fl^Ai. Thus the coefficients 
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in (25.5) are related by equations of the form 

.<42 = ou4i+jSBi, B 2 = jS*.<4i + (25.6) 

The condition of constant current along the x-axis leads to the relation 
Al(|^l|2-lBl|2) = k\\A2\^-\B2n 
Expressing A2, B2 in terms of A\, Bi by (25.6), we find 

|a|2-|)5|2 = kilk 2 . (25.7) 

Using the relation (25.6), we can show, in particular, that the reflection 
coefficients are equal (for a given energy E > Uo) for particles moving in the 
positive and negative directions of the x-axis; the former case corresponds to 
putting £2 = 0 in (25.5), and the latter case to Ai = 0. In these two cases, 
BijAi = — j8*/a* and A 2 IB 2 = )3/a* respectively. The corresponding re¬ 
flection coefficients are 

Ri = |fiiA4il2 = |iS*/a*p, 

Ro = |.<42/B2p = 

whence it is clear that Ri = i? 2 - 

It is natural to call B^jAi = and A^jB^ — )S/a* the reflection 

amplitudes for motion in the positive and negative directions respectively. 
They are equal in modulus but may have different phase factors. 


PROBLEMS 

Problem 1. Determine the reflection coefficient of a particle from a rectangular potential 
wall (Fig. 6); the energy of the particle E > t/,. 



Solution. Throughout the region * > 0, the wave function has the form (25.1), while in 
the region jc < 0 its form is (25.2). The constants A and B are determined from the condi¬ 
tion that ^ and d^/dx are continuous at x = 0; 


whence 


1+B - A, k^(\-B) = k,A, 
A = 2Ai/(A,+A2), B = (A, 


The reflection coefficient t is (25.4) 



pi-psV 

\k,+k,/ 

xPi+Pa/ 


For E = Ut(k, = 0), R becomes unity, while for £ 00 it tends to zero as (t/o/4E)*. 


■f In the limiting case of classical mechanics, the reflection coefficient must become zero. 
The expression obtained here, however, does not contain the quantum constant at all. This 
apparent contradiction is explained as follows. The classical limiting case is that in which 
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Problem 2. Determine the transmission coefficient for a rectangular potential barrier(Fig. 7). 



Olx) 

u. 




a 


Fig. 7 

Solution. Let E be greater than f/o? Rod suppose that the incident particle is moving from 
left to right. Then we have for the wave function in the different regions expressions of the 
form 

for X < 0, 

for 0 < X < a, ^ B', 

for X > a, (Jt = 


(on the side x > a there can be only the transmitted wave, propagated in the positive direc¬ 
tion of x). The constants A, B, B' and C are determined from the conditions of continuity 
of ill Rnd ditildx at the points x = 0 and a. The transmission coefficient is determined as 
D = AilCl'/Ai = |C|”. On calculating this, we obtain 


D = 


(ft,*—Aj®)* sin*aAj+ 4ft|*ftj* 


For E < Ut, k, is a purely imaginary quantity; the corresponding expression for D is 
obtained by replacing ft, I’y •''si where Ax, = V[2n!(C7o—F)]: 


D = 


4ft,*K2* 

{A,*-(- x,*)* sinh*aK24-‘l'/ii®x2* 


Problem 3. Determine the reflection coefficient for a potential wall defined by the formula 
C/(x) = (/o/(l(Fig. 5); the energy of the particle is £ > U„. 

Solution. Schrodinger’s equation is 


dV 2m/ U„ \ 

—+—{E - —U =0. 

d.v* hA l+e-“/ 


We have to find a solution which, as x -> -poo, has the form 

0 = constant x c'*r* 

We introduce a new variable 

f = —r-“ 

(which takes values from — oo to 0), and seek a solution of the form 

0 = 


the de Broglie wavelength of the particle X~hjp is small in comparison with the characteristic 
dimensions of the problem, i.e. the distances over which the field U(x) changes noticeably. 
In the schematic example considered, however, this distance is zero (at the point x = 0), so 
that the passage to the limit cannot be effected. 
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where «;(f) tends to a constant as f 0 (i.e. as x - oo). For we find an equation of 

hypergeometric type: 


which has as its solution the hypergeometric function 

w = F(i[Aj—Aj]/oi,—i[Ai+Ai]/“,—21*!/“+^ f) 


(we omit a constant factor). As i -*■ 0, 
imposed. 

The asymptotic form of the function 


this function tends to 1, i.e. it satisfies the condition 
ifizs { —CO (i.e. X — co) ist 


4 , K 


where 

r(— 2ikja)r{—2ik^ja~^ 1) 

~ r(-«(*,+*J/®)r(->(*i+*s)/“+i)’ 
r(2.fe./tt)r(-2.fea/a+i) 


The required reflection coefficient is R = on calculating it by means of the well 

known formula 


r(x)r(I— x) =iT/sin»rx, 


we have 


/ sinh[ir(*|—*a)/»] \* 
\sinh[ir(Ai+Aj)/a) / 


For E ■= (As = 0)> becomes unity, while for £'-»• to it tends to zero as 

VoA / E 


In the limiting case of classical mechanics, R becomes zero, as it should. 

Problem 4. Determine the transmission coefficient for a potential barrier defined by the 
formula 

t/(x) = l/e/cosh'oLX 

(Fig. 8); the energy of the particle is E < {/«. 



f See formula (e.6), in each of whose two terms we mi^st take only the first term of the 
expansion, i.e. replace the hypergeometric functions of 1 jz by unity. 
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§25 


The transmission coefficient 


Solution. The Schrodinger’s equation is the same as that obtained in the solution of 
Problem 5, §23; it is necessary merely to alter the sign of I/, and to regard the energy E 
now as positive. A similar calculation gives the solution 

^ -ikla+s+l, 

where 

f = tanh ax, k — \/(2m£)/^, 




8mC/o-l\ 


This solution satisfies the condition that, as jc —*co (i.e. as f —► 1,(1 —f!: the wave 

function should include only the transmitted wave The asymptotic form of the 

wave function as je (f —1) is found by transforming the hypergeometric function 

with the aid of formula (e.7): 

_^_,t., r(iA.ar)r(i-//i.g) ^^ i~(-iA;g)r(i-lAig) 

r( — j)r(l +^) !'( j)r( - lit/a + y + 1 ) 


Taking the squared modulus of the ratio of coefficients in this function, we obtain the follow¬ 
ing expression for the transmission coefficient D = \ — i?: 


(if SmUn/h^oi^Kl), or 


sinh*(7rA;a) 

svih^TTA/a)-|-Cos*[jTr v'(l — 
sinh*(wA/a) 

sinh“(TrA/a)-|-cosh*[4iT 1)] 


(if 8mC/o//i^a^ > i)* The first of these formulae holds also for the case Uo < 0, i.e. when 
the particle is passing over a potential well instead of a potential barrier. It is interesting to 
note that in that case D = 1 if 1 +8w!C/ol/A^a^ = (2n + l)2; thus, for certain values of the 
depth I C7ol of the w'ell, particles passing over it are not reflected. This is evident from equation 
(2), where the term in vanishes for positive integral s. 

Problem 5. Determine ho\> the transmission coefficient tends to zero as A -► 0, assuming that 
the potential energ\ I’ v decreases rapidly at distances where a is the dimension of the 

interaction region. 

Solution. For distances | <^ 1, £■ can lx* neglected in Schrodinger’s equation. If also |x | ^ o, 
the potential energy can also be neglected, and the equation becomes — /dx^ = 0; the 

solution of this mav be written as 


t// = fli -h b^x for X < 0, ^ — a, + x > 0. I 

The relation between tz,, bf and ^2 he found by solving the equation at distances |x | ~ «z. 
It is linear: 


tZ, = pOj ^ = '’^2 ^^2' ^2 

The coefficients p, /i, v and t are real and independent of the energy, which does not appear in the 
equation.The solution 1 must be the same as the first two terms in the expansion of (25.1; and 
25.2 in powers of v. so that 

fl, = 1 + A, b^ = ik \ ] — B . 02 — A, b2 = ikA. 

Substituting these in ,2) and solving Ibr A, we get, Ibr small k, A ^ 2i^/v, whence D ^ ~ E. 

The transmission coefficient thus tends to zero in proportion to the particle energy. This is of course 
true for the examples in Problems 2 and 4. 


t Since the flux is constant, px — /zv = I. 
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ANGULAR MOMENTUM 


§26. Angular momentum 

In §15, to derive the law of conservation of momentum, we have made use 
of the homogeneity of space relative to a closed system of particles. Besides 
its homogeneity, space has also the property of isotropy: all directions in it 
are equivalent. Hence the Hamiltonian of a closed system cannot change 
when the system rotates as a whole through an arbitrary angle about an 
arbitrary axis. It is sufficient to require the fulfilment of this condition for an 
infinitely small rotation. 

Let B<p be the vector of an infinitely small rotation, equal in magnitude 
to the angle of the rotation and directed along the axis about which the 
rotation takes place. The changes (in the radius vectors of the par¬ 
ticles) in such a rotation are 


Stj = Sq> X r,. 

An arbitrary function ^(rj, rj,...) is thereby transformed into the function 
v(r(ri+3ri,rs+Srj,...) = yi(ri,r2,...)-f 2 8ro. 

= -)+ 2 8<p X r„. 

= (1 +8tp. Sto X Vo)v^(ri, r*, ••• )■ 

The expression 

l+8<p.EroX V« 

is the operator of an infinitely small rotation. The fact that an infinitely small 
rotation does not alter the Hamiltonian of the system is expressed (cf. §15) by 
the commutability of the “rotation operator” with the operator H. Since 
Stp is a constant vector, this condition reduces to the relation 

(2 To X V„)i?-i?(£ r„ X Vb) = 0, (26.1) 

O O 

which expresses a certain law of conservation. 

The quantity whose conservation for a closed system follows from the 
property of isotropy of space is the angular momentum of the system (cf. 
Mechanics, §9). Thus the operator 2 r,, x must correspond exactly, 
apart from a constant factor, to the total angular momentum of the system, 
and each of the terms x Vo of this sum corresponds to the angufar momen¬ 
tum of an individual particle. 
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§26 Angular momentum 83 

The coefficient of proportionality must be put equal to —ih\ then the 
expression for the angular momentum operator of a particle is —ikr x V = 
r xp and corresponds exactly to the classical expression r xp. Hencefor¬ 
ward we shall always use the angular momentum measured in units of h. The 
angular momentum operator of a particle, so defined, will be denoted by 1, 
and that of the whole system by L. Thus the angular momentum operator 
of a particle is 

M = rxp = -ihrxV, (26.2) 

or, in components, 

fiL = ypz-zpv, fiL = ^pT-xPz, fill = xp^-ypx- 

For a system which is in an external field, the angular momentum is in 
general not conserved. However, it may still be conserved if the field has a 
certain symmetry. Thus, if the system is in a centrally symmetric field, all 
directions in space at the centre are equivalent, and hence the angular momen¬ 
tum about this centre will be conserved. Similarly, in an axially symmetric 
field, the component of angular momentum along the axis of symmetry is 
conserved. All these conservation laws holding in classical mechanics are 
valid in quantum mechanics also. 

In a system where angular momentum is not conserved, it does not have 
definite values in the stationarj' states. In such cases the mean value of the 
angular momentum in a given stationary state is sometimes of interest. It is 
easily seen that, in any non-degenerate stationary state, the mean value of the 
angular momentum is zero. For, when the sign of the time is changed, the 
energy does not alter, and, since only one stationary state corresponds to a 
given energy level, it follows that when t is changed into —t the state of the 
system must remain the same. This means that the mean values of all 
quantities, and in particular that of the angular momentum, must remain 
unchanged. But when the sign of the time is changed, so is that of the angular 
momentum, and we have L = — L, whence it follows that L = 0. The same 
result can be obtained by starting from the mathematical definition of the 
mean value L as being the integral of The wave functions of non¬ 

degenerate states are real (see the end of §18). Hence the expression 

L = J i/'*(2ro X Vo)iAd9 

is purely imaginary, and since L must, of course, be real, it is evident that 

L = 0. 

Let us derive the rules for commutation of the angular momentum operators 
with those of coordinates and linear momenta. By means of the relations 
(16.2) we easily find 

{L,x} = 0, {4,y} = iz, == -iy, ^ 

{/„a} =0, {/„x} =iy, {!^.y} = —ix. I 


(26.3) 
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Angular Momentum 


§26 


Ixy-yL = (.^l^)iypz--pv)y-y(yh-^py)i^l^) 

= -(^lfi){py,y} = *>■ 

All the relations (26.3) can be written in tensor form as follow's: 

{iiyX^} =tei„:Xi, ( 26 . 4 ) 

where is the antisymmetric unit tensor of rank three,f and summation is 
implied over those suffixes which appear twice (called dummy suffixes). 

It is easily seen that a similar commutation rule holds for the angular 
momentum and linear momentum operators: 

{Lpk) = teiupi- ( 26 . 5 ) 

By means of these formulae, it is easy to find the rules for commutation of 
the operators with one another. We have 

KUv-Ux) = t^{zp^-xp^)-(zp^-xp^)l^ 

= (J^—ztPip^-x{l^p^—pff^) 

= —iyf>x-\-ixp^ = ihU. 

Thus 

{/„/,} = 4 . {iM=iiy, {Lh)=iL ( 26 . 6 ) 

or 

{ 4 , 4 } ( 26 . 7 ) 

Exactly the same relations hold for the operators Lx,Ly,L^ of the total 
angular momentum of the system. For, since the angular momentum oper¬ 
ators of different individual particles commute, we have, for instance, 

z4^2i4j— s/ojS/o, = £( 4 y 4 z— 4 i 4 i,) = *214^. 

a a a a o a 

Thus 

{L,,L^} =iLy, {L^,Ly} =iL,. ( 26 . 8 ) 

The relations (26.8) show that the three components of the angular momen¬ 
tum cannot simultaneously have definite values (except in the case where all 
three components simultaneously vanish: see below'). In this respect the 
angular momentum is fundamentally different from the linear momentum, 
whose three components are simultaneously measurable. 


t The antisymmetric unit tensor of rank three, euci (also called the unit axial tensor), is 
defined as a tensor antisymmetric in all three suffixes, with = 1. It is evident that, of 
its 27 components, only 6 are not zero, namely those in which the suffixes i, k, I form some 
permutation of 1, 2, 3. Such a component is +1 if the permutation i, k, I is obtained from 
1, 2, 3 by an even number of transpositions of pairs of figures, and is —1 if the number of 
transpositions is odd. Clearly emsikm = 2Sim, eikienci = 6. The components of the vector 
C = A xB which is the vector product of the two vectors A and B can be written by means 
of the tensor eiki in the form 


Cf = euiA^Bi. 



85 


§26 Angular momentum 

From the operators Lx, Ly, Lz we can form the operator of the square of 
the modulus of the angular momentum vector, and which we denote by L'^: 

L* = L^^+Ly^+Lz\ (26.9) 

This operator commutes with each of the operators L^, Ly, L^' 

{U,Lz} = 0. {U,Ly} = 0. {L\Lz} = 0. (26.10) 


Using (26.8), we have 

{L,\L,} = Lz{L„Lz}+[Lz.Lz)L,, 

= i{LzLy-\~LyL,^, 

{Ly^,Lz} = i(LjLy+L„Lx), 

{Lz\Lz} =0. 


Adding these equations, we have {L^, Zj = 0. Physically, the relations 
(26.10) mean that the square of the angular momentum, i.e. its modulus, can 
have a definite value at the same time as one of its components. 

Instead of the operators Lx, Ly it is often more convenient to use the 
complex combinations 

L^r = Lx+iLy, L~ = Lx — iLy. (26.11) 

It is easily verified by direct calculation using (26.8) that the following 
commutation rules hold; 

{Z+, £-} = 2Lz, {Lz, L+} = Z +, 

,.Z-}= -Z_, 

and it is also not difficult to see that 

L2 = L+L-.+ Lz^-Lz 

= Z-Z++Zs2+Zj. (26.13) 

Finally, we shall give some frequently used expressions for the angular 
momentum operator of a single particle in spherical polar coordinates. 
Defining the latter by means of the usual relations 

X = r sin 6 cos <f>, y = r sin 6 sin <^, z = r cos 6, 
we have after a simple calculation 

(26.14) 

I +-hi cot 6 — I. 

\~ de d<j>J 




(26.15) 
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Substitution in (26.13) gives the squared angular momentum operator of the 
particle: 


r 1 1 a 

Lsin^a sin B 86 



(26.16) 


It should be noticed that this is, apart from a factor, the angular part of the 
Laplacian operator. 


§27. Eigenvalues of the angular momentum 

In order to determine the eigenvalues of the component, in some direction, 
of the angular momentum of a particle, it is convenient to use the expression 
for its operator in spherical polar coordinates, taking the direction in question 
as the polar axis. According to formula (26.14), the equation !zip = can 
be written in the form 

-i84>l84> ^ (27.1) 

Its solution is 

vt =/(r,e)A^ 

where/(r, 6) is an arbitrary function of r and 6. If the function 4i is to be single¬ 
valued, it must be periodic in <j>, with period In. Hence we findf 

4 = m, where m = 0, ±1,± 2. (27.2) 

Thus the eigenvalues are the positive and negative integers, including 
zero. The factor depending on which characterizes the eigenfunctions of 
the operator 4, is denoted by 

(D„(^) = (27r)-i/V"*. (27.3) 

These functions are normalized so that 

(■ (D„*(^)(D„#) (27.4) 

0 

The eigenvalues of the sr-component of the total angular momentum of the 
system are evidently also equal to the positive and negative integers: 

L, = M, where M = 0,±1, ±2,... (27.5) 

(this follows at once from the fact that the operator Lz is equal to the sum of 

the commuting operators 4 for the individual particles). 

Since the direction of the z-axis is in no way distinctive, it is clear that the 
same result is obtained for Lx, Ly and in general for the component of the 
angular momentum in any direction: they can all take integral values only. 
At first sight this result may appear paradoxical, particularly if we apply 
it to two directions infinitely close to each other. In fact, however, it must 


t The customary notation for the eigenvalues of the angular momentum component is m, 
which also denotes the mass of a particle, but this should not lead to any confusion. 
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be remembered that the only common eigenfunction of the operators 
Lx, Ly, Lz corresponds to the simultaneous values 

- Ey Ey ^ 0 I 

in this case the angular momentum vector is zero, and consequently so is its 
projection upon any direction. If even one of the eigenvalues L^,Ey,L^ \% 
not zero, the operators L^, Ly, L^ have no common eigenfunctions. In other 
words, there is no state in which two or three of the angular momentum 
components in different directions simultaneously have definite values differ¬ 
ent from zero, so that we can say only that one of them is integral. 

The stationary states of a system which differ only in the value of M have 
the same energy; this follows from general considerations, based on the 
fact that the direction of the a:-axis is in no way distinctive. Thus the 
energy levels of a system whose angular momentum is conserved (and is not 
zero) are always degenerate.j" 

Let us now look for the eigenvalues of the square of the angular momen¬ 
tum. We shall show how these values may be found, starting from the 
commutation rules (26.8) only. We denote by the wave functions of the 
stationary states with the same value of L^, belonging to one degenerate 
energy level, and distinguished by the value of M.| 

First of all we note that, since the two directions of the z-axis are physically 
equivalent, for every possible positive value M = \M\ there is a correspond¬ 
ing negative value M — — | M\. Let L (a positive integer or zero) denote the 
greatest possible value of \M\ for a given L^. The existence of this upper 
limit follows because L^ —£^2 = Lx^ + Ly^ is the operator of the essentially 
positive physical quantity Lx^ + Ly^, and its eigenvalues therefore cannot be 
negative. 

Applying the operator LzL± to the eigenfunction tpM of the operator Lz 
and using the commutation rule {£*, £±} = + £± (26.12), we obtain 

LzLJ>m = (M± \)LJjm. (27.6) 

Hence we see that the function is (apart from a normalization constant) 

the eigenfunction corresponding to the value M + 1 of the quantity 

•pM+i = constant x L+^m, = constant x (27.7) 


t This IS a particular case of the general theorem, mentioned in §10, which states that the 
levels are degenerate when two or more conserved quantities exist whose operators do not 
commute. Here the components of the angular momentum are such quantities. 

X Here it is supposed that there is no additional degeneracy leading to the same value of 
the energy for different values of the squared angular momentum. This is true for a discrete 
spectrum (except for the case of what is called accidental degeneracy in a Coulomb field; see 
§36) and in general untrue for the energy levels of a continuous spectrum. However, even 
when such additional degeneracy is present, we can always choose the eigenfunctions so that 
they correspond to states with definite values of L-, and then we can choose from these the 
states with the same values of E and L-. This is mathematically expressed by the fact that the 
matrices of commuting operators can always be simultaneously brought into diagonal form. 
In what follows we shall, in such cases, speak, for the sake of brevity, as if there were no 
additional degeneracy, bearing in mind that the results obtained do not in fact depend on 
this assumption, by what we have just said. 
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If we put M = L in the first of these equations, we must have identically 

= 0. (27.8) 

since there is by definition no state with M > L. Applying the operator L- 
to this equation and using the relation (26,13), we obtain 

L-L^ipL = — 0 . 

Since, however, the are common eigenfunctions of the operators lA and 
we have 

^i4‘L = LijjL, 

so that the equation found above gives 

L2=L(L+1). (27.9) 

Formula (27.9) determines the required eigenvalues of the square of the 
angular momentum; the number L takes all positive integral values, including 
zero. For a given value of L, the component — M of the angular momen¬ 
tum can take the values 

M = L,L-1,...,-L, (27.10) 

i.e. 2L-1-1 different values in all. The energ}' level corresponding to the 
angular momentum L thus has (2L-I-l)-fold degeneracy; this is usually 
called degeneracy with respect to the direction of the angular momentum. 
A state with angular momentum L = 0 (when all three components are also 
zero) is not degenerate. The wave function of such a state is spherically 
symmetric, as is evident from the fact that the change in it und_i any in¬ 
finitesimal rotation, given by L^, is in this case zero. 

We shall often, for the sake of brevity, and in accordance with custom, 
speak of the “angular momentum” L of a system, understanding by this an 
angular momentum whose square is L{L -I-1); the ^-component of the angular 
momentum is usually called just the “angular momentum component”. 

The angular momentum of a single particle is denoted by the small letter 
/, for which formula (27.9) becomes 

F =/(/-)-1). (27.11) 

Let us calculate the matrix elements of the quantities Lx and Ly in a 
representation in which and L^, as well as the energy, are diagonal 
(M. Born, W. Heisenberg and P. Jordan 1926). First of all, we note that, 
since the operators Lx and Ly commute with the Hamiltonian, their matrices 
are diagonal with respect to the energy, i.e. all matrix elements for transitions 
between states of different energy (and different angular momentum L) 
are zero. Thus it is sufficient to consider the matrix elements for transitions 
within a group of states with different values of M, corresponding to a single 
degenerate energy level. 

It is seen from formulae (27.7) that, in the matrices of the operators 
L+ and L-, only those elements are different from zero which correspond 



89 


§28 Eigenfunctions of the angular momentum 

to transitions M - \ M and M ^ M — 1 respectively. Taking this into 
account, we find the diagonal matrix elements on both sides of the equation 
(26.13), obtainingf 

L(L+1) = <M1L+|M-1><M-11L_1M> + M2-M. 

Noticing that, since the operators and Ly are Hermitian, 

<M-1|L_|M> = <M|L+|M-1>*, 
we can rewrite this equation in the form 


whencej 


|<M|L+|Af-l>|2 =L(L+1)-M(M-1) 

= (T-M+1)(L+M), 

<M|L+|M-1> = <M-1|L-|M> 

= y/[{L+M){L-M+\)]. 


(27.12) 


Hence we have for the non-zero matrix elements of the quantities and Ly 
themselves 

<M|L^|M-1> = iM-l\L^\My = \V[{L + M){L-M+\)l ) 

>(27.13) 

iM\Ly\M-iy = -iM-\\Ly\My = -\W[{L + M){L-M^\)].y 

The diagonal elements in the matrices of the quantities Lx and Ly are zero. 
Since a diagonal matrix element gives the mean valued the quantity in the 
corresponding state, it follows that the mean values Lx and Ly are zero in 
states having definite values of Lz- Thus, if the angular-momentum com¬ 
ponent in a given direction in space has a definite value, the vector L itself is 
in that direction. 


§28. Eigenfunctions of the angular momentum 

The wave function of a particle is not completely determined when the 
values of I and m are prescribed. This is seen from the fact that the expres¬ 
sions for the operators of these quantities in spherical polar coordinates 
contain only the angles 6 and <f>, so that their eigenfunctions can contain an 
arbitrary factor depending on r. We shall here consider only the angular 
part of the wave function which characterizes the eigenfunctions of the 
angular momentum, and denote this by Yim{6, f), with the normalization 
condition 

J [y,j2do = 1, 

where do = sin 6 d6df is an element of solid angle. 


f In the symbols for the matrix elements, we omit for brevity all suffixes with respect to 
which they are diagonal (including L). 

X The choice of sign in this formula corresponds to the choice of the phase factors in the 
eigenfunctions of the angular momentum. 
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We shall see that the problem of determining the common eigenfunctions 
of the operators and admits of separation of the variables 6 and </>, and 
these functions can be sought in the form 

(28.1) 

where ate the eigenfunctions of the operator 1^, which are given by 

formula (27.3). Since the functions <!>„, are already normalized by the condi¬ 
tion (27.4), the Qim must be normalized by the condition 

j IQiJ^smede = \. (28.2) 

0 

The functions with different / or m are automatically orthogonal: 

2»» « 

j J Vr^-* Vir,. sin e ded4> = (28.3) 

0 0 

as being the eigenfunctions of angular momentum operators corresponding 
to different eigenvalues. The functions separately are themselves 

orthogonal (see (27.4)), as being the eigenfunctions of the operator cor¬ 
responding to different eigenvalues m of this operator. The functions Qim{6) 
are not themselves eigenfunctions of any of the angular momentum operators; 
they are mutually orthogonal for different /, but not for different m. 

The most direct method of calculating the required functions is by directly 
solving the problem of finding the eigenfunctions of the operator 1® written 
in spherical polar coordinates (formula (26.16)). The equation = l^tp is 

1 a / a^\ 1 av 

- (sma-^)+ - =0. 

sina aa\ aa/ sinWd<f>^ 


Substituting in this equation the form (28.1) for we obtain for the function 
the equation 


1 


:( 


sin a da\ 


sin a ■ 


d0,, 


da 


A 

/ sin^a 


;©,„-bZ(/-bl)©,„ = 0. 


(28.4) 


This equation is well known" in the theory of spherical harmonics. It has 
solutions satisfying the conditions of finiteness and single-valuedness for 
positive integral values of / ^ \m\, in agreement with the eigenvalues of the 
angular momentum obtained above by the matrix method. The correspond¬ 
ing solutions are what are called associated Legendre polynomials P’l’(cos 6) 
(see 5c of the Mathematical Appendices). Using the normalization condition 
(28.2), we findf 

®ije) = (- l)"‘ff V[i(2/+ l){l-m)\l{l+ m)\]Pr{cos 6). (28.5) 


f The choice of the phase factor is not, of course, determined by the normalization condi¬ 
tion. The definition (28.5) used in this book is the most natural from the viewpoint of the 
theory of addition of angular momenta. It difTers by a factor from the one usually adopted. 
The advantages of this choice will be clear from the footnotes in §§60, 106 and 107. 
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Here it is supposed that m ^ 0. For negative m, we use the definition 

=(-ir0iim|. (28.6) 

In other words, Qim for »i < 0 is given by (28.5) with \m\ instead of m and 
the factor (-I)"® omitted. 

Thus the angular momentum eigenfunctions are mathematically just 
spherical harmonic functions normalized in a particular way. For reference, 
the complete expression embodying the above definitions is 

4 >) = {- 1 )<“ 

In particular, 

Yio = F J^Piicos 6). (28.8) 

It is evident that the functions differing in the sign of m are related by 

i-iy-^Yi,-m=^ Yim*. (28.9) 

For / = 0 (so that m = 0 also) the spherical harmonic function reduces to 
a constant. In other words, the wave functions of the states of a particle with 
zero angular momentum depend only on r, i.e. they have complete spherical 
symmetry, in agreement with the general statement in §27. 

For a given m, the values of / starting from \m\ denumerate the successive 
eigenvalues of the quantity H in order of increasing magnitude. Hence, from 
the general theory of the zeros of eigenfunctions (§21), we can deduce that the 
function ©,„ becomes zero for l—\m\ different values of the angle 6; in 
other words, it has as nodal lines l~\m\ “lines of latitude” on the sphere. If 
the complete angular functions are taken with the real factors cos mj> or 
sin mf instead off they have as further nodal lines \m\ “lines of longi¬ 

tude”; the total number of nodal lines is thus /. 

Finally, we shall show how the functions ©(„, may be calculated by the 
matrix method. This is done similarly to the calculation of the wave func¬ 
tions of an oscillator in §23. We start from the equation (27.8): 

hYu = 0 . 

Using the expression (26.15) for the operator /+ and substituting 
Yu = (277)~*e"*0n(^), we obtain for Qu the equation 

dQiJd6—l cot 5 0j, = 0, 

whence Qu = constant X sin*0. Determining the constant from the normali¬ 
zation condition, we find 

0H = (-»’)V[i(2/-i-1)!]2-'(1/1!) sin^e. (28.10) 


f Each such function corresponds to a state in which Iz does not have a definite value, but 
can have the values ±m with equal probability. 
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Next, using (27.12), we write 

= V[(/-^)(/+m+l)]F,„. 

A repeated application of this formula gives 

V[(/-m)!/(/+m)!]F,„ = [(2/)!]-i/2(L)^'"F|,. 

The right-hand side of this equation is easily calculated by means of the 
expression (26.15) for the operator /-. We have 

/_[y(0)eto<5] _ e<(Tn-i)<5 d(/sin’"5)/d(cos ^). 

A repeated application of this formula gives 

s,in~”‘6 6.6ii)jd{cos6f-”'. 

Finally, using these relations and the expression (28.10) for Qu, we obtain 
the formula 


/r(2Z-|-!)(/-!-m)!-| 1 d'-™ 

QUS)=(-iy \- - - -- . ..—sin*^e, (28.11) 

VL 2(Z-m)! j2'/!sin’"e d(cose)'-”* 


which is the same as (28.5). 


§29. Matrix elements of vectors 

Let us again consider a closed system of particles ;f let / be any scalar 
physical quantity characterizing the system, and/the operator corresponding 
to this quantity. Every scalar is invariant with respect to rotation of the 
coordinate system. Hence the scalar operator / does not vary when acted 
on by a rotation operator, i.e. it commutes with a rotation operator. We know, 
however, that the operator of an infinitely small rotation is the same, apart 
from a constant factor, as the angular momentum operator, so that 

{/, L} = 0. (29.1) 

From the commutability of / with the angular momentum operator it 
follows that the matrix of / with respect to transitions between states with 
definite values of L and M is diagonal with respect to these suffixes. More¬ 
over, since the specification of M defines only the orientation of the system 
relative to the axes of coordinates, and the value of a scalar is independent of 
this orientation, we can say that the matrix elements (^n'LM'\ f \nLAly are 
independent of the value of M ; conventionally denotes all the quantum 
numbers other than L and AJ which define the state of the system. A formal 

t All the results in this section are valid also for a particle in a centralK symmetric field 
(and in general whenever the total angular momentum of the system is conserved). 



93 


§29 Matrix elements of vectors 

proof of this assertion can be obtained from the commutativity of the 
operators / and L ^: 

/L.-I+/=0. (29.2) 

Let us write down the matrix element of this equation corresponding to the 
transition n, L, M-> n', L, M+\. Taking into account the fact that the 
matrix of the quantity L+ has only elements with n, L, M ->■ n, L, M+ 1, we 
obtain 

<n', L, M+ 1| /|«, L, AI+\y <«, L, M 4- l|L+|n, L, My = 

<«', L, .V/+1|L+|«', L. My in', L, M\f\n, L, My, 

and since the matrix elements of the quantity L+ are independent of the sufHx 
n, we find . 


<«-, L, .V/+ll/|«. L, M + \y = in', L, M\f\n, L, My, (29.3) 


whence it follows that all the quantities <«', L, M\ f\n,L, My for different M 
(the other suffixes being the same) are equal. 

If we apply this result to the Hamiltonian itself, we obtain our previous 
result that the energy of the stationary states is independent of M, i.e. that 
the energy levels have (2Z, + l)-fold degeneracy. 

Next, let A be some vector physical quantity characterizing a closed 
system. When the system of coordinates is rotated (and, in particular, in 
an infinitely small rotation, i.e when the angular momentum operator 
is applied), the components of a vector are transformed into linear functions 
of one another. Hence, as a result of the commutation of the operators 
with the operators At, we must again obtain components of the same vector, 
Ai- The exact form can be found by noticing that, in the particular case 
where A is the radius vector of the particle, the formulae (26.4) must be 
obtained. Thus we find the commutation rules 


{^i, Ak} = iemAi. (29.4) 

These relations enable us to obtain several results concerning the form 
of the matrices of the components of the vector A (M. Born, W. Heisenberg 
and P. Jordan 1926). First of all, it is possible to derive selection rules which 
determine the transitions for which the matrix elements can be different 
from zero. We shall not go through the fairly lengthy calculations here, 
however, since it will appear later (§107) that these rules are actually a direct 
consequence of the general transformation properties of vector quantities 
and can be derived from the latter with hardly any calculation at all. Here 
we shall merely give the rules, without proof. 
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The matrix elements of all the components of a vector can be different 
from zero only for transitions in which the angular momentum L changes by 
not more than one unit: 


L^L or L±l. (29.5) 

There is a further selection rule which forbids transitions between any two 
states with L = 0. This rule is an obvious consequence of the complete 
spherical symmetry of states with angular momentum zero. 

The selection rules for the angular momentum component ilf are different 
for the different components of a vector: the matrix elements can be different 
from zero for transitions where A/ changes as follows: 


for 


M ,’1/+ 1, 

for 

1 

II 

1 

Si 

M ^M-\, 

for 

Az, 

M ^ A/. 


(29.6) 


Moreover, it is possible to determine a general form for the matrix elements 
of a vector as functions of the number M. These important and frequently 
used formulae are given here, also without proof, since they are actually 
a particular case of more general relations derived in §107 for any tensor 
quantities. 

The non-zero matrix elements of the quantity .<42 are given by the formulae 


^n'LMlAilnLMy 


Ot'LM\Az\n, L -1, My 


<«', L — l, M\Az\nLMy 


_ M _ 

I L^-M^ 

VL(2L-1)(2L+1) 

/ L^-M^ 

Vl(2L-1)(2L+1) 


in’L\\A\\nLy, 

in'L\\A\\n, L-l>, (29.7) 

<«', L-\\\A\\nLy.^ 


Here the symbol (^n' L'\\A\\nLy denotes a reduced matrix element, a quantity 
independent of the quantum number A/.| These matrix elements are related 
by 


inL'\\A\\nLy = inL\\A\\n'Uy*, (29.8) 


which follow’s directly from the fact that the operator Az is Hermitian. 

The matrix elements of the quantities A- and .<4+ are also determined by 


t The appearance in formulae (29.7) and (29.9) of denominators which depend on L is in 
accordance with the general notation used in §107. The convenience of these denominators 
is shown, in particular, by the simple form of equation (29.12) for the matrix elements of the 
scalar product of two vectors. 

The symbol for the reduced matrix element is to be taken as a whole, in contrast to the 
matrix element symbol (see the comments following (11.17)). 
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the reduced matrix elements. The non-zero matrix elements of A - are 


<«', L, M-lfA-lnLM} 




V L(L+1)(2L+1) 

<k', L, M~l\A_ln, L-1, My 


V Z.(2L-1)(2L + 1) 


<«', L-1, M-\\A-\nLMy 




V (29.9) 


The matrix elements of + need not be written out separately: since A^ and 
Ay are real we have 

<«'L'/V/'l^+|nLT/> = inLM\A-\nL’M'y*. (29.10) 

There is a formula which expresses the matrix elements of the scalar A . B 
in terms of the reduced matrix elements of the two vector quantities A and 
B. The calculation is conveniently carried out by writing the operator 
A . B in the form 


A.B = h{A+B- + A-B+) + A,B,. (29.11) 

The matrix of A. B (like that of any scalar) is diagonal with respect to L 
and M. A calculation by means of formulae (29.7)-(29.9) gives the result 

<«'LM|A.BI«LA/> = 2L+T 2 WL\\A\\n"L"y<,n"L''\\B\\nLy, (29.12) 


where L" takes the values L, L ± 1. 

For reference, we shall give the reduced matrix elements for the vector L 
itself, A comparison of (29.9) and (27.12) shows that 

<L||L||L> = V[^^+1X2L+1)], 

<L-li|L||L> = <L11L||L-1> = 0. 


(29.13) 


A quantity that often occurs in applications is the unit vector n along the 
radius vector of the particle. Its reduced matrix elements can be calculated 
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by finding, for example, the matrix elements of Kz = cos 6 for a zero angular- 
momentum component, m = 0; 

n 

</—1, 0 |« 2 |/ 0 > = j cos 6.0;o sin 

0 

with the functions 0jo given by (28.11). The evaluation of the integral! gives 

</-l,0|nz|/0> = t7/v/[(2/-l)(2/+l)]. 

The matrix elements for transitions I ^ I are zero (as for any polar vector of 
an individual particle; see (30.8) below). Comparison with (29.7) then gives 

</-i|l«||/> = -</|H|/-i> = 

</|(«l|/> = 0. 

PROBLEM 

Average the tensor n.nit—JS,*- (where n is a unit vector along the radius vector of a particle) 
over a state where the magnitude but not the direction of the vector 1 is given (i.e. Iz is 
indeterminate). 

Sot-UTiON.^ The required mean value is an operator which can be expressed in terms of 
the operator 1 alone. We seek it in the form 


(29.14) 


Hint —ISi* = 1)1; 


this is the most general symmetrical tensci of rank two with zero trace that can be formed 
from the components of 1. To determine the constant a we multiply this equation on the left 
by U and on the right by Ik (summing over « and k). Since the vector n is perpendicular to 
the vector Al = f x p, we have ni/i = 0. The product UUlklk = (1^)^ is replaced by its 
eigenvalue /^(/ +1)“, and the product Utklilk is transformed by means of the commutation 
relations (26.7) as follows: 

Idkldk = IJiLlk—tetklWk 

= (i2)2-J«tt(/i(/|/t-/*/|) 

= (12)2-b 
= /2(/+1)2-/(/+]) 

(using the fact that etkiemki = 25(m). After a simple reduction we obtain the result 

a = l)(2/+3). 


§30. Parity of a state 

Besides the parallel displacements and rotations of the coordinate system, 
the invariance under which represents the homogeneity and isotropy of space 


+ By /—I times integrating by parts with d cos S; the general formula for integrals of this 
type is (107.14). 
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respectively, there is another transformation which leaves unaltered the 
Hamiltonian of a closed system. This is what is called the inversion trans¬ 
formation, which consists in simultaneously changing the sign of all the 
coordinates, i.e. a reversal of the direction of each coordinate axis; a right- 
handed coordinate system then becomes left-handed, and vice versa. The 
invariance of the Hamiltonian under this transformation expresses the 
symmetry of space under mirror reflections.-]- In classical mechanics, the 
invariance of Hamilton’s function with respect to inversion does not lead to a 
conservation law, but the situation is different in quantum mechanics. 

Let us denote by P (for “parity”) an inversion operator whose effect on a 
wave function i/<(r) is to change the sign of the coordinates: 

P4.(t) = 0(-r). (30.1) 

It is easy to find the eigenvalues P of this operator, which are determined 
by the equation 

PfiT) = Pvi(r). (30.2) 

To do so, we notice that a double application of the inversion operator 
amounts to identity; the argument of the function is unchanged. In other 
words, we have P'^f = P^f = f, i.e. P^ = \, whence 

P = ±1. (30.3) 

Thus the eigenfunctions of the inversion operator are either unchanged or 
change in sign when acted upon by this operator. In the first case, the wave 
function (and the corresponding state) is said to be even, and in the second it 
is said to be odd. 

The invariance of the Hamiltonian under inversion (i.e. the fact that the 
operators //and P commute) thus expresses the law of conservation of parity: 
if the state of a closed system has a definite parity (i.e. if it is even, or odd) 
then this parity is conserved in the course of time.J 

The angular momentum operator also is invariant under inversion, which 
changes the sign of the coordinates and of the operators of differentiation with 
respect to them; the operator (26.2) thus remains unaltered. In other words, 
the inversion operator commutes with the angular momentum operator, and 
this means that the system can have a definite paritv simultaneously with 
definite values of the angular momentum L and its component .1/. All states 
that differ only in the value of \I have the same parity ; this is evident because 
the properties of a closed system are independent of its orientation in space, 

t Invariance under inversion exists also for the Hamiltonian of a svstem of particles in a 
centralU symmetric held \Mth the centre at the origin. 

I To avoid misunderstanding, it should be mentioned that this refers to the non-relativistic 
theor>’. There exist interactions in Nature, falling in the realm of relativistic theory, which 
violate the conservation of parity 
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and it can be formally demonstrated from the commutation ruleL+.P —PL-t 
= 0 by the same method as in deriving (29.3) from (29.2). 

There are specific parity selection rules for the matrix elements of various 
physical quantities. Let us first consider scalars. Here we must distinguish 
true scalars, which are unchanged by inversion, from pseudoscalars, which 
change sign, for instance the scalar product of an axial and a polar vector. 
The operator of a true scalar/commutes with P; hence it follows that, if the 
matrix of P is diagonal, then the matrix of / is diagonal also as regards the 
parity suffix, i.e. the matrix elements are zero except for transitions g ^ g and 
u ^ u (where g and u denote even and odd states respectively). For the 
operator of a pseudoscalar quantity, we have Pf = —fP\ the operators P and 
/ anticommute. The matrix element of this equation for a transition g g is 
Pggfgg = ~fgg^gg^ ^'^.fgg = 0 since Pgg = 1. Similarly we find that 
fuu = 0. Thus, in the matrix of a pseudoscalar quantity, only those elements 
can be different from zero' which correspond to transitions with change of 
parity. The selection rules for the matrix elements of scalars are therefore: 


true scalars g ^ g, u u; 

pseudoscalars g n, u ^ g. 


(30.4) 


These rules can also be obtained directly from the definition of the matrix 
elements. Let us consider, for example, the integral fug = j ’Pu*f>pg d^, 
where the function ijjg is even and tpu odd. When all the coordinates change 
sign, the integrand does so if/is a true scalar; on the other hand, the integral 
taken over all space cannot change when the variables of integration are 
renamed. Hence it follows that fug = —/«g, i-t. fug = 0. 

We can similarly derive selection rules for vector quantities. Here it must 
be recalled that ordinary (polar) vectors change sign on inversion, while 
axial vectors (such as the angular momentum vector, which is the vector 
product of the two polar vectors p and r) are unchanged by inversion. The 
selection rules are found to be: 

polar vectors g ^ u, u ^ g; 

axial vectors g g, u u. 



Let us determine the parity of the state of a single particle with angular 
momentum /. The inversion transformation (x -> —x,y —y, z -> —z) 
is, in spherical polar coordinates, the transformation 

r ^ r, 6 -*■ tt—6, ^ -*■ 7t+^. (30.6) 

The dependence of the wave function of the particle on the angle is given by 
the spherical harmonic Yim, wLich, apart from a constant that is here 
unimportant, has the form Pi”*(cos 6/)e*™'?’. When <f> is replaced by + 
the factor e™'?’ is multiplied by ( — 1)”*, and when 6 is replaced by tt — 6, 
Pi^{cos 6) becomes Pi™(-cos 6) = ( —l)*-™P;'”(cos 6). Thus the whole 



§31 Addition of angular momenta 99 

function is multiplied by ( — 1)* (independent of m, in agreement with what 
was said above), i.e. the parity of a state with a given value of I is 

P = (-l)^ (30.7) 

We see that all states with even / are even, and all those with ode / are odd. 

A vector physical quantity relating to an individual particle can have non¬ 
zero matrix elements only for transitions with Z -> Z or /Jtl (§29). Remem¬ 
bering this, and comparing formula (30.7) with w'hat was said above regarding 
the change of parity in the matrix elements of vectors, we reach the result 
that the matrix elements of vectors relating to an individual particle are zero 
except for the transitions; 

polar vectors Z -> Z ± 1; 
axial vectors Z -> Z. 

§31. Addition of angular momenta 

Let us consider a system composed of two parts whose interaction is weak. 
If the interaction is entirely neglected, then for each part the law of conserva¬ 
tion of angular momentum holds. The angular momentum L of the whole 
system can be regarded as the sum of the angular momenta Li and L 2 of its 
parts. In the next approximation, when the weak interaction is taken into 
account, Li and L 2 are not exactly conserved, but the numbers Lx and L 2 
which determine their squares remain “good” quantum numbers suitable for 
an approximate description of the state of the system. Regarding the angular 
momenta in a classical manner, we can say that in this approximation Li and 
L 2 rotate round the direction of L while remaining unchanged in magnitude. 

For such systems the question arises regarding the “law of addition" of 
angular momenta: what are the possible values of L for given values of Lx 
and Lfl The law of addition for the components of angular momentum is 
evident: since Lz = Lxz + L-zz, it follows that 

-VZ = Mx + M-z. (31.1) 

There is no such simple relation for the operators of the squared angular 
momenta, however, and to derive their “law of addition” we reason as 
follows. 

If we take the quantities Lj*, Lj*, as a complete set of physi¬ 

cal quantities,f every state will be determined by the values of the numbers 
Li, L 2 , A/j, For given and Lj, the numbers and take + 
and ( 2 L 2 + I) different values respectively, so that there are altogether 
(2Li-|- 1 )( 2 Z .2 + 1) different states with the same and Lj- We denote the 
wave functions of the states for this representation by 

Instead of the above four quantities, we can take the four quantities 
Li’^, L 2 ‘’, L-, Lz as a complete set. Then every state is characterized by 



t Together with such other quantities as form a complete set when combined with these 
four. These other quantities pla> no part in the subsequent discussion, and for brevity we 
shall ignore them entirely, and conventionally call the above four quantities a complete set. 
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the values of the numbers Lj, L, M (we denote the corresponding wave 
functions by >Pl,l,lm)- For given and Lj, there must of course be 
(2 Lj + 1 )( 2 L 2 + 1) different states as before, i.e. for given Lj and Lg the pair 
of numbers L and M must take (2Li + l)(2L2+l) pairs of values. These 
values can be determined as follows. 

By adding the various possible values of Mi and M 2 , we get the corres¬ 
ponding values ot M, as shown below: 


M, 


M 


U 

Li + L,2 

L, 

L,-l 

Lj-1 1 

[ L, + L,-\ 

L, 

i ..-2 I 

1 

L.-l 

M-1 

^ Li + L 2 — 2 

Z..-2 

L, ) 

1 


We see that the greatest possible value of Mis M = Li -t- L 2 , corresponding 
to one state (one pair of values of Mi and M 2 ). The greatest possible value 
of M in the states ip, and hence the greatest possible value of L also, is there¬ 
fore L 1 +L 2 . Next, there are two states p with M = Li + L 2 — I. Con¬ 
sequently, there must also be two states </> with this value of M; one of them 
is the state with L = Li- 1 -Z -2 (and M = Z- —1), and the other is that with L = 
L 1 + L 2 —I (and M = L). For the value M = L 1 -I-L 2 —2 there are three 
different states 4>. This means that, besides the values L = L 1 + L 2 , L = 
Z-i + L 2 — 1. the value L = Li + Z -2 — 2 can occur. 

The argument can be continued m this way so long as a decrease of M by 
1 increases by 1 the number of states with a given M. It is easily seen that 
this is so until M reaches the value |Z,i —L 2 |. When M decreases further, the 
number of states no longer increases, remaining equal to 2 L 2 +1 (if L 2 < Li). 
Thus |Li —Z, 2 | is the least possible value of L, and we arrive at the result 
that, for given L\ and L 2 , the number L can take the values 

L = Li-f-L2.A+2'2-l. (31-2) 

that is 2L^-\-\ different values altogether (supposing that L^, < A)- It is 
easy to verify that we do in fact obtain {2Li+\){2L2->r\) different values of 
the pair of numbers M, L. Here it is important to note that, if we ignore 
the 2 L+ 1 values of M for a given L, then only one state will correspond to 
each of the possible values (31.2) of L. 

This result can be illustrated by means of what is called the vector model. 
If we take two vectors Lj, L 2 of lengths Lj and L^, then the values of L are 
represented by the integral lengths of the vectors L which are obtained by 
vector addition of Lj and L2; the greatest value of L is L-^+L^, which is 
obtained when Lj and L 2 are parallel, and the least value is |Lj—L 2 I 1 when 
Li and L2 are antiparallel. 

In states with definite values of the angular momenta Lj, L 2 and of the 
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total angular momentum L, the scalar products Lj. Lj, L . Lj and L . Lj also 
have definite values. These values are easily found. To calculate Lj. L,, 
we write L = Lj +L 2 or, squaring and transposing, 

2L1 .L2 = 

Replacing the operators on the right-hand side of this equation by their 
eigenvalues, we obtain the eigenvalue of the operator on the left-hand side: 

Li .L, = \{L{L+\)-L^{L^+\)-L^{L^+\)}. (31.3) 

Similarly we find 

L .Li = \{L{L+\)+I^{L^+\)-L^{L^+\)}. (31.4) 

Let us now determine the “addition rule for parities”. The wave Tnction 
T of a system consisting of two independent parts is the product of the wave 
functions Ti and T '2 of these parts. Hence it is clear that if the latter are of 
the same parity (i.e. both change sign, or both do not change sign, when the 
sign of all the coordinates is reversed), then the wave function of the whole 
system is even. On the other hand, if'Ll and 'F 2 are of opposite parity, then 
the function T is odd. These statements may be written 


P = P 1 P 2 , (31.5) 

where P is the parity of the whole system and PuPi those of its parts. This 
rule can, of course, be generalized at once to the case of a system composed of 
any number of non-interacting parts. 

In particular, if we are concerned with a system of particles in a centrally 
symmetric field (the mutual interaction of the particles being supposed weak), 
then the parity of the state of the whole system is given by 

P = (_l)ii+«i!+... ; (31.6) 

see (30.7). We emphasize that the exponent here contains the algebraic sum 
of the angular momenta U, and this is not in general the same as their “vector 
sum”, i.e. the angular momentum L of the system. 

If a closed system disintegrates (under the action of internal forces), the 
total angular momentum and parity must be conserved. This circumstance 
may render it impossible for a system to disintegrate, even if this is energetic¬ 
ally possible. 

For instance, let us consider an atom in an even state with angular momen¬ 
tum L = 0, which is able, so far as energy considerations go, to disintegrate 
into a free electron and an ion in an odd state with the same angular momen¬ 
tum L = 0. It is easy to see that in fact no such disintegration can occur 
(it is, as we say, forbidden). For, by virtue of the law of conservation of angu¬ 
lar momentum, the free electron would also have to have zero angular momen¬ 
tum, and therefore be in an even state (P = ( — 1)° = +1); the state of the 
system ion-f-electron would then be odd, however, whereas the original state 
of the atom was even. 



CHAPTER V 


MOTION IN A 

CENTRALLY SYMMETRIC EIELD 


§32. Motion in a centrally symmetric field 

The problem of the motion of two interacting particles can be reduced in 
quantum mechanics to that of one particle, as can be done in classical mech¬ 
anics. The Hamiltonian of the two particles (of masses mi, m2) interacting in 
accordance with the law U{r) (where r is the distance between the particles) 
is of the form 


n = - 


—A. 

2mi 


A 

;r-^2+A(r). 


(32.1) 


where Ai and A 2 are the Laplacian operators with respect to the coordinates 
of the particles. Instead of the radius vectors rj and of the particles, we 
introduce new variables R and r; 


r=r8-ri, (32.2) 


r is the vector of the distance between the particles, and R the radius vector 
of their centre of mass. A simple calculation gives 




2{mi+in^ 


A, 


A+t/(r), 


(32.3) 


where A^j and A are the Laplacian operators with respect to the components 
of the vectors R and r respectively, Tn^+m^ is thetotal mass of the system, and 
m = mim 2 j{mi + m 2 ) is the reduced mass. Thus the Hamiltonian falls into 
the sum of two independent parts. Hence we can look for </i(ri, r 2 ) in the 
form of a product (^(R)i/i(r), where the function <^(R) describes the motion 
of the centre of mass (as a free particle of mass mi + m 2 ), and i/i(r) describes 
the relative motion of the particles (as a particle of mass m moving in the cen¬ 
trally symmetric field U{r)). 

Schrodinger’s equation for the motion of a particle in a centrally sym¬ 
metric field is 


{Imjk^lE- U{r)]4. = 0. (32.4) 


Using the familiar expression for the Laplacian operator in spherical polar 
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coordinates, we can write this equation in the form 

2jtn 

=0. 

(32.5) 


1 a / 1 r 1 a / i a^itq 

- (r*—)+— ^-(sinfi—)+ - - 

dr\ dr) r*Lsina 35\. 35/ sin®5 a^®J 


If we introduce here the operator (26.16) of the squared angular momentum 
we obtain^ 


*®r 13/ a^!.\ -1 

2otL 


+ U(r)^ =£,},. 


(32.6) 


The angular momentum is conserved during motion in a centrally sym¬ 
metric field. We shall consider stationary states in which the angular 
momentum I and the component m have definite values. These values 
determine the angular dependence of the wave functions. We thus seek 
solutions of equation (32.6) in the form 


^ ^ R{r)YUB,4>), (32.7) 

where the Yim{6, 4>) are spherical harmonic functions. 

Since = /(/-f-l)y,„„ we obtain for the radial function R{r) the equa¬ 

tion 



r® 


2m 

R+-[E-U{r)]R = 0. 
n® 


(32.8) 


This equation does not contain the value of 4 = m at all, in accordance with 
the {21+ l)-fold degeneracy of the levels with respect to the directions of the 
angular momentum, with which we are already familiar. 

Let us investigate the radial part of the wave functions. By the substitu¬ 
tion 

m = X{r)lr (32.9) 


equation (32.8) is brought to the form 




= 0 . 


(32.10) 


If the potential energy U{r) is everywhere finite, the wave function ^ must 
also be finite in all space, including the origin, and consequently so must its 


t If we introduce the operator of the radial component pr of the linear momentum, in the 
form 

1 a /0 'N 

P4, - = -iri{—+-U, 

r cr \dr rj 

the Hamiltonian can be written in the form 

i? =(iy2m)(p,2+A=i2/r=)+?7(r), 


which IS the same in form as the classical Hamilton’s function in spherical polar coordinates. 
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Motion in a Centrally Symmetric Field 
radial part R{r). Hence it follows that x{r) must vanish for r = 0: 

X(0)=0. (32.11) 

This condition actually holds also (see §35) for a field which becomes infinite 
as r ^ 0. 

Equation (32.10) is formally identical with Schrddinger’s equation for 
one-dimensional motion in a field of potential energy 

/(l-bl) 

mr)=U{r)+--^^, (32.12) 

2m 

which is the sum of the energy U{r) and a term 

m{l+\)l2mr^ = 

which may be called the centrifugal energy. Thus the problem of motion in a 
centrally symmetric field reduces to that of one-dimensional motion in a 
region bounded on one side (the boundary condition for r = 0). The nor¬ 
malization condition for the function g “one-dimensional”, being 

determined by the integral 

00 00 

J|/?|2r2dr= J Ixi^dr. 

0 0 

In one-dimensional motion in a region bounded on one side, the energy 
levels are not degenerate (§21). Hence we can say that, if the energy is given, 
the solution of equation (32.10), i.e. the radial part of the wave function, is 
completely determined. Bearing in mind also that the angular part of the 
wave function is completely determined by the values of / and m, we reach 
the conclusion that, for motion in a centrally symmetric field, the wave func¬ 
tion is completely determined by the values of E, I and m. In other words, 
the energy, the squared angular momentum and the ^-component of the 
angular momentum together form a complete set of physical quantities for 
such a motion. 

The reduction of the problem of motion in a centrally symmetric field to a 
one-dimensional problem enables us to apply the oscillation theorem (see 
§21). We arrange the eigenvalues of the energy (discrete spectrum) for a 
given I in order of increasing magnitude, and give them numbersnr. the lowest 
level being given the number rv = 0. Then Ur determines the number of 
nodes of the radial part of the wave function for finite values of r (excluding 
the point r = 0). The number rtr is called the radial quantum number. The 
number / for motion in a centrally symmetric field is sometimes called the 
azimuthal quantum number, and m the magnetic quantum number. 

There is an accepted notation for states with various values of the angular 
momentum / of the particle; they are denoted by Latin letters, as follows: 

1 = 01234567... 
s p df g hi k ... 


(32.13) 



§33 Spherical waves 105 

The normal state of a particle moving in a centrally symmetric field is 
always the r state; for, if / 0, the angular part of the wave function in¬ 

variably has nodes, whereas the wave function of the normal state can have 
no nodes. We can also say that the least possible eigenvalue of the energy, 
for a given /, increases with 1. This follows from the fact that the presence 
of an angular momentum involves the addition of the essentially positive 
term A^/(/+l)/2mr*, which increases with /, to the Hamiltonian. 

Let us determine the form of the radial function near the origin. Here 
we shall suppose that 

lmZ7(r)r*=0. (32.14) 

We seek R{r) in the form of a power series in r, retaining only the first term 
of the series for small r; in other words, we seek R{r) in the form R = con¬ 
stant xr*. Substituting this in the equation 

d(r*d/?/dr)/dr-/(/-t-l)J? = 0, 

which is obtained from (32.8) by multiplying by r® and taking the limit as 
r -> 0, we find 

r(i4-l) =l(l+l). 

Hence 

s — I or j = —(/-)-l). 

The solution with s = — (/-f-1) does not satisfy the necessary conditions; 
it becomes infinite for r = 0 (we recall that I > 0). Thus the solution with 
s = I remains, i.e. near the origin the wave functions of states with a given / 
are proportional to r‘: 

Ri V constant xr*. (32.15) 

The probability of a particle’s being at a distance between r and r + Ar from 
the centre is determined by the value of and is thus proportional to 

;-8(«+i)_ \Ye see that it becomes zero at the origin the more rapidly, the 
greater the value of 1. 


§33. Spherical waves 
The plane wave 


= constant 

describes a stationary state in which a free particle has a definite momentum p 
(and energy E = Let us now consider stationary states of a free 

particle in which it has a definite value, not only of the energy, but also of the 
absolute value and component of the angular momentum. Instead of the 
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energy, it is convenient to introduce the wave number 

k = pjh = ■\/{2mE)jh. 


§33 


(33.1) 


The wave function of a state with angular momentum I and projection 
thereof m has the form 

(33.2) 

where the radial function Is determined by the equation 


Ru 


2 r l(l+l)-\ 
r L r* J 


(33.3) 


(equation (32.8) with U{r) = 0). The wave functions t/ji-im for the continuous 
(with respect to k) spectrum satisfy the conditions of normalization and 
orthogonality: 

/ dV = 

The orthogonality for different I, /' and m, m' is ensured by the angular func¬ 
tions. The radial functions must be normalized by the condition 

dr = S(^) = 2nb{k'-k). (33.4) 

If we normalize the wave functions, not on the “klZn scale”, but on the 
“energy scale”, i.e. by the condition 

«e 

jr^REtRstdr =S{E'-E), 


then, by the general formula (5.14), we have 

Rei = R^iV{il2nW{dkldE) = {llfi)V{ml2nk)R^i. 
For / = 0, equation (33.3) can be written 

d*(ri?„) 


(33.5) 


dr* 


-+khR^ = 0 ; 


its solution finite for r = 0 and normalized by the condition (33.4) is (cf. 
(21.9)) 

(33.6) 

r 

To solve equation (33.3) with / # 0, we make the substitution 

R,i = r'x*,. (33.7) 

For Xfci we have the equation 

Xw”+2(I+l)Xfc»7*'+^*X« = 0. 
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If we differentiate this equation with respect to r, we obtain 
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/// i 

Xki 4 


2(/+i) 2(/+i)-, , 


’f I 

"Xfci + 


*2-5— 

r* 


■J 


X«' = 0. 


By the substitution Xki = ^Xk,i+\ becomes 

„ . 2(/+2) 


X*.1+1 + 


•xjt.j+i'+*®Xfc.i+i = 0, 


which is in fact the equation satisfied by Xit.i+i* 
tions Xfci are related by 

Xk.l+i = Xkiir, 


and hence 


Thus the successive func- 


(33.8) 


Xki = 



where Xko = ^ka determined by formula (33.6) (this expression can, of 
course, be multiplied by an arbitrary constant). 

Thus we finally have the following expression for the radial functions in 
the free motion of a particle; 


2r' /I d\i sinAr 




(33.9) 


(the factor k-^ is introduced for normalization purposes—see below— and 
the factor ( — 1)^ for convenience). The functions (33.9) can be expressed in 
terms of Bessel functions of half-integral order, in the form 


Rkl = \'{'2--rrkir)Ji^xi2{kr) = 2kji{kr)\ (33.10) 

the functions 

= V{rr'2x)Ji +ijo{x) (33.11) 


are called spherical Bessel functions.^ 

To obtain an asymptotic expression for the radial function (33.9) at large 
distances, we notice that the term which decreases least rapidly as r -»■ oo is 
obtained by differentiating the sine / times. Since each differentiation — d/dr 
of the sine adds — \tt to its argument, we have the following asymptotic 
expression; 


Rkl 


2 sin {kr — ^Irr) 
r 


(33.12) 


t The first few of these are 


;o 


;i = 


cos r / 3 1 \ 


3 cos X 


Functions defined as x times these are also sometimes used 
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The normalization of the functions R)ci can be effected by means of their 
asymptotic expressions, as was explained in §21. Comparing the asymptotic 
formula (33.12) with the normalized function (33.6), we see that the func¬ 
tions R}ci, with the coefficient used in (33.9), are in fact normalized as they 
should be. 

Near the origin (?' small) we have, expanding sin kr in series and retaining 
only the term containing the lowest power of r after the differentiation,f 


(; 


1 d N * sin kr 
r dr/ r 


/I d • 


1 d 


rj(2l+l)\ 

= {-iyk2i ^^1(21+ 1)!!. 

Thus the functions R^i near the origin have the form 


Ru = 


2k‘^^ 

{2l+\)\ 




(33.13) 


in agreement with the general result (32.15). 

In some problems (of scattering theory) it is necessary to consider wave 
functions which do not satisfy the usual conditions of finiteness, but corres¬ 
pond to a flux of particles from or to the centre. The wave function which 
describes such a flux of particles with angular momentum / = 0 is obtained 
by taking. Instead of the “stationary spherical wave” (33.6), a solution in the 
form of an outgoing spherical wave R/co * or an ingoing spherical wave Rko ”, 
with 

RkO^ = {Alr)e^i>^r^ (33.14) 


In the general case of an angular momentum / which is not zero, we obtain 
a solution of equation (33.3) in the form 


r* /I d \ 


(33.15) 


These functions can be expressed in terms of Hankel functions: 

Rki- = ±iAViknl2r)H^'^^^^J^kr), 

of the first and second kinds for the signs and — respectively. 


(33.16) 


t The symbol !! denotes the product of all integers of the same parity up to and including 
the number in question. 
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The asymptotic expression for these functions is 

X (33.17) 

Near the origin, it has the form 

a (33.18) 

1 } 


We normalize these functions so that they correspond to the emission (or 
absorption) of one particle per unit time. To do so, we notice that, at large 
distances, the spherical wave can be regarded as plane in any small interval, 
and the current density in it is j = vipip*, where v = khim is the velocity of a 
particle. The normalization is determined by the condition §jdf = 1, 
where the integration is carried out over a spherical surface of large radius r, 
i.e. |;V2 do = 1, where do is an element of solid angle. If the angular func¬ 
tions are normalized as before, the coefficient A in the radial function must 
be put equal to 

A = \l Vv = Vimjkh). (33.19) 


An asymptotic expression similar to (33.12) holds, not only for the radial 
part of the wave function of free motion, but also for motion (with positive 
energy) in any field which falls off sufficiently rapidly with distance.f At 
large distances we can neglect both the field and the centrifugal energy in 
Schrodinger’s equation, and there remains the approximate equation 


1 d»(rj?„) 

r dr* 




= 0 . 


The general solution of this equation is 


R 


kl ~ 


2 sin(^r — J/tt -I- Sj) 
r 


(33.20) 


where S, is a constant, called the phase shift, and the common factor is chosen 
in accordance with the normalization of the wave function on the “kiln 
scale”.J The constant phase shift 8i is determined by the boundary con¬ 
dition {Rici is finite as r ^ 0); to do this, the exact Schrodinger’s equation 
must be solved, and Si cannot be calculated in a general form. The phase 
shifts 8i are, of course, functions of both / and k, and are an Important 
property of the eigenfunctions of the continuous spectrum. 


t As we shall show in §124, the field must decrease more rapidly than 1/r. 
t The term — in the argument of the sine is added so that 8i = 0 when the field is 
absent. Since the sign of the wave function as a whole is not significant, the phase shifts 8i 
are determined to within rnr (not Inrr). Their values may therefore always be chosen in the 
range between 0 and ir. 



110 


§33 


Motion in a Centrally Symmetric Field 

PROBLEMS 

Problem 1. Determine the energy levels for the motion of a particle with angular momen¬ 
tum / = 0 in a spherical square potential well; 

tJ{r) = — U„ for r < a, Uir) = 0 for r > c 

Solution. For / = 0 the wave functions depend only on r. Inside the well, Schrodinger's 
equation has the form 


- —=0, i = I: s'[2m(17„-1£|)]. 
r dr“ n 


The solution finite for r = 0 is 


4 =A- 


sin At 


For r > o, we have the equation 
1 d» 


, =0. = -s/lZmlED- 

r dr* « 


The solution vanishing at infinity te 


The condition of the continuity of the logarithmic derivative of at r = a gives 

kcotka = -K = - ( 1 ) 

or 

sinka = ± \.'{h^l2ma*Uo)ka. ( 2 ) 

This equation determines in implicit form the required energy levels (we must take those 
roots of the equation for which cot ka < 0, as follows from (I)). The first of these levels 
(with / = 0) is at the same time the deepest of all energy levels whatsoever, i.e. it corresponds 
to the normal state of the particle. 

If the depth U, of the potential well is small enough, there are no levels of negative energy, 
and the particle cannot “stay” in the well. This is easily seen from equation (2), by means of 
the following graphical construction. The roots of an equation of the form + sin x = ctx 
are given by the points of intersection of the line y = ax with the curves > = ± sin x, and 
we must take only those points of intersection for which cot x < 0 ; the corresponding parts 
of the curve y = sin x are shown in Fig. 9 by a continuous line. We see that, if a is 
sufficiently large (Vo small), there are no such points of intersection. The first such point 
appears when the liney = ax occupies the position shown, i.e. for a = 2/7i, and is at x = 



Putting a = fi/V(2ma*C/o), x = ka, we hence obtain for the minimum well depth to give a 
single negative level 


14 , rein = TAH^;Sma‘. 


( 3 ) 
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This quantity increases with decreasing well radius a. The position of the first level 
El at the point where it first appears is determined from ka = and is Ei = 0, as we should 
expect. As the well depth increases further, the normal level £, descends. When the difference 
A = (t/o/t/o.mn)-l is small, 

-£l = (rr2/16)l/o„„.„ A2. (4) 


Problem 2. Determine the order of the energy levels with various values of the angular 
momentum / in a very deep spherical potential well {U„ ^ H^lma^) (W. Elsasser 1933). 

Solution. The condition at the boundary of the well requires that ^ 0 as C/o -*■ oo 

(see §22). Writing the radial wave function within the well in the form (33.10), we thus have 

the equation . . , 

/n.i/2(*a) = 0. 


whose roots give the position of the levels above the bottom of the well {Uo —1E| — 
for various values of 1. The order of the levels from-the ground state is found to be 

li. Ip. U, 2s, \f, 2p, \g. 2d, l/i, 3j, 2/, ... 

The numbers preceding the letters give the sequence of levels for each /.t 

Problem 3. Determine the order of appearance of levels with various I as the depth 
Uo of the well increases. 

Solution. When it first appears, each new level has energy E = 0. The corresponding 
wave function in the region outside the well, which vanishes as r -> oo, is 

Rt = constant x r-'i+u 

(the solution ofequation (33.3) with/i = 0). Fromthecontinuityofi?i and at the boundary 
of the well it follows, in particular, that the derivative (r'+'i?i)' is continuous, and so we have 
the following condition for the wave function within the well; 

(rl’-lRi)' = 0 for r = a. 

This is equivalent! to the condition for the function i?i_, to vanish and, from (33.10), we 
obtain the equation 

Ji-ii^O\'(2mVo)ih) = 0; 

for / = 0 the function Ji -112 must be replaced by the cosine. This gives the following order 
of appearance of new levels as Uo increases: 

Is, ip. \d, 2s, 1/, 2p. \g, 2d. 3s, l/i. 2/. .... 

It may be noted that differences from the order of levels in a deep well occur only for compar¬ 
atively high levels. 

Problem 4. Determine the energy levels of a three-dimensional oscillator (a particle in a 
field U = i/nu‘r’), their degrees of degeneracy, and the possible values of the orbital angular 
momentum in the corresponding stationary states. 

Solution. Schrddinger’s equation for a particle in a field U = ifitu®(x*-l->'* + z*) allows 
separation of the variables, leading to three equations like that of a linear oscillator. The 
energy levels are therefore 

E„ = /■nu(n,+n,+n3+)) = hui{n+'). 

The degree of degeneracy of the nth level is equal to the number of ways in which n can be 
divided into the sum of three positive integral (or zero) numbers ;|| this is 


t This notation is customary for particle levels in the nucleus (see §118). 
t According to (33.7) and (33.8) we have (r~'i?i)' = Since the equation (33.3) 

is unaltered when / is replaced by —/ —1, we also have (r'+*J?_i_,)' = + Finally, since 

the functions R_i and Ri_i satisfy the same equation, we obtain (r‘*‘Ri)' = r‘*^Ri_i, the 
formula used in the text. 

II In other words, this is the number of ways in which n similar balls can be distributed 
among three urns. 
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The wave functions of the stationary states are 

where a = \/(”*‘"/^) and m is the mass of the particle. When the sign of the coordinate 
is changed, the polynomial Hn is multiplied by ( — 1)". The parity of the function (1) is 
therefore ( —I)"!*"!*"! = ( — I)". Taking linear combinations of these functions with a 
given sum m + ns + ns = n, we can form the functions 

^nlra = constant 4)^(—i” + iA(2) 

where |m| = 0, 1, / and / takes the values 0, 2, .... n for even n and 1, 3, .... n for odd n; 

F is the confluent hypergeometric function. This is evident from a comparison of the parities 
( — I)” of the functions (1) and ( — 1)' of the functions (2), which must be the same. This 
determines the possible values of the orbital angular momentum corresponding to the energy 
levels considered. 

The order of levels of the three-dimensional oscillator is, therefore, with the same notation 
as in Problems 2 and 3, 


(Ij). (l/>), (14 2s), (I/. 2p), (I.C, 24 3.0, 
where the parentheses enclose sets of degenerate states.‘t 


§34. Resolution of a plane wave 

Let us consider a free panicle moving with a given momentum p — kk 
in the positive direction of the r-axis. The wave function of such a particle 
is of the form 

fp = constant x e^tcz_ 

Let us expand this function in terms of the wave functions ipicim motion 
with various angular momenta. Since, in the state considered, the energy 
has the definite value k^k^jZm, it is clear that only functions with this k will 
appear in the required expansion. Moreover, since the function e’** has 
axial symmetry about the z-axis, its expansion can contain only functions 
independent of the angle <p, i.e. functions with m = 0. Thus we must have 

CD CO 

fit** = 2) aiipkio = 2 ; aiRiciYio, 

1=0 1=0 


where the ai are constants. Substituting the expressions (28.8) and (33.9) 
for the functions Yio and R/d, we obtain 


Mz 




where the Cj are other constants. These constants are conveniently deter¬ 
mined by comparing the coefficients of (r cos 6)” in the expansions of the two 
sides of the equation in powers of r. On the right-hand side of the equation 
this term occurs only in the «th summand; for I > n, the expansion of the 
radial function begins at a higher power of r, while for I <. n the polynomial 


+ Note that levels with different angular momenta / are mutually degenerate; see the 
footnote at the end of §36. 
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P, (cos 6) contains only lower powers of cos 6. The term in cos' 6 in P, (cos 6) 
has the coefficient (2/)!/2'(/!)2 (see formula (c.l)). Using also formula 
(33.13), we find the desired term of the expansion of the right-hand side of 
the equation to be 

(2i)! (kr Cos df 

f-iycX-Ll -L. 

2'(/!)*(2/-l-l)!! 

On the left-hand side of the equation the corresponding term (in the expansion 
of c'*' is 

(ikr cosoyIII. 

Equating these two quantities, we find C, = (-i)'(2/-f-l). Thus we finally 
obtain the required expansion: 

At large distances this relation takes the asymptotic form 

^ 2 ‘^(2^+ l)P,(cos^) sin(Ar-J/ tt). (34.2) 

In (34.1) the z-axis is in the direction of the wave vector k of the plane 
wave. This expansion can also be written in a more general form which does 
not presuppose a particular choice of the coordinate axes. For this purpose 
we must use the addition theorem for spherical harmonics (see (c. 11)) to 
express the polynomials Pj (cos 6) in terms of spherical harmonic functions 
of the directions of k and r (the angle between which is 6). The result is 

c«‘- = 477 I i i^Mkr)Yim*{klk)Yim{rlr). (34.3) 

1=0 m* -| ' 

The functionsyj(Ar) (defined by (33.11)) depend only on the product kr, and 
this makes evident the symmetry of the formula with respect to the vectors k 
and r; it does not matter which of the two spherical harmonics is labelled as 
the complex conjugate. 

We normalize the wave function to give a probability current density 
of unity, i.e. so that it corresponds to a flux of particles (parallel to the z-axis) 
with one particle passing through unit area ih unit time. This function is 

0 =v-^i2fikz = ^(mlkh)efkz^ (34.4) 

where v is the velocity of the particles; see (19.7). Multiplying both sides of 

equation (34.1) by \/{mjkh) and introducing on the right-hand side the 
normalized functions = Rki^(r)Yim{6, f), we obtain 

« 1 
/-O 
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The squared modulus of the coefficient of (o*" 'Pkio^) ^his expansion 
determines, according to the usual rules, the probability that a particle in a 
current converging to (or diverging from) the centre has an angular momen¬ 
tum I (about the origin). Since the wave function r;“*e‘** corresponds to a 
current of particles of unit density, this “probability” has the dimensions of 
length squared; it can be conveniently interpreted as the magnitude of the 
“cross-section” (in the a:j-plane) on which the particle must fall if its angular 
momentum is 1. Denoting this quantity by tTj, we have 

oi = 7T{2l+l)lk^-. (34.5) 

For large values of /, the sum of the cross-sections over a range A/ of I 
(such that 1 AZ <^ /) is 


2 


Ol 


TT Ih^ 

—21AI = 2n —AZ. 


On substituting the classical expression for the angular momentum, hi = pp 
(where p is what is called the impact parameter), this expression becomes 


ZrrpAp, 


in agreement with the classical result. This is no accident; we shall see 
below that, for large values of Z, the motion is quasi-classical (see §49). 


PROBLEM 

Expand a plane wave in wave functions of states having definite values of the j-components m 
of the angular momentum and of the momentum. 

Solution. We take cylindrical pwlar coordinates j, p, <l> with the axis in the j-direction. 
The wave functions of the states in question have the form If the angle ^ is 

measured from the ^-axis, the expansion can be written as 

'X 


(in this case p, = 0), whence 

271 

0 

where J„{x) is a Bessel function. When kp P \, we have the asymptotic expression 

Q„\P)xi'" ~ sin[kp-^n{m-{)]. 

■y nkp 

§35. Fall of a particle to the centre 

To reveal certain properties of quantum-mechanical motion it is useful to 
examine a case which, it is true, has no direct physical meaning: the motion 
of a particle in a field where the potential energy becomes infinite at some 
point (the origin) according to the law U{r) « —^ > 0; the form of the 
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field at large distances from the origin is here immaterial. We have seen in 
§18 that this is a case intermediate between those where there are ordinary 
stationary states and those where a “fall” of the particle to the origin takes 
place. 

Near the origin, Schrodinger’s equation in the present case is 

R"+2R'jr+yRlr^ = 0, (35.1) 

where i?(r) is the radial part of the wave function, and we have introduced 
the constant 

y (35.2) 

and have omitted all terms of lower orders in 1/r; the value of the energy E 
is supposed finite, and so the corresponding term in the equation is Omitted 
also. 

Let us seek R in the form R ^r‘-, we then obtain for r the quadratic 
equation 

r(i+l)+y =0, 

which has the two roots 

=-i+V(i-y). =-i-V(i-y). (35.3) 

For further investigations it is convenient to proceed as follows. We draw 
a small region of radius round the origin, and replace the function —yjr^ 
in this region by the constant — yjrff. After determining the wave functions 
in this “cut off” field, we then examine the result of passing to the limit 
»'o ^ 0 - 

Let us first suppose that y < Then and rg are real negative quantities, 
and Ji > ^ 2 . For r > r^, the general solution of Schrodinger’s equation 
has the form (always restricting ourselves to small r), 

R = Ar\+Br\ (35.4) 


A and B being constants. For r < r^, the solution of the equation 

R’'+2R'lr+yRlr^^ = 0 
which is finite at the origin has the form 

sinAr 

R = C -, k = Vylrg. (35.5) 

r 

^ ~ function R and its derivative R' must be continuous. It is 

convenient to write one of the conditions as a condition of continuity of the 
logarithmic derivative of rR. This gives the equation 

= k cotkrQ, 
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§35 


or 


■^(^i+l)ro**+-fi(s2+l)ro‘* 

i4ro**+-Bro'* 


Vy cot \/y. 


On solving for the ratio BjA, this equation gives an expression of the form 

BjA = constant xrj*'"®*. (35.6) 

Passing now to the limit 0, we find that BjA -> 0 (recalling that 
ri > ^ 2 )- Thus, of the two solutions of Schrodinger’s equation (35.1) which 
diverge at the origin, we must choose that which becomes infinite less rapidly: 

R = Ajr'^C (35.7) 

Next, let y > Then rj and are complex: 

= — i+iViy —i), ^2 = ^i*. 

Repeating the above analysis, we again arrive at equation (35.6), which, on 
substituting the values of rj and gives 

BIA = constant (35.8) 

1 

On passing to the limit 0, this expression does not tend to any definite 
limit, so that a direct passage to the limit is not possible. Using (35.8), the 
general form of the real solution can be written 

R = constant xr~'^i^ cos( v'(y—i) log(r/ro)+ constant). (35.9) 

This function has a number of zeros which increases w’ithout limit as ro 
decreases. Since, on the one hand, the expression (35.9) is valid for the 
wave function (when r is sufficiently small) with any finite value of the energy 
E of the particle, and, on the other hand, the w'ave function of the normal 
state can have no zeros, w'e can infer that the “normal state” of a particle in 
the field considered corresponds to the energy E = — 00 . In every state of a 
discrete spectrum, however, the particle is mainly in a region of space w'here 
E > U. Hence, for £ ->■ — od, the particle is in an infinitely small region 
round the origin, i.e. the particle falls to the centre. 

The “critical” field Ua for w'hich the fall of a particle to the centre 
becomes possible corresponds to the value y = i- The smallest value of the 
coefficient of — 1/r* is obtained for / = 0, i.e. 

Ucr = ( 3510 ) 

It is seen from formula (35.3) (for ri) that the permissible solution of Schro¬ 
dinger’s equation (near the point w'here U ~ 1/r^) diverges, as r ->• 0, not 
more rapidly than 1/v/r. If the field becomes infinite, as r -> 0, more slowly 
than l/r2, we can neglect U(r), in Schrodinger’s equation near the origin, 
in comparison with the other terms, and we obtain the same solutions 
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as for free motion, i.e. ^ ~ r' (see §33). Finally, if the field becomes infinite 
more rapidly than 1/r® (as — 1/r* with s > 2), the wave function near the 
origin is proportional to (see §49, Problem). In all these cases the 
product riji tends to zero at r = 0. 

Next, let us investigate the properties of the solutions of Schrodinger’s 
equation in a field which diminishes at large distances according to the law 
U X and has any form at small distances. We first suppose that 

y < It is easy to see that in this case only a finite number of negative 
energy levels can exist.f For with energy E = 0 Schrodinger’s equation 
at large distances has the form (35.1), with the general solution (35.4). The 
function (35.4), however, has no zeros (for r # 0); hence all zeros of the 
required radial wave function lie at finite distances from the origin, and their 
number is always finite. In other words, the ordinal number of the level 
E = C which terminates the discrete spectrum is finite. 

If y > i, on the other hand, the discrete spectrum contains an infinite 
number of negative energy levels. For the wave function of the state with 
£ = 0 has, at large distances, the form (35.9), with an infinite number of 
zeros, so that its ordinal number is always infinite. 

Finally, let the field be 17 = —jS/r* in all space. Then, for y > J, the 
particle falls, but if y < J there are no negative energy levels. For the 
wave function of the state with E = 0 is of the form (35.7) in all space; it has 
no zeros at finite distances, i.e. it corresponds to the lowest energy level (for 
the given /). 


§36. Motion in a Coulomb field (spherical polar coordinates) 

A very important case of motion in a centrally symmetric field is that of 
motion in a Coulomb field 

U = ±«/r 


(where a is a positive constant). We shall first consider a Coulomb attraction, 
and shall therefore write U — —ajr. It is evident from general considera¬ 
tions that the spectrum of negative eigenvalues of the energy will be discrete 
(with an infinite number of levels), while that of the positive eigenvalues will 
be continuous. 

Equation (32.8) for the radial functions has the form 


dm 2dR 
dr^ dr 


^(^+ 1 ) 



£ = 0 . 


(36.1) 


If we are concerned with the relative motion of two attracting particles, m 
must be taken as the reduced mass. 

In calculations connected with the Coulomb field it is convenient to use, 
instead of the ordinary units, special units for the measurement of all quanti¬ 
ties, which we shall call Coulomb units. As the units of measurement of 
mass, length and time, we take respectively 

m, h^lmoL, h^jmo.^. 


•f It is assumed that for small r the field is such that the particle does not fall. 
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All the remaining units are derived from these; thus the unit of energy is 

ma?jh^. 

From now on, in this section and the following one, we shall always (unless 
explicitly stated otherwise) use these units.f 
Equation (36.1) in the new units is 


dm 2dR /(/+!) 
dr^'^r dr r* 



/? = 0 . 


(36.2) 


Discrete spectrum 

Instead of the parameter E and the variable r, we introduce the new 
quantities 

n = l/V(-2£), p = Irln. (36.3) 

For negative energies, w is a real positive number. The equation (36.2), on 
making the substitutions (36.3), becomes 

2 r « l{l+l)~\ 

R"+-R'+ -H—k = 0 (36.4) 

P L p p^ J 

(the primes denote differentiation with respect to p). 

For small p, the solution which satisfies the necessary conditions of finite¬ 
ness is proportional to p* (see (32.15)). To calculate the asymptotic be¬ 
haviour of R for large p, we omit from (36.4) the terms in 1/p and 1/p^ and 
obtain the equation 

R" = ii?, 

whence R = The solution in which we are interested, which vanishes 
at infinity, consequently behaves to for large p. 

It is therefore natural to make the substitution 

R = ^e-pl'ho{p), (36.5) 

when equation (36.4) becomes 

pw" d-{2l-F2 — p)w' d-{n—l —l)ro = 0. (36.6) 

t If m = 9-11 X 10“-* g :s the mass of the electron, and a = (where e is the charge on 
the electron), the Coulomb units are the same as what are called atomic units. The atomic 
unit of length is 

h^jme^ = 0-529 X10“' cm 

(what is called the Bohr radius). The atomic unit of energy is 

= 4-36x10““ erg = 27-21 electron-volts. 

A quantity equal to one half of this unit is called a rydberg. The atomic unit of charge is 
e = 4-80 X esu. VVe formally obtain the formulae in atomic units by putting e = m = 

h = 1 For a = Ze- the Coulomb and atomic units are not the same. 
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The solution of this equation must diverge at infinity not more rapidly than 
every finite power of p, while for p = 0 it must be finite. The solution which 
satisfies the latter condition is the confluent hypergeometric function 

=F(-«+Z+1,21+2, p) (36.7) 

(see §d of the Mathematical Appendices).'!' A solution which satisfies the 
condition at infinity is obtained only for negative integral (or zero) values of 
—K+/+1, when the function (36.7) reduces to a polynomial of degree 
«—/—!. Otherwise it diverges at infinity as ef (see (d.l4)). 

Thus we reach the conclusion that the number n must be a positive integer, 
and for a given I we must have 

«>/+!. (36.8) 

Recalling the definition (36.3) of the parameter n, we find 

E =-\l2n\ n = l,2. (36.9) 

This solves the problem of determining the energy levels of the discrete 
spectrum in a Coulomb field. We see that there are an infinite number of 
levels between the normal level Fj = — | and zero. The distances between 
successive levels diminish as n increases; the levels become more crowded 
as we approach the value E = 0, where the discrete spectrum closes up into 
the continuous spectrum. In ordinary units, formula (36.9) isf 

E = (36.10) 

The integer n is called the principal quantum number. The radial quantum 
number defined in §32 is 

= n—l—l. 

For a given value of the principal quantum number, / can take the values 

/ = 0,(36.11) 

i.e. n different values in all. Only n appears in the expression (36.9) for the 
energy. Hence all states with different / but the same n have the same energy. 
Thus each eigenvalue is degenerate, not only with respect to the magnetic 
quantum number m (as in any motion in a centrally symmetric field) but 
also with respect to the number /. This latter degeneracy (called accidental 
or Coulomb degeneracy) is a specific property of the Coulomb field. To each 
value of I there correspond 2/+ 1 different values of m. Hence the degree of 
degeneracy of the nth energy level is 

"e(2Z+1)=«2. (36.12) 

___ /=o 

f The second solution of equation (36,6) diverges as as p ^0. 

X Formula (36.10) was first derived bv N. Bohr in I9l3, before the discovery of quantum 
mechanics. In quantum mechanics it was derived by W. Pauli in 1926 using the matrix 
method, and a few months later by E. Schrodinger using the wave equation. 
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The wave functions of the stationary states are determined by formulae 
(36.5) and (36.7). The confluent hypergeometric functions with both 
parameters integral are the same, apart from a factor, as what are called the 
generalized Laguerre polynomials (see §d of the Mathematical Appendices). 
Hence 

= constant 


The radial functions must be normalized by the condition 

ee 

J = 1. 

0 

Their final form isf 

2 /(«—Z—1)! /2r\' 21 + 1 /2r\ 


[(«+/)!? 
(n+Z)! 


n'+2(2Z+l)! V («-Z-l)! 

the normalization integral is calculated by (f.6).I 
Near the origin, R^i has the form 


-(2r)*e-"/"f(-«+Z+l, 2Z+2,2r/n); 

(36.13) 


S W- 


2J+1 


/ (”■ 
! V (n- 


(^+0! 


«2+i(2Z+l)! V (n-Z-1)! 


At large distances, 


2^1 

jj«+i .^[^^n+Z)! (n—Z— 1)!] 


_yn—lg—T In 


(36.14) 


(36.15) 


The wave function /?io of the normal state decreases exponentially at distances 
of the order r ~ 1, i.e. r ~ h^jmx in ordinary units. 


We give the first few functions Rni explicitly: 


•Rjo = (' -(I—ir). 

R,, =(l,2x'6)e-r'2r. 




R^ = (2'3^ 

R,, =(8 27 V6)c-+3r^l-gr^. 

R,, = (4.'81 v30)e-+3,=, 

I The normalization integral can also be calculated by substituting the expression (d.l3) 
for the Laguerre polynomials and integrating by parts (similarly to the calculation of the 
integral (c.8) for the Legendre polynomials). 
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The mean values of the various powers of r are calculated from the formula 


r>‘ = j dr. 

0 

The general formula for can be obtained by means of formula (f.7). Here 
we shall give the first few values of ^ (for positive and negative k ): 


F = ^[3«*-i(/+l)], r^ = i„2[5nHl-3f(/+l)], 
r-i = 1 /k», r-2 = \jn\l+\). 


I (36.16) 


Continuous spectrum 

The spectrum of positive eigenvalues of the energy is continuous and 
extends from zero to infinity. Each of these eigenvalues is infinitely degener¬ 
ate; to each value of E there corresponds an infinite number of states, with 
I taking all integral values from 0 to co (and with all possible values of m for 
the given /). 

The number n and the variable p, defined by the formulae (36.3), are now 
purely imaginary: 


n = —ilV{2E) = —ijk, p = 2ikr, (36.17) 

where k = ■v/(2£').f The radial eigenfunctions of the continuous spectrum 
are of the form 


Eici 


Cki 

( 2 /+ 1 )! 


{2kTye-i>‘’-F{ilk+l+l, 21+2, Tikr), 


(36.18) 


where the C/ci are normalization factors. They can be represented as a 
complex integral (see §d): 


If/ 2ikr\~^d‘~^~^ 

Rki = Cki{2kr)h-<>‘^— ^1-df. 


(36.19) 


which is taken along the contour! shown in Fig. 10. The substitution 
i — '2ikr{t + J) converts this integral to the more symmetrical form 


It would be possible to define n and p by the complex conjugate expressions n = ijk, 
P 2*Ar; the real lunctions do not, of course, depend on which definition is used. 

t Instead of this contour we could use any closed loop passing round the singular points 
f = 0 and f = likr in the positive direction.' For integral /. the function F(f) = 
— 2ikr)"-^ (see §d) returns to its initial value on passing round such a contour. 
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Rki = C,ci - - -<P d<; (36.20) 

2tt J 

the path of integration passes in the positive direction round the points 
t = ± It is seen at once from this representation that the functions R/^i 
are real. 

The asymptotic expansion (d.l4) of the confluent hypergeometric function 
enables us to obtain immediately a similar expansion for the wave functions 
Ri^i. The two terms in (d.l4) give two complex conjugate expressions in the 
function Rj^i, and as a result we obtain 


g-tr/ik ,g-Hkr-’'(l+!)l2+aik) log»Jcr] 

Rki = Cfc/——re - - - Gil+ l+ijk, ijk-l, -likr) 

kr I r(/+l-*/^) 


(36.21) 


If we normalize the wave functions on the scale” (i.e. by the condition 

(33.4)), the normalization coefficient is 

Cn = 2ke-l^^T(l+\-ilk)\. (36.22) 

For the asymptotic expression for when r is large (the first term of the 
expansion (36.21)) is then of the form 


R}ci X - sin ^ log 2kr — U-n + 

hi = arg r(/+l-i7^), 


(36.23) 


in agreement with the general form (33.20) of the normalized wave functions 
of the continuous spectrum in a centrally symmetric field. The expression 
(36.23) differs from (33.20) by the presence of a logarithmic term in the argu¬ 
ment of the sine; however, since log r increases only slowly compared with r 
itself, the presence of this term is immaterial in calculating a normalization 
integral which diverges at infinity. 

The modulus of the gamma function which appears in the expression 
(36.22) for the normalization factor can be expressed in terms of elementary 
functions. Using the familiar properties of gamma functions: 

r(^+l) zT{z), r(*)r(l— ^) =7rlsimrz. 
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we have 

ni+i+i/k) = (i+iik)... a+iik)mni!k), 
Tii+i-tik) = (i-iik)... {i-iik)r{i-iik). 


and also 

|r(Z+i-*7*)| = [r(/+i-z7*)r(Z+i+i7/!)]i/2 



=yinyK)-i. 


Thus 


(36.24) 

for / = 0 the product is replaced by unity. 

The radial function for the special case of zero energy can 
taking the limit k ^0, for which 

be obtained by 


^r^i + Z+l, 2 / + 2 , Ukr'^ -> 2 /+ 2 , likr 


Ir {Irf 

(2/ + 2).l! (2/+2)(2/ + 3).2! 

= (2/+1)! (2r)-'-i/2/2i+i(\/(8r)),' 


where /oz+i is a Bessel function. The coefficients (36.24) for A: -> 0 
become 

Cu « 

Hence 

[^kil Vk]k^o = 'v/(477/r)/2j+i(\/(8r)). (36.25) 

The asymptotic form of this function for large r isf 

[Rkil Vk]k-o = (8/r3)i/4 sin (^(8r) -Irr- irr). (36.26) 

The factor -s/k disappears if we change to normalization on the energy scale, 
i.e. from the functions R/a to Rei given by (33.5); the latter remains finite as 
E ->0. 

t It may be noted that this function corresponds to the quasi-classical approximation (§49) 
applied to motion in the region (/ + i)“ r <g 
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In a repulsive Coulomb field [U — ajr) there is only a continuous spectrum 
of positive eigenvalues of the energy. Schrodinger’s equation in this field 
can be formally obtained from the equation for an attractive field by changing 
the sign of r. Hence the wave functions of the stationary states are found 
immediately from (36.18) by the same alteration. The normalization co¬ 
efficient is again determined from the asymptotic expression, and as a result 
we obtain 


Rkl = 


Cki 


( 2 /+ 1 )! 

Cki = 2ke-”l^\ril+l+ilk)\ 


{2kr)¥'‘^F(ilk+l+l, 21+2, -2ikr), 


V(8 


a-,n7('4> 


^(e^n/k_ 

The asymptotic expression for this function for large r is 

2 . / 1 \ 

Rkl ^ - sini kr —log2fer—^m+Sj ), 
r \ k / 

8, = argr(/+l-l-i7A). 


(36.27) 


(36.28) 


The nature of the Coulomb degeneracy 

In classical motion of a particle in a Coulomb field, there is a conservation 
law peculiar to this type of field; if the field is an attractive one, 

A = r/r —pxl = constant (36.29) 

(see Mechanics, §15). In quantum mechanics, the corresponding operator is 

A = r/r —^(p xi—I xp), (36.30) 

and is easily seen to commute wdth the Hamiltonian H — — 1/r. 

Direct calculation gives the following commutation rules for the operators 
Ai with one another and with the angular momentum operators: 

{iuAk] = ieikiAi, {Ai,Ak} = -liHeaih. (36-31) 

The non-commutativity of the At means that the quantities Ax, Ay, Az 
cannot simultaneously have definite values in quantum mechanics. Any one 
of the operators, say Az, commutes with the corresponding angular momen¬ 
tum component 4, but not with the squared angular momentum operator F. 
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The existence of a further conserved quantity, which cannot be measured 
simultaneously with the others, leads (see §10) to an additional degeneracy 
of the levels, and this is the “accidental” degeneracy of the discrete energy 
levels, peculiar to the Coulomb field. 

The origin of this degeneracy may also be formulated in terms of the 
increased symmetry of the Coulomb problem in quantum mechanics, in 
comparison with the symmetry relative to spatial rotations (V. A. Fok 1935). 
For this purpose we note that, in discrete-spectrum states with a fixed 
negative energy, we can replace H on the right of the second equation (36.31) 
by E, and use instead of the Ai the operators ui = Ail\/{ — 2E). The com¬ 
mutation rules for these operators are 

{k, u/c} = iemiii, {“t. = iencih. (36.32) 

These, together with the rule {It, 1*} = ietkih, are formally identical with 
the commutation rules for the operators of infinitesimal rotations in four¬ 
dimensional Euclidean space.This is the symmetry of the Coulomb 
problem in quantum mechanics.| 

From the commutation rules (36.32) we can again derive an expression for 
the energy levels in a Coulomb field.]j They can be rewritten by using 
instead of i and u the operators 

Ji = |(l4-U), J2 = K1 -u). (36.33) 

For these, 

{JiuJik} = ieiicijii, {j2uj2k} = ieikihi’ {/li.ia*} = 0. (36.34) 

These are formally identical with the commutation rules for two independent 
three-dimensional angular momentum vectors. The eigenvalues of and 

jV are therefore1) and; 2 (i 2 + 1), whereji ,;2 = 0, 1, |. tt 

other hand, the definition of the operators u and 1 = r x p shows by a simple 
calculation that 


1 . u = u . i = 0 , 


t Here /x, /y. h represent the operators of infinitesimal rotations in the yz, zx and xy planes 
in four-dimensional Cartesian coordinates jf, y, z^ w, Ux, Uy, w* are the operators of infinitesimal 
rotations in the xu, yii and zii planes. 

X The symmetry appears explicitly in the wave functions in the momentum representation: 
see V. A. Fok, Zeitschrift fur Physik 98» 145, 1935. 

II This derivation is essentially as given by W. Pauli (1926). 
ft Here we anticipate the properties of the angular momentum that are to be described in 
§S4 (the possibility of integral and half-integral j). 
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i2 + u2 = -1 - J_ 

2E 

A 

with H again being replaced by E in calculating 12 + u2. Hence 

(where j s ]\ = and then E = - 1/2(2; + 1)2. With the notation 

2; + l = n, n = 1, 2, 3, (36.35) 


we get the required result £■ = l/2w2. The degree of degeneracy of thejevels 
is(2;i+1)(2;2+1) = (2; 4 -1)2 = «2^ as it should be. Lastly, since 1 = ji+j 2 , 
for a given value of;i = jz = |(n — 1) the orbital angular momentum I takes 
values from 0 to 2; = w — 1 .f 


PROBLEMS 

Problem 1. Determine the probability distribution of various values of the momentum 
in the ground state of the hydrogen atom. 

Solution.! The wave function of the ground state is (t = RioYoo = (l/y/wle"'. The 
wave function of this state in the p representation is then given by the integral 

fl(p) = j '‘■'dl’ 

(see (15.10)). The integral is calculated by changing to spherical polar coordinates with the 
polar axis along p; the result is 


■f The “accidental” degeneracy of levels with different values of I occurs also for motion 
in a centrally symmetric field U = JmwV* (a three-dimensional oscillator; see §33, Problem 
4). This degeneracy is likewise due to the extra symmetry of the Hamiltonian. In this case, 
the symmetry arises because in ^ = ^®/2wi4-Jniw*r* both the operators p, and the coordi¬ 
nates xt occur as sums of squares. If they are replaced by the operators 

, _ muiXi + tpi 


we obtain 


mwXi — zpi 


H = t:w[a*. a-l-J]. 

This is invariant under any unitary transformations of the operators a, and ai forming a 
group that is wider than that of the three-dimensional rotations (under which the particle 
Hamiltonian is invariant in anv centrally symmetric field). 

The specific propertv of the Coulomb and oscillator fields in quantum mechanics (presence 
of accidental degeneracy) is in correspondence with die fact that in classical mechanics closed 
particle trajectories exist in these (and only these) fields. 

J In Problems 1 and 2. atomic units are used. 
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fl(p) = 


(1 +p^Y' 


and the probability density in p-space is |a(p)i*/(27T)'. 

Problem 2. Determine the mean potential of the field created by the nucleus and the 
electron in the ground state of the hydrogen atom. 

Solution. The mean potential 4‘t created by an “electron cloud” at an arbitrary point r 
is most simply found as the spherically symmetric solution of Poisson’s equation with charge 
density p = 


I d- 
r dr- 


Integrating this equation, and choosing the constants so that ^e(O) is finite and ^e(oo) = 0, 
and adding the potential of the field of the nucleus, we obtain 



For r 1 we have ^ «s l/r (the field of the nucleus), and for r ^ 1 the potential ^ as e 
(the nucleus is screened by the electron). 


0(r) 



Problem 3. Determine the energy levels of a particle moving in a centrally symmetric 
field with potential energy V = Ajr^—Blr (Fig. 11). 

Soi.jUTlON. The spectrum of positive energy levels is continuous, while that of negative 
levels is discrete; we shall consider the latter. Schrodinger’s equation for the radial function is 


2dR 2m/ 

-+--+—( E- 

dr^ r dr h^\ 


\ A B\ 


R 


= 0 . 


( 1 ) 


We introduce the new variable 


and the notation 


p = 2^/(— 2mE)Tih, 


Then equation (1) takes the form 


2mAlh^+l(l+\) =i(i+l). 

B \ ‘{ml—2E):h = n. 


( 2 ) 

(3) 



128 Motion in a Centrally Symmetric Field §37 

which is formally identical with (36.4). Hence we can at once conclude that the solution 
satisfying the necessary conditions is 

R = p*e-»'^f(-n+j+I, 2i+2, p), 

where n—s —1 = p must be a positive integer (or zero), and s must be taken as the positive 
root of equation (2). From the definition (3) we consequently obtain the energy levels 

IB-m 

-E, = --—[2^+1+ V{{2l+iy+»mAlh‘)]-^ 
ir 

Problem 4. The same as Problem 3, but with U = Alr*+Br* (Fig. 12). 

Solution. There is only a discrete spectrum. Schrbdinger’s equation is 

HR 2m r ¥l{l+i) A ' 1 

—+-+— E -- ' -i? = 0. 

dr* r dr 2mr* r* J 


Introducing the variable 


f = V(2mS)r*/7l 



and the notation 

l{l+l)+2mAlti' = 2t(2t+l). 

V(2m/fl)£'/^ = 4(n+j)+3, 

we obtain the equation 

fR"+^R>[r.+r+i-if-r(i+i)/f]i? = 0. 

The solution required behaves asymptotically as e~if when f -+■ co, while for small { it is 
proportional to f*, where j must be taken as the positive quantity 

r = i[-l + v'{(2/+l)»+8m^/ft*}]. 

Hence- we seek a solution in the form 


R = 


obtaining for w the equation 



Motion in a Coulomb field 


129 


§37 

wbcQce 




where n must be a non-negative integer. We consequently find as the energy levels the infinite 
aet of equidistant values 

=*VW2m)t4«+2+V{(2/-H)'+8m^/^*}].n =0,1.2,... 


§37. Motion in a Coulomb field (parabolic coordinates) 

The separation of the variables in Schrodinger’s equation written in 
spherical polar coordinates is always possible for motion in any centrally 
symmetric field. In the case of a Coulomb field, the separation of the variables 
is also possible in what are called parabolic coordinates. The solution of the 
problem of motion in a Coulomb field in terms of parabolic coordinates is 
useful in investigating a number of problems where a certain direction in 
space is distinctive; for example, for an atom in an external electric field 
(see §77). 

The parabolic coordinates jj, <f> are defined by the formulae 
X = V{^v)^os4>, y = z = 

r = = U^+v)> 

or conversely 

f = r+z, T] = r—z, <j> - tan-i(y/*); 

^ and T] take values from 0 to oo, and <f> from 0 to Ztt. The surfaces f = 
constant and t] = constant are paraboloids of revolution about the x-axis, 
with focus at the origin. This system of coordinates is orthogonal. The 
element of length is given by the expression 


} (37.1) 
(37.2) 


m = 




(dOH 


4y 


(dy)®+fy(d^)*, 


and the element of volume is 

dT = i(f+’?)dfd,d^. 

From (37.3) we have the Laplacian operator 

4 rS / d\ d / ^\”| 1 8^ 


(37.3) 


(37.4) 


(37.5) 


Schrodinger’s equation for a particle in an attractive Coulomb field with 
U = —1/r = —Zjl^ + T]) is 
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(37.6) 


Let us seek the eigenfunctions tp in the form 




(37.7) 


where m is the magnetic quantum number. Substituting this expression in 
equation (37.6) multiplied by i(^+7j), and separating the variables ^ and tj, 
we obtain for /i and /a the equations 




(37.8) 


where the separation parameters ^2 are related by 


jSi+i9a = 1. 


(37.9) 


Let us consider the discrete energy spectrum {E < 0). We introduce in 
place of E, yj the quantities 

« = l/V(-2£), Pi =fV(-2£) =f/n, p* = (37-10) 

I 

whereupon we obtain the equation for /i 


—+— —+ r I I ^ + ^ 

dpi* p, dpi L Pi\ 2 



(37.11) 


and a similar equation for f 2 , with the notation 

«i = -KI'"l + l)+wiSi, n* = -Khl + l)+«^z- (37.12) 

Similarly to the calculation for equation (36.4), we find that /j behaves as 
fi-ipi for large pj and as Pi*'™' for small pj. Accordingly, we seek a solution 
of equation (37.11) in the form 

fiiPi) = 

and similarly for obtaining for wi the equation 

Pi«>i"+i\fn\ + f—Pi)«>i+^i^i = 0 - 

This is again the equation for a confluent hypergeometric function. The 
solution satisfying the conditions of finiteness is 

wi = F(—n^, |m|4-l. Pi), 

where wi must be a non-negative integer. 
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Thus each stationary state of the discrete spectrum is determined in para¬ 
bolic coordinates by three integers: the parabolic quantum numbers n\ and 
W 2 , and the magnetic quantum number m. For w, the principal quantum 
number, we have from (37.9) and (37.12) 

n = ni+n^-\-\m\ + \. (37.13) 

For the energy levels, of course, we obtain our previous result (36.9). 

For given n, the number \m\ can take n different values from 0 to w —1. 
For fixed n and \m\ the number n^ takes n — \m\ values, from 0 to w — [mj —1. 
Taking into account also that for given \m \ we can choose the functions with 
m — ±|?m|, we find that for a given n there are altogether 

2 S (K-m)+(n-0) = n* 

fn—1 

different states, in agreement with the result obtained in §36. 

The wave functions ipntnim of the discrete spectrum must be normalized 
by the condition 

J dV = i JJj’ d^td^d^ = 1. (37.14) 

0 0 0 


The normalized functions are 


where 


4'nn^m — ^/n. 



V(27r)’ 


(37.15) 


fvm{p) — 



P'- 


(37.16) 


The wave functions in parabolic coordinates, unlike those in spherical 
polar coordinates, are not symmetrical about the plane a: = 0. For wi > W 2 
the probability of finding the particle in the direction a > 0 is greater than 
that for a < 0, and Z’ice versa for m < n9. 

To the continuous spectrum {E > 0) there corresponds a continuous spec¬ 
trum of real values of the parameters in equations (37.8) (connected as 

before, of course, by the relation (37.9)). We shall not pause to write out here 
the corresponding wave functions, since it is not usually necessary to employ 
them. Equations (37.8), regarded as equations for the “eigenvalues” of the 
quantities /Si, /S 2 , have also (for F > 0) a spectrum of complex values. The 
corresponding vvave functions are written out in §135, where we shall use 
them to solve a problem of scattering in a Coulomb field. 

The existence of stationary states [niH 2 >ny leads to an additional conser¬ 
vation law (36.29). In these states, the quantities = m and Az, as well as 
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the energy, have definite values. Calculating the diagonal matrix elements of 
the operator Az, we find that 


Az = (Wi-M2)/w. 


(37.17) 


Here Uz = wi — no, and the components of the “angular momenta” ji and jo 
are 


jlz = Um+ni-no) = 
hz ~ \{m — ni-\-n^ = fX2- 


(37.18) 


These properties of the states \ninomy (or, equivalently, |«;Lti;U 2 » make it 
easy to establish the relation between their wave functions and those of the 
states \nlmy. Since 1 = ji+j 2 , the change from one of these descriptions to 
the other is essentially the construction of wave functions with addition of 
two angular momenta, discussed in §106. In terms of the “angular momenta” 
ji and j 2 , the states \nlmy and \ninom') are described as \j 1 j 2 lmy and \jij 2 tJ-ii^ 2 y, 
where, from (36.35) and (37.13), 

;i =h = K”-i) = K”i + ”2 + |w|). 

According to the general formulae (106.9)-(106.11), 

4‘nlm — 

n-l 

2 <'' H-l+F2\f^lH-2y'pnlm 

J=0 


(37.19) 


(37.20) 


(D. Park 1960). 
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PERTURBATION THEORY 


§38. Perturbations independent of time 

The exact solution of Schrodinger’s equation can be found only in a com¬ 
paratively small number of the simplest cases. The majority of problems 
in quantum mechanics lead to equations which are too complex to be solved 
exactly. Often, however, quantities of different orders of magnitude appear 
in the conditions of the problem; among them there may be small quantities 
such that, when they are neglected, the problem is so much simplified that its 
exact solution becomes possible. In such cases, the first step in solving the 
physical problem concerned is to solve exactly the simplified problem, and 
the second step is to calculate approximately the errors due to the small terms 
that have been neglected in the simplified problem. There is a general 
method of calculating these errors; it is czWtAperturbation theory. 

Let us suppose that the Hamiltonian of a given physical system is of the 
form 

where T is a small correction (or perturbation) to the unperturbed operator 
In §§38, 39 we shall consider perturbations T which do not depend explicitly 
on time (the same is assumed regarding also). The conditions which are 
necessary’ for it to be permissible to regard the operator T as “small” com¬ 
pared with the operator i? will be derived below. 

The problem of perturbation theory for a discrete spectrum can be formu¬ 
lated as follows. It is assumed that the eigenfunctions and eigenvalues 

of the discrete spectrum of the unperturbed operator are known, i.e. 

the exact solutions of the equation 

(38.1) 

are known. It is desired to find approximate solutions of the equation 

= E4,, (38.2) 

i.e. approximate expressions for the eigenfunctions and eigenvalues £■„ of 
the perturbed operator i?. 

In this section we shall assume that no eigenvalue of the operator is 
degenerate. Moreover, to simplify our results, we shall at first suppose that 
there is only a discrete spectrum of energy levels. 

The calculations are conveniently performed in matrix form throughout. 
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To do this, we expand the required tunction i/j in terms of the functions 

4 > = (38,3) 

Substituting this expansion in (38.2) we obtain 

multiplying both sides of this equation by and integrating, we find 

= S (38.4) 

Here we have introduced the matrix of the perturbation operator P", 
defined with respect to the unperturbed functions 

Vkm = j (38.5) 

We shall seek the values of the coefficients c„ and the energy E in the form 

of series 


E = £(o)+Ea)4.jr(a+ ^ .... 

where the quantities and are of the same order of smallness as the 
perturbation P", the quantities and are of the second order of small¬ 
ness, and so on. 

Let us determine the corrections to the wth eigenvalue and eigenfunction, 
putting accordingly = 1, = 0 for m # w. To find the first approxi¬ 
mation, we substitute in equation (38.4) E = 4-£■„<*>, 

and retain only terms of the first order. The equation with k = n gives 

= V„„= j dq. (38.6) 


Thus the first-order correction to the eigenvalue is equal to the mean 
value of the perturbation in the state 
The equation (38.4) with k ^ n gives 

= F,J(£„«»-£,«») for k^r, (38.7) 


while remains arbitrary; it must be chosen so that the function = 
0„(O) + 0„(i) is normalized up to and including terms of the first order. For 
this we must put = 0. For the functions 




£#))_£ ( 0 )^ 
"jn 


(0) 


(38.8) 


(the prime means that the term with m = n is omitted from the sum) are 
orthogonal to and hence the integral of differs from unity 

only by a quantity of the second order of smallness. 
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Formula (38.8) determines the correction to the wave functions in the first 
approximation. Incidentally, we see from this formula the condition for the 
applicability of the above method. This condition is that the inequality 

I (38.9) 


must hold, i.e. the matrix elements of the perturbation must be small com¬ 
pared with the corresponding differences between the unperturbed energy 
levels. 

Next, let us determine the correction to the eigenvalue in the second 
approximation. To do this, we substitute in (38.4) E = 

Ctt = and examine the terms of the second order of small¬ 

ness. The equation with k — n gives 


whence 


V (2), (0) = v.' y w 





W I* 

I ' fn«| 

E (o)_ p (0) 


(38.10) 


(we have substituted from (38.7), and used the fact that, since the 
operator P" is Hermitian, V^n = Vnm*)- 

We notice that the correction in the second approximation to the energy 
of the normal state is always negative; for, since then corresponds to 
the lowest value of the energy, all the terms in the sum (38.10) are negative. 

The further approximations can be calculated in a similar manner. 

The results obtained can be generalized at once to the case where the 
operator has also a continuous spectrum (but the perturbation is applied, 
as before, to a state of the discrete spectrum). To do so, we need only add to 
the sums over the discrete spectrum the corresponding integrals over the 
continuous spectrum. We shall distinguish the various states of the continu¬ 
ous spectrum by the suffix v, which takes a continuous range of values; by v 
we conventionally understand an assembly of values of quantities sufficient 
for a complete description of the state (if the states of the continuous spec¬ 
trum are degenerate, which is almost always the case, the value of the energy 
alone does not suffice to determine the state).f Then, for instance, we must 
write instead of (38.8) 


w» - 2 


V„ 






r 

J 


V-™ dv, 


(38.11) 


and similarly for the other formulae. 

It is useful to note also the formula for the perturbed value of the matrix 
element of a physical quantity f, calculated as far as terms of the first order 
by using the functions f,, = -t-with given by (38.8). The 


t Here the wave functions must be normalized by delta functions of the 


quantities v. 
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following expression is easily obtained; 


§38 


/nm —/nm®+ 




E «B —EJW 

h 




(38.12) 


In the first sum k ^ n, while in the second k 


PROBLEMS 

Problem 1. Determine the correction in the second approximation to the eigen¬ 
functions. 

Solution. The coefficients c**** (k ^ n) are calculated from equations (38.4) with k ^ n, 
written out up to terms of the second order, and the coefficient c„<*> is chosen so that the 
function is normalized up to terms of the second order. As a result 

we find 


w "=22 


v' 




1^ 


where we have introduced the frequencies 


a.,„ = (E„«»-Ejo‘);n 

Problem 2. Determine the correction in the third approximation to the eigenvalues of the 
energy 

Solution. Writing out the terms of the third order of smallness in equation (38.4) with 
k = n, vie obtain 








Problem 3. Determine the energy levels of an anharmonic linear oscillator whose Hamil¬ 
tonian is 

J-1 = lp^lm+ l,mx^w^ + ax^ + 

Solution. The matrix elements of x® and *• can be obtained directly according to the 
rule of matrix multiplication, using the expression (23.4) for the matrix elements of *. We 
find for the matrix elements of *’ that are not zero 


= (**)»..-, =(*/">wP'V[in(n-l)(a-Z)]. 

I**).-.,. = = (*/ma,)’'»v'(M8). 

The diagonal elements in this matrix vanish, so that the correction in the first approximation 
due to the term etx* in the Hamiltonian (regarded as a perturbation of the harmonic oscillator) 
is zero. The correction in the second approximation due to this term is of the same order as 
that in the first approximation due to the term ^x*. The diagonal matrix elements of x* are 

(adln.n = (ft.'maj)* . J(2n*-)-2n-(-l). 


Using the general formulae (38.6) and (38.10), we find the following approximate expression 
for the energy levels of the anharmonic oscillator: 


15 o* / A \’/ Il\ 3 / ft . 

=ftw(n+J)---(-) + 
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Problem 4. A spherical potential well with infinitely high walls is subjected to a small 
deformation (without change of volume) which gives it the form of a slightly prolate or 
oblate spheroid with semi-axes a = b and c. Find the splitting of the energy levels of a particle 
in the deformed well (A. B. Migdal 1959). 

Solution. The equation of the well boundary is 

Jc 2 + y 2 22 

—^ + — = 1 , 

and by the change of variables x -»• axjR, y ->■ ayjR, z -»czjR it is converted into 
x*+y* + z^ = R*, the equation of a sphere with radius R. The same change of variables 
converts the Hamiltonian of the particle, f} = p’/2jVf = —h^hjlM (where M is the mass of 
the particle and the energy is measured from the bottom of the well) into /? = /?o+ I^, where 

Ha = -h‘t\l2M, 

2/V/L\a'* JVx^ dyV J Sz^J 

Thus the problem of motion in an ellipsoidal well reduces to that of motion in a spherical 
well. If the ellipsoid is almost a sphere of radius R = V may be regarded as a small 

perturbation. If the ellipsoidality ^ (|^| 1) is defined by 

a==R(l-m. c:^R{l+iP), 

the perturbation operator may be written 

f' = 0/3A/Xp“-3^.2). 


In the first order of perturbation theory, the change in the energy levels of the particle from 
their values in the spherical well is 


AFnIm — Hnlm — 

= <«/m|F|n/m>, 

where / and m are the angular momentum of the particle and its component along the axis of 
the spheroid; n numbers the levels in the spherical well for a given /, which are independent 
of m. Since p* —is the za-componeht of an irreducible tensor, Sutp* — ‘ipipk, with zero 
trace, we find from (107.2) and (107.6) that the matrix element <(n/m| F|nZm> is proportional to 

(-ir( ‘ I 

\ — m U my 

and therefore 


<:nlm\V\nlmy = ^1 - -^j<„Z0|F|nZ0). 

A table of Sj-symbols is given in §106. 

Next, 


<«/0|F|nZ0> = + ^<i„l0 — nl0y 

M dz^ 




_ r ' Sili-ng l'- 
^M} ■ dz ' 


r2 dr do, 


in the first term we have used Schrodinger’s equation for a spherical well. 
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and in the second term integrated by parts. With Yi^ in the form (28.11), we find the deriva¬ 
tive of ijiniii — Rni(r)Yu(6,<f>) to be 

d , t „c sin e c \ , 

—vnia = cos ti- -— )0„,o 

cz \ cr r cOf 


^ -- f fi ■ _ \ y 

[4(/+1)2-1]1'2 V r 7 

+ - - - (K,' + —0- 

[4/2-l]>/H r / 

The radial integrals are calculated by means of the formulae 


J RniRvi' r dr 
0 



‘ 2M 

dr = _/(/+!) 


CD 

I f?,, 


,2 dr, 


which are derived by integrating by parts and using the radial Schrodinger’s equation (33.3) 

„ 2„ . /(/+1)d 2M_ 

Rni -\--Rui - - - ' Rni = —^ 
r r‘ n2 

The terms containing integrals of Rni* cancel, and the final result is 

Note that 

y Rnlm = 

21 +1 ^ 


i.e. the “centre of gravity” of the multiplet is not shifted. 


§39. The secular equation 

Let us now turn to the case where the unperturbed operator i?o has de¬ 
generate eigenvalues. We denote by ••• eigenfunctions be¬ 

longing to the same eigenvalue of the energy. The choice of these func¬ 
tions is, as we know, not unique; instead of them we can choose any s (where 
s is the degree of degeneracy of the level Independent linear combina¬ 

tions of these functions. The choice ceases to be arbitrary, however, if we 
subject the wave functions to the requirement that the change in them under 
the action of the small applied perturbation should be small. 

At present we shall understand by — some arbitrarily selected 

unperturbed eigenfunctions. The correct functions in the zeroth approxima¬ 
tion are linear combinations of the form 





§39 The secular equation 139 

The coefficients in these combinations are determined, together with the 
corrections in the first approximation to the eigenvalues, as follows. 

We write out equations (38.4) with k = n, n , ... , and substitute in them, 
in the first approximation, E — for the quantities it suffices 

to take the zero-order values ... ; = 0 for m ^ n, 

n' . We then obtain 

FdV (0) = y 1/ ,c ,(o) 

It' 

or 

=0, (39.1) 

where n, n' take all values denumerating states belonging to the given un¬ 
perturbed eigenvalue This system of homogeneous linear equations 

for the quantities has solutions which are not all zero if the determinant 
of the coefficients of the unknowns vanishes. Thus we obtain the equation 

=0. (39.2) 

This equation is of the jth degree in E^^'> and has, in general, s different real 
roots. These roots are the required corrections to the eigenvalues in the first 
approximation. Equation (39.2) is called the secular equatton.'f We notice 
that the sum of its roots is equal to the sum of the diagonal matrix elements 
Vnn, ••• (^^is being the coefficient of in the equation). 

Substituting in tu’-n the roots of equation (39.2) in the system (39.1) and 
solving, we find the coefficients and so determine the eigenfunctions 
in the zeroth approximation. 

As a result of the perturbation, an originally degenerate energy level 
ceases in general to be degenerate (the roots of equation (39.2) are in general 
distinct); the perturbation removes the degeneracy, as we say. The removal 
of the degeneracy may be either total or partial (in the latter case, after the 
perturbation has been applied, there remains a degeneracy of degree less than 
the original one). 

It may happen that for some reason all the matrix elements are particularly 
small (or even zero) for transitions within a group of mutually degenerate 

states n, n' .It may then be useful to take into account not only in the first 

order the matrix elements but also in the higher orders the matrix 

elements V„„i (in # w, ...) for transitions to states with a different energy. 
Let us do this for the matrix elements F„in in the second order. 

In equation (38.4) with k = n we put on the left E = (retaining 

the notation for the correction to the energy in the approximation 
considered), and replace Cn by Since Onf®' = 0 for all m ^ n, n', ..., we 
have 


m 




(39.3) 


TTie name is taken from celestial mechanics. 
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The equations (38.4) with k = m ^ n, n \.. give as far as the first-order terms 


whence 


n‘ 


o(l) = 


2 




..( 0 ). 


Substitution in (39.3) gives 


£(l)c„( 0 ) = y c„.( 0 ) ( J/^„. + y _VmnVr^\ 


These equations replace (39.1); the condition for them to be compatible 
again leads to the secular equation, which differs from (39.2) by the change 


T/ , ^^nm^mn- 


(39.4) 


PROBLEMS 

Problem 1. Determine the corrections to the eigenvalue in the first approximation and 
the correct functions in the zeroth approximation, for a doubly degenerate level. 

Solution. Equation (39.2) here has the form 

I I ^ 

(the suffixes 1 and 2 correspond to two arbitrarily chosen unperturbed eigenfunctions 
and ^ 12 *“) of the degenerate level in question). Solving, we find 


~ iKEii+lzs) ± (1) 

with the notation 


= -v/lfFii-E22)2 + 4 ]Ki2|®} 


for the difference between the two values of the correction EU). Solving also equations (39.1) 
with these values of £'*>, we obtain for the coefficients in the correct normalized function in 
the zeroth approximation, +c,<'’>^ 2 <”l, the values 


Cl 


C2 


(0) _ J fl 

, Eii-EzalT'S 

l2|Ei2| L 

_Jj 

(0) _ + 1 


“ l2|Ei2l 

L *wiii Jj 


( 2 ) 


Problem 2. Derive the formulae for the correction to the eigenfunctions in the first 
approximation and to the eigenvalues in the second approximation. 

Solution. We shall suppose that the correct functions in the zeroth approximation are 
chosen as the functions The matrix V„„. defined with respect to these is clearly diagonal 
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with respect to the suffixes n, n (belonging to the same group of functions of a degenerate 
level), and the diagonal elements V„„, V„.^, are equal to the corresponding corrections 
£■„<*>, £„,<*>, ... in the first approximation. 

Let us consider a perturbation of the eigenfunction so that in the zeroth approxima¬ 
tion E = £■„<“), = 1. Cm<“> = 0 for m n. In the first approximation F = fin'O'-t- 

c, = 1 c„ = cj‘l. We write out from the system (38.4) the equation with k ^ n, n ,..., 

retaining in it terms of the first order; 

(£„«-£.«»)c,<« = = F,„, 

whence 

tt'" = FtJ(£„«»-E^'®) for k^n, .. (1) 

Next we write out the equation with k = n, retaining in it terms of the second order: 

= F„-„- S' 


(the terms with m = n, n, ... are omitted in the sum over m). Substituting £■„<*> = F„„ and 
the expression (1) for Cm**', we obtain for n' s* n 

= - > —^ ( 2 ) 

F„„-F„ „' ^ £„»'-£■ jw 

(In this approximation the coefficient f„<>> is zero.) Formulae (1) and (2) determine the 
correction to the eigenfunctions in the first approximation.f 

Finally, writing out the second-order terms in equation (38.4) with k — n, v/t obtain for 
the second-order corrections to the energy the formula 




=z 


V V 

' nn* mn 


(3) 


which IS formally identical with (38.10). 

Problem 3. At the initial instant t = 0, a system is in a state which belongs to a 
doubly degenerate level. Determine the probability that, at a subsequent instant t, the 
system will be in the state with the same energy; the transition occurs under the action 
of a constant perturbation. 

Solution. We form the correct functions in the zeroth approximation. 


•I = >k' = 


where Cj, c,; Cj', c,' are two pairs of coefficients determined by formulae (2) of Problem 
(for brevity, we omit the index on all quantities). 

Conversely, 


(t, = 


CiCj C| Cj 


1 


The functions ip and ip' belong to states with perturbed energies £-!-£<'• and £-!-£(’•', where 
£•*' and £•*> are the two values of the correction (1) in Problem 1. On introducing the time 
factors we pass to the time-dependent wave functions: 




t Note that the condition for the quantities (1) and (2) to be small (and therefore the condi- 
^method of perturbation theory to be applicable) again requires the conditions 
(^8.9) to be satisfied only for transitions between states belonging to different energy levels* 
Transitions between states belonging to the same degenerate level are taken into account 
exactly (in a certain sense) by the secular equation. 
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(at time f = 0, 'F, — Finally, again expressing 0, in terms of we obtain Vj 

as a linear combination of and with coefficients depending on time. The squared modu¬ 
lus of the coefficient of determines the required transition probability ztgi. Calculation 
with (1) and (2) from Problem 1 gives 


We see that the probability varies periodically with time, with frequency 

For times t which are small compared with the period in question, the expression in the 
braces, and therefore proportional to f*: This formula can be very 

simply obtained by the method given in the next section (using equation (40.4)). 


§40. Perturbations depending on time 

Let us now go on to study perturbations depending explicitly on time. We 
cannot speak in this case of corrections to the eigenvalues, since, when the 
Hamiltonian is time-dependent (as will be the perturbed operator = ^o + 
the energy is not conserved, so that there are no stationary states. 
The problem here consists in approximately calculating the wave functions 
from those of the stationary states of the unperturbed system. 

To do this, we shall apply a method analogous to the well-known method 
of varying the constants to solve linear differential equations (P. A. M. Dirac 
1926). Let be the wave functions (including the time factor) of the 
stationary states of the unperturbed system. Then an arbitrary solution of the 
unperturbed wave equation can be written in the form of a sum T = 

We shall now seek the solution of the perturbed equation 

ih dWjdt = (i?o+ (^0-1) 

in the form of a sum 

T = |fl,(t)TV''), (40.2) 

where the expansion coefficients are functions of time. Substituting (40.2) 
in (40.1), and recalling that the functions satisfy the equation 

ih 

we obtain 



Multiplying both sides of this equation on the left by and integrating, 

we have 


ih 


da. 


dt 



(40.3) 
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Vmuit) = J d5 

= Oimk = 




are the matrix elements of the perturbation, including the time factor (and 
it must be borne in mind that, when V depends explicitly on time, the quanti¬ 
ties also are functions of time). 

As the unperturbed wave function we take the wave function of the wth 
stationary state, for which the corresponding values of the coefficients in 
(40.2) are = 1, = 0 for k ^ n. To find the first approximation, 

we seek in the form substituting on the 

right-hand side of equation (40.3), which already contains the small quantities 
This gives 

«Adfl,<«/d/ = n„(0- (40.4) 


In order to show the unperturbed function to which the correction is being 
calculated, we introduce a second suffix in the coefficients a^, writing 

= p,„(/)'F,«>'. 

Accordingly, we write the result of integrating equation (40.4) in the form 


= -m) / VUt) dt = -iHh) I df. (40.5) 


This determines the wave functions in the first approximation. 

Let us now consider in more detail the important case of a perturbation 
which is periodic with respect to time, of the form 

(> = q. _ (40.6) 

where E and (? are operators independent of time. Since E is Hermitian, 
we must have 


Ee twt ^ ^ ^^ ~{ijt 


whence (? = F+, i.e. 


Gjjjn — 


(40.7) 


This relation shows that 

Ffcn(i) = 4- 


(40.8) 
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Substituting in (40.5) and integrating, we obtain the following expression for 
the expansion coefficients of the wave functions; 




(40.9) 


These expressions are applicable if none of the denominators vanishes,f i.e. 
if for all k (and the given n) 

# ±hw. (40.10) 


In a number of applications it is useful to have expressions for the matrix 
elements of an arbitrary quantity /, defined with respect to the perturbed 
wave functions. In the first approximation we have 


where 


I 


/„ J»(f) = J d?. 


Substituting here = "Z with determined by formula 

(40.9), it is easy to obtain the required expression 


/nJ«(0 




= ^ IP 

4 ^ (Lh{w^„—w) h[u}^„+oj) 


km 

+ 




+ 


[ 




+ 


h{0Jkm+<^) h{(jJ^„ — Oj) 




(40.11) 


This formula is applicable if none of its terms becomes large, i.e. if none of 
tbe frequencies wkn, o>km is too close to co. For to = 0 we return to formula 
(38.12). 

In all the formulae given here, it is understood that there is only a discrete 
spectrum of unperturbed energy levels. However, these formulae can be 
immediately generalized to the case where there is also a continuous spectrum 
(as before, we are concerned with the perturbation of states of the discrete 
spectrum); this is done by simply adding to the sums over the levels of the 
discrete spectrum the corresponding integrals over the continuous spectrum. 
Here it is necessary for the denominators aifc„±c(j in formulae (40.9), (40.11) 
to be non-zero when the energy f**®' takes all values, not only of the discrete 
but also of the continuous spectrum. If, as usually happens, the continuous 


t More precisely, if none is so small that the quantities fli-n'*' are no longer small compared 
with unity. 
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spectrum lies above all the levels of the discrete spectrum, then, for instance, 
the condition (40.10) must be supplemented by the condition 

> hw, (40.12) 

where the energy of the lowest level of the continuous spectrum. 


PROBLEM 

Determine the change in the nth and mth solutions of Schrodinger’s equation in the 
presence of a periodic perturbation (of the form (40.6)), of frequency w such that 
= ^(tij+e), where « is a small quantity. 

Solution. The method developed in the text is here inapplicable, since the coefficient 
in (40.9) becomes large. We start afresh from the exact equations (40.3), with K„j(t) 
given by (40.8). It is evident that the most important effect is due to those terms, in the 
sums on the right-hand side of equations (40.3), in which the time dependence is determined 
by the small frequency —tu. Omitting all other terms, we obtain a system of two equa¬ 
tions: 

ihdajdl = 


We make the substitution 


= bfi 


and obtain the equations 


illd„ = F„„b^, = F„„‘a„- 


Eliminating we have 


in-iib„+\F„„\-b„'tF = 0 . 


We can take as two independent solutions of these equations 

a„ = .de'V a„ = — 

and 


(1) 

( 2 ) 


where A and B are constants (which have to be determined from the normalization condition), 
and we have used the notation 


*1 = — + O, a2 = le + fl, 

O = V(1c2+i,|2). , = F„,„ih. 

Thus, under the action of the perturbation, the functions become + 

with and given by (1) and (2). 

Let the system be in the state at the initial instant (t = 0). The state of the system 

at subsequent instants is given by a linear combination of the two functions which we have 
obtained, which becomes for f ss 0; 

ei^mfcos n/~^sin QA'fV0>-(i^*/Qy-><«/2 sin Q/. T„(0). 


(3) 
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The squared modulus of the coefficient of is 

1^,(1 - cos 20/) (4) 


This gives the probability of finding the system in the state Tnf") at time 1. We see that it is a 
periodic tunction with frequency 2f2, and varies from 0 to 
For e = 0 (exact resonance) the probability (4) becomes 

J(1 - cos 21ijj/). 

It varies periodically between 0 and 1; in other words, the system makes periodic transitions 
from the state 'Fm*”’ to the state 


§41. Transitions under a perturbation acting for a finite time 

Let us suppose that the perturbation V(t) acts only during some finite 
interval of time (or that V(t) diminishes sufficiently rapidly as < ± oo). 
Let the system be in the nth stationary state (of a discrete spectrum) before 
the perturbation begins to act (or in the limit as t -»■ — oo). At any subsequent 
instant the state of the system will be determined by the function 

k 


where, in the first approximation. 


J d/ for ft # n. 



(41.1) 


the limits of integration in (40.5) are taken so that, as / ^ - oo, all the 
tend to zero. After the perturbation has ceased to act (or in the limit 
t -^ + oo), the coefficients a<-ri take constant values < 2 i-,(( oo), and the system 
is in the state with wave function 


which again satisfies the unperturbed wave equation, but is different from 
the original function According to the general rule, the squared 

modulus of the coefficient < 2 fc„(oo) determines the probability for the system 
to have an energy i.e. to be in the ftth stationary state. 

Thus, under the action of the perturbation, the system may pass from its 
initial stationary state to any other. The probability of a transition from 
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the initial (zth) to the final (/ th) stationary state isf 

00 

j VAt' . (41.2) 

J I 

— 00 

Let us now consider a perturbation which, once having begun, continues 
to act for an indefinite time (always, of course, remaining small). In other 
words, V{i) tends to zero as / — oo and to a finite non-zero limit as / -> 

-f-oo. Formula (41.2) cannot be applied directly here, since the integral in 
it diverges. This divergence, however, is physically unimportant and can 
easily be removed. To do this, we integrate by parts: 

t t 

' d Vfi e‘<^fd 
dt bcofi 


afi = -- 


Vfie^<^fd dt = — 


Vfje^ 

- 


io )^ 
I _ - 


+ 


The value of the first term vanishes at the lower limit, while at the upper 
limit it is formally identical with the expansion coefficients in formula (38.8); 
the presence of an additional periodic factor is merely due to the fact 
that the a/i are the expansion coefficients of the complete wave function T, 
while the c/i in §38 are the expansion coefficients of the time-independent 
function 0. Hence it is clear that its limit as t -► co gives simply the change 
in the original wave function TV”' under the action of the “constant” pa'^t 
V{ 4- oo) of the perturbation, and consequently has no relation to transitions 
into other states. The probability of a transition is given by the squared 
modulus of the second term and is 


Wfi = 


_i_ r eic,v.« df ^ 

h^COfi^ J dt I 


(41.3) 


The derivation is also valid when the transition is from a state of the discrete 
spectrum to a state of the continuous spectrum. The only difference is that 
here we have the probability of the transition from a given (ith) state to states 
in a range of values of vf (see the end of §38) from v/ to vf+ dv/, so that, for 
example, formula (41.2) must be written 



2 

Vfte^'^rd dt 


dvf. 


(41.4) 


If the perturbation V(t) varies little during time intervals of the order of 
the period l/oj/j- the value of the integral in (41.2) or (41.3) will be very 


Por uniformity, the initial and Rnat states will henceforward be denoted by i and when 
transition probabilities are discussed. The sufHxes of these probabilities will be written in 
the order/<’. the same as for matrix elements. 
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small. In the limit when the applied perturbation varies arbitrarily slowly, the 
probability of any transition with change of energy (i.e. wdth a non-zero 
frequency wji) tends to zero. Thus, when the applied perturbation changes 
sufficiently slowly {adiabatically), a system in any non-degenerate stationary 
state will remain in that state (see also §53). 

In the opposite limiting case of a very rapid, “instantaneous” application of 
the perturbation, the derivatives dVfilet become infinite at the “instant of 
application”. In the integral of {dVfijdt)e^‘^fd, we can take outside the 
integral the comparatively slowly varj'ing factor and use its value at 
this instant. The integral is then found at once, and we obtain 

Wfi ^ \Vfi\^!H^cofi^. (41.5) 

The transition probabilities in instantaneous perturbations can also be 
found in cases where the perturbation is not small. Let the system be in a 
state described by one of the eigenfunctions of the original Hamiltonian 
Ho- If the change in the Hamiltonian occurs instantaneously (i.e. in a time 
short compared with the periods l/co/j of transitions from the given state i 
to other states), then the wave function of the system is “unable” to vary and 
remains the same as before the perturbation. It will no longer, however, be 
an eigenfunction of the new Hamiltonian of the system, i.e. the state 
will not be a stationary state. The probabilities w/i for transitions of 
the system into the new stationary states are determined, according to the 
general rules of quantum mechanics, by the coefficients in the expansion of the 
function in terms of the eigenfunctions ijjf of the Hamiltonian /?: 

^fi = I j cl9|2. (41.6) 

We shall show how this general formula becomes (41.5) if the change 
I^= in the Hamiltonian is small. We multiply the equations 

= Ef,Pf* 

by ipf* and respectively, integrate with respect to q and subtract. 
Using also the self-conjugacy of the operator /?, we obtain 

(£/-£<(«)) J dg = J 4jf*P4>i^^) Aq. 

If the perturbation P’ is small, in the first approximation we can replace 
Ef by the adjoining unperturbed level and the wave function ipf (on 

the right-hand side of the equation) by the corresponding function 
This gives 

,Pf*i}jiW d^ = -J- f dq, 

J J 


and formula (41.6) becomes (41.5). 
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PROBLEMS 

Problem 1. A uniform electric field is suddenly applied to a charged oscillator in the 
ground state. Determine the probabilities of transitions of the oscillator to excited states 
under the action of this perturbation. 

Solution. The potential energy of the oscillator in the uniform field (which exerts a 
force F on it) is 

Lf.v) =: htt(U-x' — Fx 

= lwcu-{.v — .Vu)“ + constant 


(where xo = F ttiaj-), i.e. has still the pure oscillator form but with the equilibrium position 
shifted. Hence the wave functions of the stationary states of the perturbed oscillator are 
ilik{x—xo), where Mx) are the oscillator functions (23.12); the initial wave function is 
i|i'o(ar) (23.13). Using these functions and the expression (23.11) for the Hermite polynomials, 
we find 








with the notation fo = .vov/(muj /i). On integrating k times by parts, the integral On the 
right becomes 


-X 

Thus the transition probability (41.6) is 

toct = f = F^I2mhoJ>. 

As a function of the number k it represents a Poisson distribution for which the mean value 
of k is S. 

Perturbation theory is applicable when F is small, so that k <^1. Then the excitation 
probabilities are small, and decrease rapidly with increasing k. The largest is tUm k. 

In the opposite case of large F{k^ 1), excitation of the oscillator occurs with very high 
probability; the probability that the oscillator will remain in the normal state is tuoo = 

Problem 2. The nucleus of an atom in the normal state receives an impulse which gives 
it a velocity v, the duration t of the impulse is assumed short in comparison both with the 
electron periods and with a, u, where a is the dimension of the atom. Determine the probability 
of excitation of the atom under the influence of such a “jolt” (A. B. Migdal 1939). 

Solution. We use a frame of reference K' moving with the nucleus after the impact. 
By virtue of the condition t ^ ajv, the nucleus may be regarded as practically stationary 
during the impact, so that the coordinates of the electrons in K' and in the original frame K 
immediately after the perturbation are the same. The initial wave function in K' is 


'Pn' = itoe.\p( —iq . 1 r„), q = hiv/A, 

a 

where is the wave function of the normal state with the nucleus at rest, and the summation 
in the exponent is over all Z electrons in the atom. The required probability of transition 
to the fcth excited state is now given, according to (41.6), by 

= 1<*| exp (-iq . E ra)|0>12. 

In particular, if qo 1, then by expanding the exponential factor in the integrand and noting 
that the integral of is zero because the functions 0o and 0* are orthogonal, we obtain 

= |<A|(q . E r<.)|0>|2. 
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Problem 3. Determine the total probability of excitation and ionization of an atom of 
hydrogen which receives a sudden "jolt” (see Problem 2). 

SOLUTIO^J. The required probability can he calculated as the difTerence 

1 - aioo = 1 - I f ' dp p , 

where tCco is the probability that the atom will remain in the ground state (0,, = (Tra®)"*/ 
being the wave function of the ground state of the hydrogen atom, uiih a the llohr radius) 
Calculation of the integral gives 


1 —moo = I — 


In the limiting case ga <^1 this probability tends to zero as g^a^, while for gn ^ 1 it tends to 
unity as 1 —(2/ga)®. 

Problem 4. Determine the probability that an electron will leave the IC-shell of an atom 
with large atomic number Z when the nucleus undergoes i3-decay. The velocity of the 
^-particle is assumed large in comparison with that of the /C-electron (A. B. Migdal and 
E. L. Feinberg 1941). 

Solution. t In the conditions stated the time taken by the j3-particle to pass through the 
fC-shell is small compared with the period of revolution of the electron, so that the change in 
the nuclear charge can be regarded as instantaneous. The perturbation is here represented 
by the change y = 1/r in the field of the nucleus when the change in its charge is small 
(1 compared with Z). According to (41.5) the transition probability for one of the two iC-shell 
electrons with energy Eo = —(here and below we use the fact that the state of the K- 
electrons is hydrogen-like; see §74) to a state of the continuous spectrum with energy 
E = Jfc* in the range dE = k dk is 


dm = 


3 

(*2+Z2)2 


d*. 


In the range which determines the matrix elemeilt ko», the important part is that of short 
distances (~1/Z) from the nucleus, in which the hydrogen-like expression can again be used 
for the wave function of a state of the continuous spectrum. The final state of the electron 
must have angular momentum 1 = 0 (the same as that of the initial state). By means of the 
functions i?io, and Rka (normalized on the kilTi scale), derived in §36 and formula (f.3) in the 
Mathematical Appendices we findt 



4 ^(271*) (1+i*,'Z)>z«( 1 - i*/Z)-«/* 
v'(l--c-2''Z'*) l + *2/Z2 


and, since 


Kl+ialUolt = exp[ —(2/iii) tan“'a). 


2’ 

we obtain finally dm -- f(AIZ)k ik, 

Z\i+k^lZY 


with 




The limiting values of the function /(a) are e~^ for a ^ 1 and a/2jr for a ^ 1. 

The total probability of ionization of the jK-shell is obtained by integration of dw over all 
energies of the emergent electron. A numerical evaluation gives vi = 0-65Z~^. 

Problem 5. Determine the probability of emergence of an electron from the iC-shcll 
of an atom with large Z in a-decay of the nucleus. The velocity of the a-particle is small 


tin Problems 4 and 5, atomic units are used. 

J In the calculation it is convenient to use Ooulomb units and then return to atomic units 
in the final result. 
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compared with that of the fC-electron, but the time which it takes to leave the nucleus is small 
in comparison with the time of revolution of the electron (A. B. Migdal 1941, J. S. Le\ lnger 
1953). 

Solution. After the emergence of the a-particle, the perturbation acting on the electron 
is adiabatic. The required effect is therefore determined essentially by the interval of time 
close to the “instant of application'* of the perturbation which destroys the adiabaticity, when 
the a-particle, leaving the nucleus and moving freely, is still at a distance small compared with 
the radius of the fC-orbit. The perturbation V which causes the ionization of the atom is 
here represented by the deviation of the combined field of the nucleus and the a-particle 
from the purely Coulomb field Z/r. The dipole moment of two particles with atomic weights 
4 and 4, and charges 2 and Z —2, at a distance vt apart (where v is the relative velocity of 
the nucleus and the a-particle), is 

2{A-4)-{Z-2)4 2{A-2Z) 

- vl = - vt. 

A A 

hlence the dipole term in the field of the nucleus and the a-particle isf 

2{A-2Z) z 

I' =- VI—, 

A 

where the a-axis is in the direction of the velocity v. The matrix element of this perturbation 
reduces to that of z: taking the matrix element of the equation of motion of the electron 
a = —Zzlr^, we obtain 


(--/r»)ot = (£-£b)2ao«/Z. 


The required transition probability for one of the two electrons in the fC-shcIl is. by (41.2), 


r ' 

(in = 2| I • dl| dh 

0 

>HA-2Z)^v'‘ dk_ 

A^Z^ ’ 27 t ’ 

to calculate the integral, we include in the integrand an additional damping factor e“'' with 
A > 0, and then make A -► 0 in the result. To calculate the matrix clement of ^ = r cos t), 
we note that, since the orbital angular momentum in the initial state is / = 0, cos 6 has a non¬ 
zero matrix element only for the transition to a state with / = 1, and 


and 


|(cos9)ui|- = i 


Calculating rot by means of the radial functions Raa and Rui, we find 




2"(^-2Z)2r2 


f{klZ)k dA, 


the function / being as in Problem 4. 


§42, Transitions under the action of a periodic perturbation 

The results are different for the probability of transitions to the states of 
the continuous spectrum under the action of a periodic perturbation. Let 

t If the difference A 2Z is small, it may be necessary to take account of the next (qu;id> 
rupole) term also. 
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us suppose that, at some initial instant < = 0, the system is in the ?th station¬ 
ary state of the discrete spectrum. We shall assume that the frequency co of 
the periodic perturbation is such that 

he. > E,r,,„-EiW, (42.1) 

where E^-^ is the value of the energy where the continuous spectrum begins. 

It is evident from the results of §40 that the chief part will be played by 
states of the continuous spectrum with energies very close to the resonance 
energy Ei^^'> q- hw, i.e. those for w’hich the difference toyj — oj is small. For this 
reason it is sufficient to consider, in the matrix elements (40.8) of the pertur¬ 
bation, only the first term (with the frequency cufi — ej close to zero). Sub¬ 
stituting this term in (40.5) and integrating, we obtain 

f 

1 I piioifi —tu) i 

Vnit) = -Pfi-TT -r- (^2.2) 

h J h(u>fi - oi) 

0 

The lower limit of integration is chosen so that a/i = 0 for ? = 0, in accord¬ 
ance with the initial condition imposed. 

Hence we find for the squared modulus of a/i 

= \Ffi\^ . ^ s>{\\^[\{ojfi — oj)tyh\cofi — u))'^. (42.3) 

It is easy to see that, for large t, this function can be regarded as propor¬ 
tional to r. To show this, we notice that 

sin*a< 

lim -- = 8(a). (42.4) 

(-►OO TTtCt.‘ 


For when a 0 this limit is zero, while for a = 0 we have (sin*at)/ra* = t, 
so that the limit is infinite; finally, integrating over a from — oo to -f-oo, 
we have (with the substitution at = ^) 


1 r sin^at 

TT J to} 


1 ? sin^f 

da =- -df = 1. 

ttJ e 


Thus the function on the left-hand side of equation (42.4) in fact satisfies all 
the conditions which define the delta function. Accordingly, we can write 
for large t 


or, substituting hcfi = Ef~Ei^°'> and using the fact that 8{ax) = {lla)8{x), 

\afi\^ = {lTjh)\Ffir-8{Ef-Ei^^>-hco)t. 

The expression |a/i|2 dv/is the probability of a transition from the original 
state to one in the interval dvf. We see that, for large t, it is proportional to the 
time interval elapsed since t = 0. The probability dw/j of the transition per 



153 


§42 Transitions under the action of a periodic perturbation 

unit time isf 

dtoft = {l7Tjh)\Ffi\^b{Ef-Eim -hco) dvf. (42.5) 

As vve should expect, it is zero except for transitions to states with energy 
Ef = Ef^^+hco. If the energy levels of the continuous spectrum are not 
degenerate, so that v/ can be taken as the value of the energy alone, then the 
whole “interval” of states dvj reduces to a single state with energy E = Ef^'> + 
+ hxD, and the probability of a transition to this state is 

zuEi = (2i7T/^)|F£j|2. (42.6) 

There is another method of deriving formula (42.5) that is methodologically 
instructive, in which the periodic perturbation is assumed not to be applied at 
a time f = 0 but to increase slowly from / = — oo by an exponential law e^^ 
with a positive constant A which is then made to tend to zero (adiabatic 
switch-on). The initial condition a/* = 0 is accordingly applied at t = — co. 
The matrix element of the perturbation now has the form 

and (42.2) becomes 

a/i = 


Hence 

i«/tP 




Vfi{t) dt 


■Ffi 


•‘rXt 

h{u)fi — u) —iX) 


(42.7) 


1 g2xt 

± iF/da- - -. 

/i2' (a;/i-a.)2+A2 


The transition probability per unit time is given by the derivative 


There is a formula 


d|a/ii2/df = 2Aia/i|2. 


lim - 

x-o 77(a2-|- ,\2) 


6(a), 


(42.8) 


valid in the same sense as (42.4); with this we find, taking the limit A ^ 0, 




and thus return to (42.5). 


+ It IS easy to verify that, on taking account of the second term in (40.8), which we have 
omitted, additional expressions are obtained which, on being divided by t, tend to zero as 
/ 4- 00. 
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§43. Transitions in the continuous spectrum 

One of the most important applications of perturbation theory is to calculate 
the probability of a transition in the continuous spectrum under the action 
of a constant (time-independent) perturbation. VVe have already mentioned 
that the states of the continuous spectrum are almost always degenerate. 
Having chosen in some manner the set of unperturbed wave functions cor¬ 
responding to some given energy level, we can put the problem as follows. 
It is known that, at the initial instant, the sy'stem is in one of these states; 
it is required to determine the probability of the transition to another state 
with the same energy. For transitions from the initial state i to states between 
vf and V/+ dv/ we have at once from (42.5) (putting to = 0 and changing the 
notation) 

Awn = {2rrlh)\Vn\^h{Ef-Ei)Avf. (43.1) 

This expression is, as we should expect, zero except for Ef = Ei: under 
the action of a constant perturbation, transitions occur only between states 
with the same energy. It must be noticed that, for transitions from states 
of the continuous spectrum, the quantity Aw/i cannot be regarded directly 
as the transition probability; it is not even of the right dimensions (1/time). 
Formula (43.1) represents the number of transitions per unit time, and its 
dimensions depend on the chosen method of normalization of the wave 
functions of the continuous spectrum.f 

Let us calculate the perturbed wave function, which before the action of 
the perturbation is the same as the original unperturbed function i/fflO). 
Using the method given at the end of §42, we can regard the perturbation as 
being adiabatically applied according to with A ^ 0. From (42.7), 
putting cu = 0 and changing the notation, we have 


( 1 ) _ y exp {{ilh){Ef-Ei)t + M} 
Ei-Ef + iX 


(43.2) 


The perturbed wave function is 

Ti = Ti<0) + J afiWYfW Avf, 

where the integration is extended over the whole of the continuous spectrum. J 
Substitution of (43.2) gives 


f i — i/fj 


( 0 ) + 




Avf 


Ei — Ef+iO, 


l]exp(-i£„). 


(43.3) 


t The phenomena comprised within the theory here discussed include, for example, various 
types of collision; the system in its initial and final states is a set of free particles and the 
perturbation is the interaction between them, ^^ith appropriate normalization of the wave 
functions, (43.1) may then be the collision cross-section (see §126). 

X If there is also a discrete spectrum, then we must add to the integral in this formula (and 
subsequent ones) the appropriate sum over the states of the discrete spectrum. 
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In the limit as A ^0, the factor becomes unity. The term 4-iO, denoting 
the limit of I'A as A tends to zero from positive values, determines the manner 
of integration with respect to the variable Ef (d£/ occurs as a factor in d.vf 
together with the differentials of other quantities which describe the states of 
the continuous spectrum). Without the term iX, the integrand in (43.3) 
would have a pole at Ef = Eu near which the integral would diverge. The 
term f A moves this pole into the upper half-plane of the complex variable Ef. 
After the limit A ^ 0 is taken, the pole returns to the real axis, but we know 
that the path of integration must pass beneath it: 


Ei 

W 


Ef 


(43.4) 


The time factor in (43.3) shows that this function belongs, as it should, to 
the same energy Ei as the original unperturbed function. In other words, the 
function 




JiT 


Vfi 


■Ef + iO 


iPfW 


satisfies Schrodinger’s equation 

+ = Ei'Pi- 


It is therefore natural that the expression obtained should correspond exactly 
to (38.8).t 

The calculations given above correspond to the first approximation of 
perturbation theory. It is not difficult to calculate the second approximation 
as well. To do this, we must derive the formula for the next approximation 
to T’i; this is easily effected by using the method of §38 (now that we know the 
method of dealing with the “divergent” integrals). A simple calculation 
gives the formula 




\\Vfi+ dv 

JL ^ J + J 




Ei — Ef + iQ 


(43.5) 


Comparing this expression with formula (43.3), we can write down the 
corresponding formula for the probability (or, more precisely, the number) 


t With this formula, the way in which the integral is to be taken can be found from the 
condition that the asymptotic expression for 0, at large distances should contain only an 
outgoing (and not an ingoing) wave (see §136), 


OM 3 - F * 
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of transitions, by direct analogy with (43.1): 


§43 


iwfi = '^Vfi+ J b{Ei-Ef) dvf. (43.6) 

It may happen that the matrix element Vfi for the transition considered 
vanishes. The effect is then zero in the first approximation, and (43.6) 
becomes 

= y 11^' dv \{E,-E,) d.f. (43.7) 

In applications of this formula, the point E-, = Ei is not usually a pole of the 
integrand; the manner of integrating with respect to is then unimportant, 
and the integral can be taken along the real axis. 

The states v for which Vfy and Fvt are not zero are usually called inter¬ 
mediate states for the transition i f. Intuitively, we may say that this 
transition takes place as if in two steps i ^ v and p f (but such a descriptio’- 
must not be taken literally, of course). It may happen that the transition 
1 -> / can take place not through one but only through several successive 
intermediate states. Formula (43.7) can be at once generalized to such cases. 
For example, if two intermediate states are needed, we have 


a! J (£«-£„.)(£«-£.) 


di'dv' b(Ef — Ei) dpf. 


(43.8) 


Lastly, to clarify the mathematical significance of the integrals taken along 
a path of the form (43.4), we shall prove the formula 


r f{x) _ d x ^ p r/Wdx^ 

J x — a — iv J x — a 

where the Integration is along a segment of the real axis including the point 
X = a. If we pass round the pole x = a along a semicircle of radius p, we find 
that the whole integral is equal to the sum of the integrals along the real axis 
from the lower limit to g — p and from g + p to the upper limit, together with 
irr times the residue of the integrand at the pole. In the limit p 0, the 
integrals along the real axis make the integral along the complete segment, 
taken as a principal value (denoted by P), and the result is (43.9), which may 
also be symbolically written 

-L_ = P_1_ + i'778(x-g); (43.10) 

jc — G — tO x — a 

P here denotes the taking of the principal value when integrating the function 

/ {x)j{x - a). 
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§44. The uncertainty relation for energy 

Let us consider a system composed of two weakly interacting parts. We 
suppose that it is known that at some instant these parts have definite values 
of the energy, which we denote by E and e respectively. Let the energy be 
measured again after some time interval At; the values E', e obtained are 
in general different from E, «. It is easy to determine the order of magnitude 
of the most probable value of the difference E' + e —E—e which is found as a 
result of the measurement. 

According to formula (42.3) with co = 0, the probability of a transition of 
the system (after time t), under the action of a time-independent perturbation, 
from a state with energy E to one with energy E' is proportional to 

s\n\{E'-E)tj7M\l{E'-Ef. 

Hence we see that the most probable value of the difference E' —E is of the 
order of kjt. 

Applying this result to the case we are considering (the perturbation being 
the interaction between the parts of the system), we obtain the relation 

\E+€-E'-e'\Atr-^h. (44.1) 

Thus the smaller the time interval At, the greater the energy change that is 
observed. It is important to notice that its order of magnitude hjAt is inde¬ 
pendent of the amount of the perturbation. The energy change determined 
by the relation (44.1) will be observed, however weak the interaction between 
the two parts of the system. This result is peculiar to quantum theory and has 
a deep physical significance. It shows that, in quantum mechanics, the law 
of conservation of energy can be verified by means of two measurements only 
to an accuracy of the order of hjAt, where At is the time interval between the 
measurements. 

The relation (44.1) is often called the uncertainty relation for energy. How’- 
ever, it must be emphasized that its significance is entirely different from 
that of the uncertainty relation ApAx ~ h for the coordinate and momen¬ 
tum. In the latter, Ap and A.v are the uncertainties in the values of the 
momentum and coordinate at the same instant; they show that these two 
quantities can never have entirely definite values simultaneously. The 
energies E, e, on the other hand, can be measured to any degree of accuracy 
at any instant. The quantity (E-l-c)—(£"-f-e') in (44.1) is the difference 
between two e.xactly measured values of the energy f-f-e at two different 
instants, and not the uncertainty in the value of the energy at a given instant. 

If we regard E as the energy of some system and € as that of a “measuring 
apparatus”, we can say that the energy of interaction between them can be 
taken into account only to within hjAt. Let us denote by AE, Ae, ... the 
errors in the measurements of the corresponding quantities. In the favour¬ 
able case when e, e are known exactly (Ac = Ac' = 0), we have 


A{E-E') ~ hi At. 


( 44 . 2 ) 
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From this relation we can derive important consequences concerning the 
measurement of momentum. The process of measuring the momentum of a 
particle (for definiteness, we shall speak of an electron) consists in a collision 
of the electron with some other (“measuring”) particle, whose momenta 
before and after the collision can be regarded as known exactly.f If we apply 
to this collision the law of conservation of momentum, we obtain three equa¬ 
tions (the three components of a single vector equation) in six unknowns 
(the components of the momentum of the electron before and after the col¬ 
lision). The number of equations can be increased by bringing about a 
series of further collisions between the electron and “measuring” particles, 
and applying to each collision the law of conservation of momentum. This, 
however, increases the number of unknowns also (the momenta of the electron 
between collisions), and it is easy to see that, whatever the number of col¬ 
lisions, the number of unknowns will always be three more than the number 
of equations. Hence, in order to measure the momentum of the electron, 
it is necessary to bring in the law of conservation of energy at each collision, 
as well as that of momentum. The former, however, can be applied, as we 
have seen, only to an accuracy of the order of ^/Af, where Af is the time be¬ 
tween the beginning and end of the process in question. 

To simplify the subsequent discussion, it is convenient to consider an 
imaginary idealized experiment in which the “measuring particle” is a 
perfectly reflecting plane mirror; only one momentum component is then 
of importance, namely that perpendicular to the plane of the mirror. To 
determine the momentum P of the particle, the laws of conservation of 
momentum and energy give the equations 

p'+P'-p-P = 0, (44.3) 

|e'+£'-€-£'| ~Ij/Ar, (44.4) 

where P, E are the momentum and energy of the particle, and p, e those of 
the mirror; the unprimed and primed quantities refer to the instants before 
and after the collision respectively. The quantities/*, />', e, e' relating to the 
“measuring particle” can be regarded as known exactly, i.e. the errors in 
them are zero. Then we have for the errors in the remaining quantities, 
from the above equations: 

AP = AT', \AE'-AE\~h/At. 

But AE = {dEjdP)AP = vAP, where v is the velocity of the electron (before 
the collision), and similarly AE' = v'AP' = v'AP. Hence we obtain 

l(v',-t;JAF,l~ft/Ar, (44.5) 

We have here added the suffix x to the velocity and momentum, in order to 
emphasize that this relation holds for each of their components separately. 
This is the required relation. It shows that the measurement of the 

In the present analysis it is of no importance how the energy o^ the “measuring” particle 

is ascertained. 
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momentum of the electron (with a given degree of accuracy AP) necessarily 
involves a change in its velocity (i.e. in the momentum itself). This change 
becomes greater as the duration of the measuring process becomes shorter. 
The change in velocity can be made arbitrarily small only as A/ ^ x), but 
measurements of momentum occupying a long time can be significant only 
for a free particle. The non-repeatability of a measurement of momentum 
after short intervals of time, and the “two-faced” nature of measurement in 
quantum mechanics—the necessity of a distinction between the measured 

value of a quantity and the value resulting from the process of measurement_ 

are here exhibited with particular clarity.f 

The conclusion reached at the beginning of this section, which was based 
on perturbation theory, can also be derived from another standpoint by con¬ 
sidering the decay of a system under the action of some perturbation. Let 
Pq be some energy level of the system, calculated without any allowance for 
the possibility of its decay. We denote by t the lifetime of this state of the 
system, i.e. the reciprocal of the probability of decay per unit time. Then 
we find by the same method that 

\E^—E—€\ (44.6) 

where E, e are the energies of the two parts into which the system decays. 
The sum E + e, however, gives us an estimate of the energy of the system 
before it decays. Hence the above relation shows that the energy of a system, 
in some “quasi-stationary” state, which is free to decay can be determined 
only to within a quantity of the order of ^/t. This quantity is usually called 
the width F of the level. Thus 

r -- hjr. (44.71 


§45. Potential energy as a perturbation 

The case where the total potential energy of the particle in an external 
field can be regarded as a perturbation merits special consideration. The 
unperturbed Schrddinger’s equation is then the equation of free motion of 
the particle: 

=0, k = y/{2mElh») = plh, (45.1) 


and has solutions which represent plane waves. The energy spectrum of 
free motion is continuous, so that we are concerned with an unusual case of 
perturbation theory in a continuous spectrum. The solution of the problem 
is here more conveniently obtained directly, without having recourse to 
general formulae. 

The equation for the correction to the wave function in the first ap¬ 
proximation is 

_ (45.2) 


t The relation (44.5) and the elucidation of the physical significance of the 
relation for energy are due to N. Bohr (1928). 


uncertainty 
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where U is the potential energy. The solution of this equation, as we know 
from electrodynamics, can be written in the form of retarded potentials, i.e. 
in the formf 


y, z) = J z')e^^r dV'jr, (45.3) 


where 


dV — djc'dy'dz', = (x — x'y+(y—y'Y-^-[z—z'y. 

Let us find what conditions must be satisfied by the field U in order that 
it may be regarded as a perturbation. The condition of applicability of per¬ 
turbation theory is contained in the requirement that Let a be 

the order of magnitude of the dimensions of the region of space in which the 
field is noticeably different from zero. We shall first suppose that the energy 
of the particle is so small that ka is at most of the order of unity. Then the 
factor in the integrand of (45.3) is unimportant in an order-of-magnitude 
estimate, and the integral is of the order of >}i^^'>\U\a^, so that 

and we have the condition 

\Ul4h-;ma^ {{utka<\). (45.4) 

We notice that the expression on the right has a simple physical meaning; 
it is the order of magnitude of the kinetic energy which the particle would 
have if enclosed in a volume of linear dimensions a (since, by the uncertainty 
relation, its momentum would be of the order of hja). 

Let us consider, in particular, a potential well so shallow that the condition 
(45.4) holds for it. It is easy to see that in such a well there are no negative 
energy levels (R. Peierls 1929); this has been shown, for the particular case 
of a spherically symmetric well, in §33, Problem. For, when E = 0, the 
unperturbed w'ave function reduces to a constant, which can be arbitrarily 
taken as unity; = 1. Since it is clear that the wave function 

ip = for motion in the well nowhere vanishes; the eigenfunction, 

being without nodes, belongs to the normal state, so that E = 0 remains the 
least possible value of the energy of the particle. Thus, if the well is suffi¬ 
ciently shallow, only an infinite motion of the particle is possible: the particle 
cannot be “captured” by the well. Note that this result is peculiar to quantum 
theory; in classical mechanics a particle can execute a finite motion in any 
potential well. 

It must be emphasized that all that has been said refers only to a three- 
dimensional well. In a one- or two-dimensional well (i.e. one in which the 
field is a function of only one or two coordinates), there are always negative 

THis is a particular integral of equation f4-5,2), to wtiich we may add any solution of tHe 
same equation with zero on the right-hand side, i.e. the unperturbed equation (45.1). 
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energy levels (see the Problems at the end of this section). This is related to 
the fact that, in the one- and two-dimensional cases, the perturbation theory 
under consideration is inapplicable for an energy E which is zero (or very 
small).-f- 

For large energies, when Ag ^ 1, the factor e'*' in the integrand plays an 
important part, and markedly reduces the value of the integral. The solution 
(45.3) in this case can be transformed; the alternative form, however, is more 
conveniently derived by returning to equation (45.2). We take as jr-axis the 
direction of the unperturbed motion; the unperturbed wave function then 
has the form (the constant factor is arbitrarily taken as unity). 

Let us seek a solution of the equation 

/V 0 ( 1 )-|-^ 2 ^ 1 ) = 


in the form 0’^’ = in view of the assumed large value of k, it is suffi¬ 

cient to retain in A0**’ only those terms in which the factor e'*"® is differen¬ 
tiated one or more times. We then obtain for / the equation 


whence 


2ik cfjdx — 2m Ujh^, 

^(1) = eikxj ^ 17 dx. (45.5) 


An estimation of this integral gives 10d)| ~ m\U\alh‘^ky so that the con¬ 
dition of applicability of perturbation theory in this case is 

I {h^lma^)ka = hvja {ka >> 1), ('^■5-6) 

where v = khjm is the velocity of the particle. It is to be observed that this 
condition is weaker than (45.4). Hence, if the field can be regarded as a 
perturbation at small energies of the particle, it can always be so regarded at 
large energies, whereas the converse is not necessarily true.J 

The applicability of the perturbation theory developed here to a Coulomb 
field requires special consideration. In a field where U = a/r, it is impossible 
to separate a finite region of space outside which U is considerably less than 
inside it. The required condition can be obtained by writing in (45.6) a 
variable distance r instead of the parameter a; this leads to the inequality 

ajhv 1 . ( 4 - 5 . 7 ) 


t In the two-dimensional case is expressed (as is known from the .theory of the two- 
dimensional wave equation) as an integral similar to (45.3), in which, instead of dx'dy'dz'fr 
we have dx'dy\ where the Hankel function and = {x — x')^-\-{y — y')^. 

As A 0, the Hankel function, and therefore the whole integral, tend logarithmically to 
infinity. 

Similarly, in the one-dimensional case, we have, in the integrand, dx'jk, where 

r = Ijc —and as A 0 tends to infinity as 1/^. 

t In the one-dimensional case the condition for perturbation theory to be applicable is 
given by the inequality (45 6) for all ka The derivation of the condition (45.4) given above 
for the three-diniensional case is not valid in the one-dimensional case, owing to the divergence 
of the resulting function (see the preceding footnote). 
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Thus, for large energies of the particle, a Coulomb field can be regarded as a 
perturbation.j" 

Finally, we shall derive a formula which approximately determines the 
wave function of a particle whose energy E everj^where considerably exceeds 
the potential energ)’ U (no other conditions being imposed). In the first 
approximation, the wave function depends on the coordinates in the same 
way as for free motion (whose direction is taken as the x-axis). Accordingly, 
let us look for tp in the form tp = where F is a function of the co¬ 

ordinates which varies slowly in comparison with the factor (but we 
cannot in general say that it is close to unity). Substituting in Schrbdinger’s 
equation, we obtain for F the equation 

2{k 8Fl8x = (2m th^) UP, (45.8) 

whence 

ip = = constant X «**■'■*«-*•145.9) 

This is the required expression. It should, however, be borne in mind that 
this formula is not valid at large distances. In equation (45.8) a term AF 
has been omitted which contains second derivatives of F. The derivative 
c^FjSx-, together with the first derivative 8Fl8x, tends to zero at large 
distances, but the derivatives with respect to the transverse coordinates y 
and z do not tend to zero, and can be neglected only if x ka"^. 

PROBLEMS 

Problem 1. Determine the energy level in a one-dimensional potential well whose depth 
is small. It is assumed that the condition (45.4) is satisfied. 

Solution. We make the hypothesis, which will be confirmed by the result, that the 
energy level \E\ |t/|. Then, on the right-hand side of Schrodinger’s equation 

dV/cLt* = (2m/ft»)[C/(*)-£)vt, 

we can neglect E in the region of the well, and regard as a constant, which without loss of 
generality can be taken as unity; 

We integrate this equation with respect to x between two points ±Xi such that a Xj I/k, 
where a is the width of the well and k = ■\/{2m\E\jh-). Since the integral of C7(x) converges, 
the integration on the right can be extended to the whole range from — co to -f- co: 

pi]" Jjuluix. (1) 

LdxJ_. A'J 

At large distances from the well, the wave function is of the form iji — ei"*. Substituting 
this in (1), we find 

-2k = J Vix 


t It must be borne in mind that the integral (45.5) with a field U = o/r diverges (logarith¬ 
mically) when x/V{r® + a') is large. Hence the wave function in a Coulomb held, obtained 
by means of perturbation theory, is inapplicable within a narrow cone about the x-axis. 
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|£I = (m/2A*)' 


[J 


We see that, in accordance with the hypothesis, the energy of the level is a small quantity of a 
higher order (the second) than the depth of the well. 

Problem 2. Determine the energy level in a two-dimensional potential well U{r) (where 

r is the polar coordinate in the plane) of small depth; it is assumed that the integral J rU dr 
converges. ® 

Solution. Proceeding as in the previous problem, we have in the region of the well the 
equation 

Id/#^ 
r dr\ dr/ 


Integrating this with respect to r from 0 to r, (where a r, 1 / k), we find 



( 1 ) 


At large distances from the well, the equation of free motion in two dimensions is 


1 d / d(t\ 
r dr\ dr/ 


2m 


= 0 , 


and has a solution (vanishing at infinity) it = donstant xHo<’>(i>tr); for small values of the 
argument, the leading term in this function is proportional to log kt. Bearing this in mind, we 
equate the logarithmic derivatives of ^ for r a inside the well (the right-hand side of (1)) 
and outside it, obtaining 


whence 


1 . 

a log KQ 



0 


|E| ~_ exp 
mo- 



Ur dr 


1 - 


We see that the energy of the level is exponentially small compared with the depth of the 
well. 
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§46. The wave fimction in the quasi-classical case 

If the de Broglie wavelengths of particles are small in comparison with the 
characteristic dimensions L which determine the conditions of a given 
problem, then the properties of the system are close to being classical, just as 
wave optics passes into geometrical optics as the wavelength tends to zero. 

Let us now investigate more closely the properties of quasi-classical 
systems. To do this, we make in Schrodinger’s equation 

A 

—= 0 

2m„ 

the substitution 



For the function a we obtain the equation 



= E-U. 


(46.1) 


(46.2) 


Since the system is supposed almost classical in its properties, we seek a in 
the form of a series: 

^ = CTo+(^/i>i+(^ATa2+ ..., (46.3) 

expanded in powers of h. 

We begin by considering the simplest case, that of one-dimensional motion 
of a single particle. Equation (46.2) then reduces to 

c'^l2m-ihc"l2m =E-U{x), (46.4) 

where the prime denotes differentiation with respect to the coordinate x. 

In the first approximation we write o = Oq and omit from the equation the 
term containing h: 

uo’^l2m = E-U(x). 

Hence we find 


Co = ± / V{2-HE:—U(x)]} dx. 





165 


§46 The wave function in the quasi-classical case 

The integrand is simply the classical momentum p{x) of the particle, expres¬ 
sed as a function of the coordinate. Defining the function p{x) with the -I- 
sign in front of the radical, we have 

cJo = ± J/> dx. p = V[2miE—U)], (46.5) 


as we should expect from the limiting expression (6.1) for the wave function.f 
The approximation made in equation (46.4) is legitimate only if the second 
term on the left-hand side is small compared with the first, i.e. we must have 
^Icr'Yc'^l 1 or 

\d{hic')idx\ < 1. 

In the first approximation we have, according to (46.5), a' —p, so that the 
condition obtained can be written 


|d(A/2,r)/dx| <1 1, (46.6) 

where A(jc) = 2-nhjp[x) is the de Broglie wavelength of the particle, expressed 
as a function of x by means of the classical function p{x). Thus we have 
obtained a quantitative quasi-classicality condition: the wavelength of the 
particle must vary only slightly over distances of the order of itself. The 
formulae here derived are not applicable in regions of space where this condi¬ 
tion is not satisfied. 

The condition (46.6) can be written in another form by noticing that 


dp d 

/ = -V[2HE-U)] 

ua; qa: 


tndU _ mF 
p dx p ' 


where F = —dUjdx is the classical force acting on the particle in the external 
field. In terms of this force we find 


tnh\F\lp^ 4: 1. (46.7) 

It is seen from this that the quasi-classical approximation becomes inapplic¬ 
able if the momentum of the particle is too small. In particular, it is clearly 
inapplicable near turning points, i.e. near points where the particle, according 
to classical mechanics, would stop and begin to move in the opposite direction. 
These points are given by the equation p{x) = 0, i.e. E = U{x). As p 0, 
the de Broglie wavelength tends to infinity, and hence cannot possibly be 
supposed small. 

It must be emphasized, however, that the condition (46.6) or (46.7) alone 
may be insufficient for the quasi-classical approximation to be valid. The 
reason is that this condition has been derived from estimates of the various 
terms in the differential equation (46.4), the term omitted containing a higher 
derivative. It would be necessary, in fact, to stipulate the smallness of the 


t As IS well known, J p dx is the time-independent part of the action. The total mechanical 
action S of a particle is S = -i'f ± J p dx. The term -Et is absent from since we are 
considering a time-independent wave function iji. 
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subsequent expansion terms in the solution of this equation, and this need 
not be ensured by the smallness of the term omitted. For example, if the 
solution for (7(x) contains a term which increases almost linearly with the 
coordinate x, the smallness of the second derivative in the equation will not 
prevent this term from becoming large at sufficiently great distances. Such a 
situation occurs, in general, when the field extends to distances large in 
comparison with the characteristic length L over which it varies by an 
appreciable amount; see the discussion of (46.11) below. The quasi-classical 
approximation is then invalid for investigating the behaviour of the wave 
function at large distances. 

Let us now calculate the next term in the expansion (46.3). The first-order 
terms in h in equation (46.4) give 

= 0 . 

whence 

ffi' = —Co'IIgo = —p'jlp. 

Integrating, we find 

<^1 = logp. (46.8) 

omitting the constant of integration. 

Substituting this expression in (46.1) and (46.3), we find the wave function 
in the form 

,p = (46.9) 

The factor in this function has a simple interpretation. The proba¬ 
bility of finding the particle at a point with coordinate between x and x-l- dx 
is given by the square i.e. is essentially proportional to \jp. This is 
exactly what we should expect for a “quasi-classical” particle, since, in 
classical motion, the time spent by a particle in the segment dx is inversely 
proportional to the velocity (or momentum) of the particle. 

In the “classically inaccessible” parts of space, where E < U{x), the func¬ 
tion p{x) is purely imaginary, so that the exponents are real. The general form 
of the solution of the wave equation in these regions is 

0 = I \p\ix^Sl-eaiK) J |p|di (46.10) 

\'\P\ V\P\ 

It must, however, be borne in mind that the accuracy of the quasi-classical 
approximation is not such as to allow the retention in the wave function of 
exponentially small terms superimposed on exponentially large ones, and in 
this sense it is usually not permissible to retain both terms in (46.10). 

Although there is, as a rule, no need to use the higher-order terms in the 
wave function, w-e shall derive the next term in the expansion (46.3), with a 
view to noting some aspects of the accuracy of the quasi-classical approxi¬ 
mation. 
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The terms of order in equation (46.4) give 

= 0 , 

whence (substituting (46.5) and (46.8) for ao and cri) 

c,' =p"l^^-3p'^l8p^. 

Integrating (by parts in the first term) and introducing the force F = pp'jm, 
we obtain 


C2 = j (F^lp^) d*. 

The wave function in this approximation is of the form 

or 

constant ^ 

•P =- -\imfiFjp^-\mm ^j {F^jf) dA:]e<'/»>fp d* (46.11) 

The occurrence of imaginary correction terms in the coefficient of the 
exponential is equivalent to the presence of a similar correction in the phase of 
the wave function, i .e. of an addition to the integral ( 1 /^) J /> dx in its exponent. 
This correction is proportional to h, i.e. is of order A/L. 

The second and third terms in the brackets in (46.11) must be small in 
comparison with unity. For the second term, this condition is the same as 
(46.7); for the third term, an estimate of the integral gives (46.7) only if F^ 
tends to zero sufficiently rapidly at distances ~ L. 


§47. Boundary conditions in the quasi-classical case 

Let X = a be a turning point, so that U{a) = E, and let 17 > for all 
X > a, so that the region to the right of the turning point is classically 
inaccessible. The wave function must be damped in this region. Sufficiently 
far from the turning point, it has the form 


0 = 



for X > a. 


(47.1) 


corresponding to the first term in (46.10). To the left of the turning point, 
the wave function must be represented by a real combination (46.9) of two 
quasi-classical solutions of Schrodinger’s equation: 


p = 


Cl 


Vp 


exp 




for X < a. (47.2) 
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To determine the coefficients in this combination we must follow the 
variation in the wave function from positive x-a (where (47.1) holds) to 
negative x — a. In doing so, however, it is necessary to pass through a region 
near the turning point where the quasi-classical approximation is invalid, 
and the exact solution of Schrodinger’s equation must be considered. For 
small jx — a\ we have 

E-U{x) X Fo(x-a), Fo = -[diy/dxjj^o < 0; (47,3) 

that is, the problem in this region is one of movement in a homogeneous 
field. The exact solution of Schrodinger’s equation for this problem has been 
found in §24, and the relation between the coefficients in (47.1) and (47.2) 
can be derived by comparison with the asymptotic forms (24.5) and (24.6) of 
this exact solution on either side of the turning point. Here it must be noted 
that (47.3) gives p{x) = \/[2mFo(x - a)], so that the integral 

I 

^ j/) dx = 1 V{2mFo){x-afl^ 

a 

is equal to the argument of the exponential in (24.5) or the sine in (24.6). 
In this discussion it is important that the region where the expansion (47.3) 
is valid and the quasi-classical region partly overlap: if the motion is quasi- 
classical in almost the whole of the field region (as we assume), then there 
exist values of |x-a| small enough for the expansion (47.3) to be valid but 
also large enough for the quasi-classicality condition to be satisfied and for 
the asymptotic forms (24.5) and (24.6) to be applicable.! 

There is, however, another approach that is methodologically more 
instructive and does not make use of the exact solution. For this, 0(x) must 
be formally regarded as a function of a complex variable x, and the passage 
from positive to negative x — a must be along a path which is always suffi¬ 
ciently far from the point x = <z, so that the quasi-classicality condition is 
formally satisfied along the whole path (A. Zwaan 1929). We then again 
consider values of |x —a| such that the expansion (47.3) is also valid, so that 
the wave function (47.1) has the form 

X 

■ 2[2mI F.K*-»)]./. 1 “ j| <k} (47.4) 

a 

Let us first examine the variation of this function on passing round the 
point X = a from right to left along a semicircle of radius p in the upper half- 

t The expansion (47.3) is valid for |x—a| L, where L is the characteristic distance for 
variation of the field C/(x). The quasi-classicality condition (46.7) requires that |x—^ 
^/•\/(m|J^o|). These two conditions are compatible, since the quasi-classicality of the motion 
far from the turning-point (i.e, for I*—o| L) implies that L*/* p- ^/Vim\Fo\). 
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plane of the complex variable x. On this semicircle, 
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x-a 


pe^'l’, J ■\/(x-a) dx = |p3/2(cos j<^ + i sin j^), 

a 


the phase 4> varying from 0 to n. The exponential factor in (47.4) at first 
(for 0 < <;& < Itt) increases in modulus, and then decreases to modulus 1. At 
the end of the semicircle the exponent becomes purely imaginary, equal to 


v'[2tM|Fo|(a —x)] dx -- 

h 


p(x) dx. 


In the coefficient of the exponential in (47.4), the change along the semicircle 

IQ 


(x — a) -> (a — x) -tit/4 


Thus the whole function (47.4) becomes the second term in (47.2) with 
coefficient Cz = 

The fact that by passing through the upper half-plane it is possible to 
determine only the coefficient C 2 in (47.2) has a simple explanation. If we 
follow the variation of the function (47.2) along the same semicircle in the 
opposite direction (from left to right), we see that at the beginning the first 
term rapidly becomes exponentially small in comparison wnh the second 
term. But the quasi-classical approximation does not allow us to include 
exponentially small terms in p superimposed on the large principal term, and 
this is why the first term in (47.2) is “lost” in the passage along the semicircle. 

To determine the coefficient Ci, we must pass from right to left along a 
semicircle in the lower half-plane of the complex variable x. In a similar 
manner, we find that formula (47.4) then becomes the first term in (47.2) 
with coefficient Ci = JCe*”/'*. 

Thus the wave function (47.1) for x > a corresponds to the function 



O 


for X < a. This rule of correspondence may be written in a form independent 
of the side of the turning-point on which the classically inaccessible region 
lies: 


C f 1 

for L/(x) > E 
(H. A. Kramers 1926). 


p dx i ^ — 


C fl 

- cos I - 

VP U 


p dx| - iTrj 

u 

for XJ{x) < E 


(47.5) 
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Let us once again emphasize what is obvious from the proof, namely that 
this rule is associated with a particular boundary condition imposed on one 
side of the turning-point, and in this sense it can be applied only in a particular 
direction. The rule (47.5) is derived with the boundary condition that 0 -> 0 
into the classically inaccessible region, and must be applied to a passage from 
the latter to the classically allowed region, as is shown by the arrow.f 

If the classically accessible region is bounded (at jc = c) by an infinitely 
high “potential wall”, the boundary condition for the wave function at x = a 
is 0 = 0 (see §18). The quasi-classical approximation is then valid up to 
the wall itself, and the wave function is 

£ 

C . 1 r I 

= -sin- I * dx for x < a, I 

VP (47.6) 

a 1 

= 0 for X > a. ) 


§48. Bohr and Sommerfeld’s quantization rule 

States that belong to the discrete energy spectrum are quasi-classical for 
high values of the quantum number b, the ordinal number of the state, 
since this gives the number of nodes of the eigenfunction (see §21), and the 
distance between adjacent nodes is equal in order of magnitude to the de 
Broglie wavelength. For large n this distance is small, and the wavelength is 
therefore small in comparison with the dimensions of the region of the 
motion. 

Let us derive the condition which determines the quantum energy levels 
in the quasi-classical case. To do this we consider a finite one-dimensional 
motion of a particle in a potential well; the classically accessible region 
b ^ X K: a is bounded by two turning points.J 

According to the rule (47.5), the boundary condition z\.x = b gives (in the 
region right of this point) the wave function 


0 = 



(48.1) 


t A passage in the opposite direction is meaningless in that even a small change of the wave 
function on the right in (47.5) may give rise to an exponentially increasing term in the function 
on the left. 

I In classical mechanics, a particle in such a Held would execute a periodic motion with 
period (time taken in moving from x = b to x = a and back) 

o e 

r = 2 J Oxlv - 2mj.iixp, 

b b 


where v is the velocity of the particle. 
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Applying the same rule to the region left of the point x = a, vft obtain the 
same function in the form 


a 



If these two expressions are the same throughout the region, the sum of their 
phases (which is a constant) must be an integral multiple of tt: 


a 


1 

h 


j p ix — \TT = nrr. 


with C = ( —1)"C'. Hence 

^ jp dx = n+i ('^8.2) 


where p dx = 2 j p dx is the integral taken over the whole period of the 
» 

classical motion of the particle. This is the condition which determines 
the stationary states of the particle in the quasi-classical case. It corresponds 
to Bohr and Sommerfeld’s quantization rule in the old quantum theory. 

The quantity 1 = (ll2n)^p dx is railed an adiabatic invariant (see 
Mechanics, §49); the quantization condition (48.2) ran be written as 

I{E)^h{n+\). 

It has already been mentioned in §41 that, when the parameters vary 
sufficiently slowly (“adiabatically”), the system remains in the same 
quantum state; in the present case, a state with a certain value of n. 
We sec that in the quasi-classical limit this statement is the same as 
the classical theorem that the adiabatic invariant is constant when the 
parameters vary slowly. 

It is easy to see that the integer n is equal to the number of zeros of the 
wave function, and hence it is the ordinal number of the stationary state. 
For the phase of the wave function (48.1) increases from — Jtt at x = b to 
(n -f- J)7r at X — a, so that the cosine vanishes n times in this range (outside 
the range b ^ x ^ a, the wave function decreases monotonically and has 
no zeros at a finite distance).! 

As has been shown previously, the number n is large in the quasi-classical 
case. It must be emphasized, however, that the retention of the term J added 


■f* Strictly speaking, the zeros should be counted by means of the exact form of the wave 
function near the turning points If this is done, the result given in the text is confirmed. 
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to n in (48.2) is nevertheless legitimate; to take account of the subsequent 
correction terms in the phase of the wave functions would give only terms 
~A/L on the right of (48.2), which are small in comparison with unity; see 
the remark at the end of §46.t 

In normalizing these wave functions, the integration of |0|2 can be re¬ 
stricted to the range b ^ x ^ a, since outside this range ifi decreases exponen¬ 
tially. Since the argument of the cosine in (48.1) is a rapidly varying function, 
we can with sufficient accuracy replace the squared cosine by its mean value J. 
This gives 

a 

j \ 4 ,\^ dx « ^C2 

= TrC^llmcv = 1 , 

where co = InjT is the frequency of the classical periodic motion. Thus 
the normalized quasi-classical function is 

X 

b 

It must be recalled that the frequency w is in general different for different 
levels, being a function of energy. 

The relation (48.2) can also be interpreted in another manner. The 
integral ^ dx is the area enclosed by the closed classical phase trajectory 
of the particle (i.e. the curve in the px-plane, which is the phase space of the 
particle). Dividing this area into cells, each of area ZttH, we have n cells 
altogether; n, however, is the number of states with energies not exceeding 
the given value (corresponding to the phase trajectory considered). Thus 
we can say that, in the quasi-classical case, there corresponds to each quantum 
state a cell in phase space of area 2nh. In other words, the number of states 
belonging to the volume element ApAx of phase space is 

^ptsxjTnh. (48.4) 

If we introduce, instead of the momentum, the wave number k — pjh, this 
number can be written 

A^Ax/Ztt. 

It is, as we should expect, the same as the familiar expression for the number 
of characteristic vibrations of a wave field (see Fields, §52). 



t In some cases the exact expression for the energy levels E{n) (as a function of the quantum 
number rt), obtained from the exact Schrddinger’s equation, is such that it retains its form as 
^ CO ; examples are the energy levels in a Coulomb field, and those of a harmonic oscillator. 
In these cases, of course, the quantization rule (48.2), although really applicable only for large 
n, gives for the function E(n) an expression which is the exact one. 
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Starting from the quantization rule (48.2), we can ascertain the general 
nature of the distribution of levels in the energy spectrum. Let Af be the 
distance between two neighbouring levels, i.e. levels whose quantum numbers 
n differ by unity. Since A£ is small (for large n) compared with the energy 
itself of the levels, we can write, from (48.2), 

AuE ^ {dpjdE) djc = Inh. 

But dEjdp = t), so that 

^ (8pj8E) d)c = ^ dx/v = T. 

Hence we have 

AE = InhlT = hoj. (48.5) 

Thus the distance between two neighbouring levels is fko. The frequencies 
w may be regarded as approximately the same for several adjacent levels (the 
difference in whose numbers n is small compared with n itself). Hence we 
reach the conclusion that, in any small range of a quasi-classical part of the 
spectrum, the levels are equidistant, at intervals of hco. This result could 
have been foreseen, since, in the quasi-classical case, the frequencies cor¬ 
responding to transitions between different energy levels must be integral 
multiples of the classical frequency ca. 

It is of interest to investigate what the matrix elements of any physical 
quantity / become in the limit of classical mechanics. To do this, we start 
from the fact that the mean value / in any quantum state must become, in 
the limit, simply the classical value of the quantity, provided that the state 
itself gives, in the limit, a motion of the particle in a definite path. A wave 
packet (see §6) corresponds to such a state; it is obtained by superposition of 
a number of stationary states with nearly the same energy. The wave func¬ 
tion of such a state is of the form 

where the coefficients are noticeably different from zero only in some 
range An of values of the quantum number n such that 1 An n; the 
numbers n are supposed large, because the stationary states are quasi-classical. 
The mean value of / is, by definition, 

/ = f T*/V dx = EE 

J 7\V% 

or, replacing the summation over n and m by a summation over n and the 
difference m —n = s, 

/ = a„+,*a„/n+., 

where we have put = jco in accordance with (48.5). 
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The matrix elements calculated by means of the quasi-classical wave 
functions decrease rapidly in magnitude as the difference m—n increases, 
though at the same time they vary only slowly with n itself {m—n being fixed). 
Hence we can write approximately 

n a n a 


where we have introduced the notation /, = h being some mean value 
of the quantum number in the range An. But E |a„|® = 1; hence 

/= E/.e*"*'. 


The sum obtained is in the form of an ordinary Fourier series. Since / 
must, in the limit, coincide with the classical quantity /(t), we arrive at the 
result that the matrix elements in the limit become the components 
in the expansion of the classical function f{t) as a Fourier series. 

Similarly, the matrix elements for transitions between states of the con¬ 
tinuous spectrum become the components in the expansion of f{t) as a Fourier 
integral. Here the wave functions of the stationary states must be normalized 
by (1/^) times the delta function of energy. 

All the above results can be generalized immediately to systems with 
several degrees of freedom, executing a finite motion for which the problem 
in classical mechanics allows a complete separation of the variables in the 
Hamilton-Jacobi method (called a conditionally periodic motion; see 
Mechanics, §52). After separation of the variables for each degree of freedom, 
the problem reduces to a one-dimensional problem, and the corresponding 
quantization conditions are 


^ pi d?i = 2TTh{ni-\-yi), (48.6) 

where the integral is taken over the period of variation of the generalized 
coordinate qu and yj is a number of the order of unity which depends on 
the nature of the boundary conditions for the degree of freedom considered.! 

In the general case of an arbitrary (not conditionally periodic) motion in 
several dimensions the formulation of the quasi-classical conditions of 
quantization calls for more far-reaching considerations.! The concept of 


t For example, in motion in a centrally symmetric field we have 

jprdr ~ 27rh(nr+i), j pe <^6 ~ +i). jp^d<t = 2nhm. 

where nr = n—l — 1 is the radial quantum number. The last of the three equations simply 
expresses the fact that p* is the a-component of the angular momentum, equal to Urn. 

I See J. B. Keller, Annals of Physics 4, 180. 1958. 
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“cells” in phase space is, houever, applicable (in the quasi-classical approxi¬ 
mation) in the same form always. This is clear from the above-mentioned 
relationship between it and the number of characteristic vibrations of the 
wave field in a given volume of space. In the general case of a system with s 
degrees of freedom, there are 


tsN - A$i... A^sA/>i... Aptl{2nhy (48.7) 


quantum states in a volume element in phase space.f 


PROBLEMS 

Problem 1. Determine (approximately) the number of discrete energy levels of a particle 
moving in an arbitrary (not central) field C7(r) which satisfies the quasi-classical condition. 

Solution. The number of states belonging to a volume of phase space which corresponds 
to momenta in the range 0 < p < pmax and particle coordinates in the volume element dV 
is dP7(2w^)^. For given r the particle can have (in its classical motion) a momentum 

satisfying the condition E = p^lltn + C7(r) < 0. Substituting pmax = Vl— 2mU{r)], we 
obtain the total number of states of the discrete spectrum: 




where the integration is over the region of space in which U < 0. This integral diverges 
(i.e. the number of states is infinite) if U decreases at infinity as r~‘ with i < 2, in accordance 
with the results of §18. 

Problem 2. The s<une as Problem 1, but for a quasi-classical centrally symmetric field 
U(r) (V. L. PokrovskiO- 

Solution. In a centrally symmetric field the number of states is not the same as the 
number of energy levels, on account of the degeneracy of the latter with respect to the 
direction of the angular momentum. The required number can be found by noting that th? 
number of levels with a given value of the angular momentum M is the same as the number 
of (non-degenerate) levels for a one-dimensional motion in a field with potential energy 
Ueit = U(r) +M^I2mr^. The maximum possible value of the momentum pr for given rand 
energies E ^ 0 ispr.max = %/(—2fnt/eii). The number of states (i.e. the required number of 
levels) is therefore 

J IttH 2rrH J >J\ 2mr2/ 


The required total number of discrete levels is obtained from this by integration with respect 
to M!h (which replaces in the quasi-classical case the summation with respect to /), and is 

{mUtfi) j {-Vy dr. 

§49. Quasi-classical motion in a centrally symmetric field 

In motion in a centrally symmetric field the wave function of a particle 
falls, as we know, into an angular and a radial part. Let us first consider the 
former. 

The dependence of the angular wave function on the angle tf> (determined 
by the quantum number m) is so simple that the question of finding approxi- 


t In particular, for one particle, d®p/(2jrfi)’ is the number of states for a range d’p of values 
of the momentum in unit volume of coordinate space. This explains the agreement of the 
two methods of normalizing the plane wave (15.8), mentioned in the footnote to that formula. 
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mate formulae for it does not arise. The dependence on the polar angle 6 is, 
according to the general rule, quasi-classical if the corresponding quantum 
number I is large (this condition will be more precisely formulated below). 

We shall here confine ourselves to deriving the quasi-classical expression 
for the angular function for the case (the most important one in applications) 
of states whose magnetic quantum number is zero {m = 0).t This function 
is, apart from a constant factor, the Legendre polynomial Pj (cos6) (see 
(28.8)), and satisfies the differential equation 

d2Pj/d(92+cot (9 dPilde+l{l+l)Fi = 0. (49.1) 

The substitution 

Pj(cos 6) = x(f')/Vsin 6 (49.2) 

reduces this to 

x"+[(Hi)*+i cosec2% = 0, (49.3) 


which does not contain the first derivative and is similar in appearance to 
the one-dimensional Schrodinger’s equation. 

In equation (49.3), the part of the de Broglie wavelength is played by 

A = 277 [(/+i)*+i cosec*^]-i/2. 

The requirement that the derivative d(A/27r)/dx is small (the condition (46.6)) 
gives the inequalities 

ei > 1, (TT-ey > i, (49.4) 


which are the conditions that the angular part of the wave function is quasi- 
classical. For large I these conditions hold for almost all values of 6, exclud¬ 
ing only a range of angles very close to 0 or 77. 

When the conditions (49.4) are satisfied, we can neglect the second term 
in the brackets in (49.3) compared with the first: 

x"+{i+i)h = 0 . 

The solution of this equation is 

X = Vsinfi Pi(cos^) = .(4 sin[(/-t-J)f>-t-a], (49.5) 


where A and a are constants. 

For argles 6* 1, we can put in equation (49.1) cos 6 « 1/6*; replacing 

also /(/+1) by the approximation {l+iY, we obtain the equation 


d^P, 


1 dP, 


-0. 


t The opposite case, m = I, must cojrrespond in the limit to motion in a classical orbit 
lying in the equatorial plane 8 = in. since P,'(cos 8) = constant X sin' 8. and as Z oo 
this function (and therefore | (ip) tends to zero for all 8 # in. 
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which has as solution the Bessel function of zero order: 

P,(cose) =7o[(Z+i)5], 6 4:1. (49.6) 

The constant factor is put equal to unity, since we must have Pj = 1 for 
6=0. The approximate expression (49.6) for P, is valid for all angles 
6 1. In particular, it can be applied for angles in the range \jl 4 6 4 I, 

where it must agree with the expression (49.5), which holds for all ep 1//. 
For 6/ > 1 the Bessel function can be replaced by its asymptotic expression 
for large values of the argument, and we obtain 

/2 sin[(/+i)g+H 
' ~ V ttZ 


(we can neglect \ in the coefficient compared with /). On comparison with 
(49.5), we find that A — V(2/7r/), a = Thus we obtain finally the 
following expression for Pj(cos 6), applicable in the quasi-classical case:! 


Pi(cos 6) 


/- 
V ttI 


2 sin[(/-l-i)^4-JiT'] 


-v/sin6 


(49.7) 


The normalized spherical harmonic function Yio is obtained from this as 
(cf. (28.8)) 




ji sin[(/+i)e4-H 
■7T -\/sin 6 


(49.8) 


Let us now turn to the radial part of the wave function. It has been 
shown in §32 that the function x('') = rP(r) satisfies an equation identical 
with the one-dimensional Schrodinger’s equation, with the potential energy 


m = J7(r)4 


l{l+l) 

2m 


Hence we can apply the results obtained in the previous sections, if the 
potential energy is understood to be the function (7,(r). 

The case Z = 0 is the simplest. The centrifugal energy vanishes and, if 
the field U{r) satisfies the necessary condition (46.6), the radial wave 
function will be.quasi-classical in all space. For r = 0 we must have x = 0. 
and hence the quasi-classical function x(r) is determined by formulae (47.6). 

If Z 0, the centrifugal energy also must satisfy the condition (46.6). In 
the region of small r, where the centrifugal energy is of the same order as 
the total energy, the wavelength A = Zirhlp ~ rjl, and the condition (46.6) 
gives Z > 1. Thus, if Z is small, the quasi-classical condition is violated by the 


t result of replacing /(/+1) by + we have obtained an expression 

which IS multiplied by (-l)i when B is replaced by ,r-0; this is as it should be for the function 
Pz(cos 9) 



178 


The Quasi-Classical Case §49 

centrifugal energy in the region of small r. It is easily seen that we obtain 
the correct value of the phase of the quasi-classical wave function ;((r) by 
calculating it from the formulae for one-dimensional motion, replacing the 
coefficient l(l+l) in the potential energy Ui{r) by 

17, (r) = U{r)+ - (49.9) 

Ztn 

The question of the applicability of the quasi-classical approximation to a 
Coulomb field U — -^o-jr requires special consideration. The most import¬ 
ant part of the whole region of the motion is that corresponding to distances 
r for which \Ul ~ IJ?!, i.e. r ~ al\E\. The condition for quasi-classical 
motion in this region amounts to the requirement that the wavelength 
A ~ ^/V'(2/w|£'|) is small compared with the dimensions a/l^l of the 
region; this gives 

|£:| 7ru>}jh^, (49 10 ) 

i.e. the absolute value of the energy must be small compared with the energy 
of the particle in the first Bohr orbit. This condition can also be written in 
the form 


0^1 hv p 1, (49.11) 

where v ~ V{\E\lm) is the velocity of the particle. It should be noticed 
that this condition is the opposite of the condition (45.7) for the applicability 
of perturbation theory to a Coulomb field 

The region of small distances (|t-''(r)| > E) is without interest in a repulsive 
Coulomb field, since for 17 > £ the quasi-classical wave functions diminish 
exponentially. In an attractive field, however, when I is small it is possible 
for the particle to penetrate into the region where |{7| > E, so that we have 
to consider the limits of applicability of the quasi-classical approximation in 
this case. We use the general condition (46.7), putting there 

F = -dUldr = -a/r2, p ^ x'{2m\U\) — ^(wa/r). 

As a result, we find that the region of applicability of the quasi-classical 
approximation is restricted to distances such that 

r>7,2/wa, (49.12) 

i.e. distances large in comparison with the “radius” of the first Bohr orbit. 


PROBLEM 

Determine the behaviour of the wave function near the origin, if the field becomes infinite 
as ± a'r«, with J > 2, when r -* 0. 


t For example, in the simple case of free motion {XJ = 0) the phase of the function calcula¬ 
ted from formula (48.1) with Ui from (49.9) will be the same as the phase of (33.12) for 
large r, as it should be. 
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Solution. For sufficiently small r, the wavelength A ~ -v/Cml t7|) ^v'(ma), 
so that dA'dr ■— "^1; thus the quasi-classical condition is satisfied. In an 

attractive field [7i -»■ — oo when r -► 0. The region near the origin is in this case classically 
accessible, and the radial wave function x — 1 Vp, whence 

ijj ‘— r* 

In a repulsive field, the region of small r is classically inaccessible. In this case the wave 
function tends exponentially to zero as r -*■ 0. Omitting the coefficient of the exponential 
function, we have 

r 1 r I ( 2V(2mii) 1 

0~exp[-- JpdrJ, or0^expj-^^r-..->j. 


§50. Penetration through a potential barrier 

Let us consider the motion of a particle in a field of the type shown in 
Fig. 13, characterized by the presence of 2 . potential barrier, i.e. a region in 
which the potential energy U{x) exceeds the total energy E of the particle. 
In classical mechanics, a potential barrier is “impenetrable” to a particle; 
in quantum mechanics, however, a particle can pass “through the barrier”: 



the probability of this is not zero. The phenomenon is also called the tunnel 
effect.\ If the field {7(x) satisfies the quasi-classical conditions, the trans¬ 
mission coefficient for the barrier can be calculated in a general form. We 
may remark that, in particular, these conditions give the result that the barrier 
must be “wide”, and hence the transmission coefficient is small in the quasi- 
classical case. 

In order not to interrupt the subsequent calculations, we shall first solve 
the following problem. Let the quasi-classical wave function in the region 
to the right of the turning point x = b (where U{x) < E) have the form of a 
travelling wave: 




(SO.l) 


tExamples of this type have already occurred in §25, Problems 2 and 4 
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We'require to find the wave function of this state in the region x < b. This 
can be done by the same procedure as in §47, using the plane of the complex 
variable x. Putting 

E- U(x) » Fo(x-b), Fo > 0, 


we can write the function (50.1) as 
C 


^x) = 


[2mFo («— 


exp 


j(2mF,y/^ 


\/{x — b) dx+Ji 


[7r|, 


and pass from right to left along a semicircle in the upper half-plane: 


*• X 

x — b= pe^*, I J —sin cos 

b 


the phase ^ varying from 0 to n. The function ip{x) at first decreases and then 
increases in modulus, its value at the end of the semicircle being 


0(x) = 


C 

^mF 0 (A— 


exp 


V[(2mFo) {x - A)] dx + Jw i. 


X 

Thus we obtain the correspondence rulef 



for X > A for X < A 


(50.2) 


It must be emphasized that this rule presupposes a particular form of the 
wave function (a wave travelling to the right) in the classically allowed region, 
and must be applied to go from the latter to the classically inaccessible region. 

Let us now go on to calculate the coefficient for the penetration of the 
potential barrier. Let the particle be incident on the barrier from left to 
right, coming from region I. Then, in region III beyond the barrier, there 


t In a passage from right to left through the lower half-plane, the function at first 
increases and then decreases in modulus, becoming an exponentially small quantity on the 
left-hand axis {4 — w), which it would not be legitimate to keep superimposed on the 
exponentially large function (50.2). In the region where is exponentially large, the 
inexactness of the quasi-classical approximation loses the exponentially small correction 
which for <j> -* —tt could become an exponentially large term, and the latter is therefore 
lost also. 
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will be only the wave that has passed through the barrier and is propagated 
to the right; the wave function in this region may be written 


= ^^exp Q Jp dx + irV^, 


(50.3) 


where v = pint is the particle velocity and D the current density in the wave. 
Using the rule (50.2), we can now find the wave function in region II, within 
the barrier: 

b 


/n (1 


J\v\ \fi 

• J / 


a o 

Finally, applying the rule (47.5), we have in region I in front of the barrier 

b a 

•P = 2 ^^exp (i| \p\ dx) cos (1 | p dx-^jr). 

a t 

If we put here 

b 

D = exp (- I Jlpl dx), 


(50.5) 


this becomes 

4 > 


a 


This first term (which becomes a plane wave ip = as x — oo) 

represents a wave incident on the barrier, and the second a reflected wave. 
The normalization chosen corresponds to a unit current density in the 
incident wave, and therefore D, the current density in the transmitted wave, 
is equal to the required transmission coefficient for the barrier. Note that 
this formula is applicable only if the exponent is large, so that D itself is 
small.f 


*f The exponential smallness of D is related to the fact that the amplitudes of the incident 
and reflected waves in region I are found to be the same; the exponentially small difference 
between them is lost in the quasi-classical approximation. 
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It has been assumed in the foregoing that the field U{x) satisfies the quasi- 
classical condition over the whole extent of the barrier (excluding only the 
immediate neighbourhood of the turning points). In practice, however, we 
often have to deal with barriers where the potential energy curve on one side 
drops so steeply that the quasi-classical approximation is inapplicable. The 
exponential factor in D remains the same in this case as in formula (50.5), 
but the coefficient of the exponential (equal to unity in (50.5)) is different. 
To calculate it we must, essentially, calculate the exact wave function in the 
non-quasi-classical region and determine the quasi-classical wave function 
inside the barrier in accordance with this. 


PROBLEMS 


Problem 1. Determine the transmission coefficient for the potential barrier shown in 
Fig. 14 (p. 182): U{x) = 0 for x < 0, U{x) = Uq—F x for x > 0; only the exponential factor 
need be calculated. 



Solution. A simple calculation gives the result 




Problem 2. Determine the probability that a particle (with zero angular momentum) will 
emerge from a centrally symmetric potential well with U(t) = — C/j for r < r^, U{r) = a/> 
for r > r„ (Fig. 15).+ 



A lie ueniraiiy symmetric pruuicm rcuut- 
the formulae obtained above can be applied. We have 


+ This problem was first discussed by G. Gamow (1928) and by R. W. Gurney and 
E. U. Condon (1929) in connection with the theory of radioactive a-decay. 
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Penetration through a potential barrier 
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r* 


Evaluating the integral, we finally obtain 




In the limiting case -*■ 0, this formula becomes 


w 




These formulae are applicable when the exponent is large, i.e. when ajliv ^ 1. This condi¬ 
tion agrees, as it should, with the condition (49.11) for quasi-classical motion in a Coulomb 
field. 

Problem 3. The field C/(x) consists of two symmetrical potential wells (I and II in Fig. 
16), separated by a barrier. If the barrier were imi>enetrable to a particle, there would be energy 
levels corresponding to the motion of the particle in one or other well, the same for both 
wells. The fact that a passage through the barrier is possible results in a splitting of each of 
these levels into two neighbouring ones, corresponding to states in which the particle moves 
simultaneously in both wells. Determine the magnitude of the splitting (the field U(x) is 
supposed quasi-classical). 



Fic. 16 


Solution. .4n approximate solution of Schrbdinger’s equation in the field U{x), neglecting 
the probability of passage through the barrier, can be constructed with the quasi-classical 
wave function ilio{x) which describes the motion with a certain energy in one well, say I, 
i.e. which is exponentially damped on both sides of this well; the function <lioix) is assumed to 
be norm"'.zed so that the integral of ‘l>o‘ over well I is unity. When the small probability of 
tunnelling is taken into account, the level E„ splits into levels E^ and Ej. The correct zero- 
approximation wave functions corresponding to these levels are the symmetric and anti¬ 
symmetric combinations of <Iiq(x) and i^o(—je): 

M - *)], 

V 4 

02(x) = —^(0o(*)-W-*)] 



( 1 ) 
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In well I, the function M—x) is vanishingly small in comparison with in well II the 

opposite is true. The product ^(io(*)0o(—■*) is therefore vanishingly small everywhere, and 
the functions (1) are normalized so that the integrals of their squares over wells I and II 
are unity. 

Schrddinger’s equations are 

^o”+(2'nM*X£u—=0. ilii"+(2m;A“){£, —=0; 

we multiply the former by yji-i and the latter by subtract corresponding terms, and integrate 
over X from 0 to oo. Bearing in mind that, for * = 0, (t, = -v/Z^lfo and ipi = 0, and that 

we find 0 0 

Ex-Eo = -(Wm)^e(0)v&„-(0). 

Similarly, we find for E,—E^ the same expression with the sign changed. Thus 

E^-E, = (2*-/mXfc,(0)^„'(0). 

By means of formula (47.1), with the coefficient C from (48.3), we find that 

a 

y oj r I r T 

J IpI A'( 0 ) = -^o(O). 

where Do = V[2(C/c~'E'o)/tti]. Thus 

C 

wfi r 1 r 1 

Es-Ei 

—c 

where c is the turning point corresponding to the energy £„; see Fig. 16. 

Problem 4. Determine the e.xact value of the transmission coefficient D for the passage 
of a particle through a parabolic potential barrier U(x) — —ikx‘ (supposing that D is not 
small) (E. C. Kemble 1935).t 

Solution. Whatever the values of k and E, the motion is quasi-classical at sufficiently 
large distances |xl, with 


p = \/[2m[E-\-lkx^] s: xy^'(mk).\-E^f[mlk)lx, 
and the asymptotic form of the solutions of Schrddinger’s equation is 

tp = constant xe**f 

where we have introduced the notation 


f = x(mklh'yi*, e = {Elh)y/{mlk) 

We are interested in the solution which, as * -*■ + oo, contains only a wave which has 
passed the barrier, i.e. is propagated from left to right. We put 

as.x-*- cc, <// = > 2 (1) 

as X ->• — cc, it = £- f) ' ■ 2 .,. .jfij'.'3( _ -I 2 (2) 

t The solution of this problem can also be applied to penetration sufficiently near the top 
of any barrier Uix) whose dependence on x near the maximum is quadratic. 



185 


§51 Calculation of the quast-classical matrix elements 

In the expression (2), the first term represents the incident wave, and the second the reflected 
wave (the direction of propagation of a wave is that in which its phase increases). The 
relation between A and B can be found by using the fact that in this case the asymptotic 
expression for iji is valid in the whole of a sufficiently distant region of the plane of the complex 
variable {. Let us follow the variation of the function (1) as we go round a semicircle of large 
radius p in the upper half-plane'of ( : 

f = p2( — sin 2^ + i cos 2^), 

with 4 varying from 0 to rr. As a result of traversing this semicircle, the function (1) becomes 
the second term in (2), with coefficient 

A= = -iB-”*; (3) 

in the part of the path (in < <j> < rr) where the modulus is exponentially large, the 

exponentially small quantity which should give the first term in (2) is lost.f 

With the normalization of the incident wave chosen in (2), the condition of conservation of 
number of particles is 

1-412 +|B|2 = 1. (4) 

From (3) and (4) we find the required transmission coefficient: 


D = iB|2 = l/(l+e-2>’«). 

This formula holds for any E. If the energy is large and negative, it gives D 
in accordance with formula (50.5). For E > 0. the quantity 

B = 1-D = l/(l+e2-<) 

is the coefficient of reflection above the barrier. 


§51. Calculation of the quasi-classical matrix elements 

A direct calculation of the matrix elements of any physical quantity / with 
respect to the quasi-classical wave functions presents great difficulty. We may 
suppose that the energies of the states between which the matrix element is 
calculated are not close to each other, so that the element does not reduce to 
the Fourier component of the quantity/(§48). The difficulties arise because, 
owing to the fact that the wave functions are exponential (with a large imagin¬ 
ary exponent), the integrand oscillates rapidly. 

We shall consider a one-dimensional case (motion in a field U{x)), and sup¬ 
pose for simplicity that the operator of the physical quantity is merely a func¬ 
tion / {x) of the coordinate. Let and ipo be the wave functions correspond¬ 
ing to some values and of the energy of the particle (with E^ > E^, 
Fig. 17); we shall suppose that and tp 2 are taken real. We have to calculate 
the integral 


*1 The passage through the lower half-plane to determine A would be unsuitable, since 
on the part of the path (— rr < (^ < —that adjoins its left-hand end (where i/r is given 
by (2)), the term in c't”® is exponentially small in comparison with 
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CO 

/l2 = J d*. 

— «0 


§51 

(51.1) 



Fig. 17 


According to (47.5), the wave function in the regions on both sides of 
the turning-point .v = ax, but not in its immediate neighbourhood, is of the 
form 


for X < a^, 


for X > Cj, 


Z 


/ 

.-11'’“*'] 


II 

X 

J Pi 




( 51 . 2 ) 


and similarly for (replacing the suffix 1 by 2). 

However, the calculation of the integral (51.1) by substituting in it these 
asymptotic expressions for the wave functions would not give the correct 
result. The reason is, as we shall see below, that this integral is an exponen¬ 
tially small quantity, whereas the integrand is not itself small. Hence even a 
relatively small change in the integrand will in general change the order of 
magnitude of the integral. This difficulty can be circumvented as follows. 

We represent the function 4'2 3s a sum +0s~i expressing the cosine 

(in the region .r > az) as the sum of two exponentials. According to (50.2), we 
have 


for X < a^. 


X 




(51.3) 


for * > flj, t/jt' 



187 


§51 Calculation of the quasi-classical matrix elements 

the function is the complex conjugate of 
The integral (51.1) is also divided into the sum of two complex conjugate 
integrals fi 2 = /i 2 ‘''+/i 2 “. which we shall proceed to calculate. First of all, 
we note that the integral 

00 

fl2* = J dx 


converges. For, although the function ^ 2 "^ increases exponentially in 
the region x < a^, the function ipi, in the region x < a^, tends exponentially 
to zero still more rapidly (since we have Ipil > \p^\ everywhere in the region 
X < c*). 

We shall regard the coordinate x as a complex variable, and displace the 
path of integration off the real axis into the upper half-plane. When x 
receives a positive imaginary increment, an increasing term appears in the 
function (in the region x > af), but the function decreases still more 
rapidly, since we have > p^ everywhere in the region x > Hence the 
integrand decreases. 

The displaced path of integration does not pass through the points x — a^, 
flj on the real axis, near which the quasi-classical approximation is inapplic¬ 
able. Hence we can use for i/f^ and over the whole path, the functions 
which are their asymptotic expressions in the upper half-plane. These are 


- — -expf- r y/{2m{U-EM dxl. 


-expj”-f ■\/{2m[U—EfP)dx , 

2[2m{U-EfjYl^ L J 


(51.4) 


where the roots are taken so as to be positive on the real axis for x < a\, a^. 
In the integral 

J J V{2Mt/-^i)} J V{ 2 m([/-£ 2 )} dxj x 

a, 


/(x) dx 

'^[(Lf-£i)(C7-£,)]!'“ 


(51.5) 


we desire to displace the path of integration in such a way that the exponential 
factor is diminished as much as possible. The exponent has an extreme value 
only where I/(x) = co (for Fj, its derivative with respect to x vanishes 
at no other point). Hence the displacement of the contour of integration into 
the upper half-plane is restricted only by the necessity of passing round the 
singular points of the function I7(x); according to the general theory of linear 
differential equations, these coincide with the singular points of the wave 
function ^(x). The actual choice of the contour depends on the actual form 
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of the field U{x). Thus, if the function U(x) has only one singular point 
X = Xo 'in the upper half-plane, the integration can be effected along the type 
of path shown in Fig. 18. The immediate neighbourhood of the singular 
point plays the important part in the integral, so that the matrix element 
/i 2 = 2 re/i 2 + required is practically proportional to an exponentially small 
expression of the form 


/i 2 ~ exp 


{-Hf 


^0 


^y[ 2 m{E 2 -U)] dx- U)] dx (51.6) 


]) 


(L. D. Landau 1932).t 


0 


Fig. 18 

The lower limits of the integrals may be any points in the classically 
accessible regions; their particular values evidently do not aflFect the imaginary 
parts of the integrals. If the function U{x) has several singular points in the 
upper half-plane, arc in (51.6) must be taken as that for which the exponent is 
smallest in absolute value.| 

Formula (51.6) becomes simpler when the energies and E^, are 
almost the same, so that the matrix element reduces, according to the 
results in §48, to the Fourier time component of the classical quantity 
f\x{t)^- Putting E^j = E ±|Iia) 2 i and expanding in powers of ftcUgi, we 
find 


*0 

/i 2 ~ exp^-cu 2 i im 


m 


2{E - U) 


dx I = exp( — (y 2 i ini t). (51.6a) 


The quantity 


t In deriving formulae (Sl.S) and (51.6), we have replaced the wave functions by their 
asymptotic expressions, since, in the integral taken along the contour shown in Fig. 18 (p. 188), 
the order of magnitude of the integral is determined by that of the integrand; hence a relatively 
small change in the latter does not have any great effect on the value of the integral. 

J We assume that the quantity f{x) itself has no singular points. 

The estimate (51.6) for the matrix element presupposes a “normal” order of magnitude for the 
coefficient of the exponential. There can of course be cases where the nature of the problem makes 
this coefficient unusually small. The simplest example is w'heny(x) = constant. The matrix element 
is then zero because the wave functions are orthogonal; this is not shown by (51.6). 
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Calculation of the quasi-classical matrix elements 


X = 


I 


can be regarded as the complex lime at which the particle reaches the point 
in the complex x-plane. The quantity 


.(x) = 


2[E-U{x)] 


m 


is the corresponding complex velocity. It is easily seen that (51.6a) in fact 
gives the approximate expression for the Fourier component ofy^[x(<)] 
if 0)21 im T > 1. 

The quasi-classical matrix elements for motion in a centrally symmetric 
field must be calculated by the same method. However, we must now replace 
U{r) by the effective potential energy (the sum of the potential energy and 
the centrifugal energy), which will be different for states with different /. 
In view of further applications of the method in question, we shall write the 
effective potential energies in the two states in a general form, as Ui(r) and 
Uzir)- Then the exponent in the exponential factor in the integrand in (51.5) 
has an extreme value not only at the points where Ui{r) or Uz{r) becomes 
infinite, but also at those where 

U2{r)-U,(r) = E^-E^. (51.7) 

Hence, in the formula 




/l2 


expj — 


[/ 


V[2m(£2- Uz)] dr- 


Jv[2m(£i-t/i)]dr]j (51.8) 


the possible values of rp include not only the singular points of L4(r) and 
U 2 {r), but also the roots of equation (51.7). 

The centrally symmetric case differs also in that the integration over r in 
(51.1) is taken from 0 (and not from — co) to co: 


CO 

/i2 = / Xi/X2 dr. 

0 

Here two cases must be distinguished. If the integrand is an even function 
of r, the integration can be formally extended to the whole range from — co 
to CO, so that there is no difference from the previous case. This may occur 
if Ui(r) and f/ 2 (r) are even functions of r [C/(—r) = t/(r)]. Then the wave 
functions xi(r) and X 2 (r) are either even or odd functions^ (see §21), and, 
if the function/(r) is also even or odd, the product Xi/Xz tnay be even. 

If, on the other hand, the integrand is not even (as always happens if U(r) 
is not even), the start of the path of integration cannot be moved away from 
the point r = 0, and this point must be included among the possible values of 
to in (51.8). 


t For even U(r), the radial wave function /?(r) is even (or odd) when / is even (or odd), as 
is seen from its behaviour for small r (where R --w y^). 
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PROBLEMS 

Problem 1. Calculate the quasi-classical matrix elements (exponential factor only) in a 
field U = 

Solution. U{x) becomes infinite only for x-*- —co. Accordingly, we put Xq = — oo 
in (51.6). We can extend the integration to +oo. 

Each of the integrals diverges at the lower limit. Hence we first calculate them from —x 
to 00 , and then pass to the limit x -»■ co. We find 

where vi = \/(2Ei!m), vz = are the velocities of the particle at infinity (x co), 

where the motion is free. 

Problem 2. The same as Problem 1, but in a Coulomb field U = ajr, for transitions be¬ 
tween states with 1 = 0. 

Solution. The only singular point of the function U(r) is r = 0. The corresponding 
integral has been calculated in §50, Problem 2. As a result we have by formula (51.8) 


/l2 ~ 



Problem 3. The same as Problem 1, but for an anharmonic oscillator with potential energy 
U(x) = + fix*, under the condition 




( 1 ) 


SoLUTtoN, The generalization of the analysis given in the text to the case of finite motion shows 
that (51.6) remains valid. As Xq we must take the points x -► ± 00 . both of which give contributions 
of the same order. Then 


/i 2 ~exp -- 


-OC 

{4[I 






]) 


With the condition (1), the main contribution comes from the range 


J{E^lrmo^) <^ \x\ J{mw^lfi), 


( 2 ) 


in which 


Expanding the exponent in powers of £^ 2 /^ zero-order terms cancel) and neglecting 
we have 


/la-^exp 



| a :| hv) 



The logarithmically divergent integrals are to be cut off at the ends of the range (2): (mco'^jp) 

above and t E.^lmcij'}, ^ V Ejmv}^ below. The result is 


/12 exp 


( 


E., m^to* 

log-— 
2hco PE.2 




With the state numbers % [Ejhw)., {E.,fh€Oj., we can write this as 
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Since large values of x are important in the solution, the result is valid if/(x) does not increase too 
rapidly at infinity. If f (x) is a polynomial, its degree must be much less than % — 

§52. The transition probability in the quasi-classical case 

Penetration through a potential barrier is an example of a process which 
is entirely impossible in classical mechanics. In the quasi-classical case the 
probability of such processes is exponentially small. The relevant exponent 
can be determined as follows. 

Considering a transition of any system from one state to another, we 
solve the corresponding classical equations of motion and find the “path” of 
the transition; this, however, is complex, in accordance with the fact that the 
process cannot occur in classical mechanics. In particular, it is found that, 
in general, the “transition point” qa at which the formal transition of the 
system from one state to the other occurs is complex; the position of this 
point is determined by the classical conservation laws. VVe next calculate 
the action Si{qi, qa) + S 2 {qQ, q 2 ) for the motion of the system in the first 
state from some initial position qi to the “transition point” qo, and then in the 
second state from qo to the final position q^. The required probability of the 
process is then given by the formula 

w ~ exp | - ~im [Si ($i,?o) + *52 (?o.?2)]|- (52.1) 

If the position of the “transition point” is not unique, it must be chosen 
so that the exponent in (52.1) has the smallest absolute value (which must yet, 
of course, be sufficiently large for formula (52.1) to be valid).f 

Formula (52.1) is in accordance with the rule derived in §51 for calculating 
the quasi-classical matrix elements. It should be emphasized, however, that 
it would not be correct to use the square of the matrix element in calculating 
the coefficient before the exponential in the probability of such transitions. 

The method of complex classical paths based on (52.1) is a general one, 
applicable to transitions in systems with any number of degrees of freedom 
(L. D. Landau 1932). If the transition point is real, but lies in the classically 
inaccessible region, then (in the simple case of one-dimensional motion) 
formula (52.1) is the same as (50.5) for the probability of penetration through 
the potential barrier. 


Reflection above the barrier 

Let us apply (52.1) to the one-dimensional problem of reflection above the 
barrier, i.e. reflection of a particle whose energy exceeds the height of the 
barrier. In this case, qo is to be taken as the complex coordinate xq of the 
“turning point” at which the particle reverses its direction of motion, i.e. 
the complex root of the equation U{x) = E. We shall show how the reflection 


t If the potential energy of the 
sidered as possible values of 


system has itself singular points, these also must be con- 
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coefficient may then be calculated more precisely, including the coefficient 
of the exponential. 

We must again (as in §50) establish the relation between the wave functions 
far to the right of the barrier (the transmitted wave) and far to the left (the 
incident and reflected waves). This is easily done by a method similar to 
that used in §§47 and 50, regarding as a function of the complex variable j:. 

W’e write the transmitted wave in the form 


X 





where jci is any point on the real axis, and follow its variation on passing along 
a path C in the upper half-plane which encloses (at a sufficient distance) the 
turning point 3Co (Fig. 19); the whole of the latter part of this path must 
lie so far to the left that the error in the approximate (quasi-classical) wave 
function of the incident wave is less than the required small quantity i/f_. 
Passage round the point a;o causes a change in the sign of the root -v/[F — ^/(a:)], 
and after the return to the real axis the function i/i+ therefore becomes 
</(_, a wave propagated to the left (i.e. the reflected wave).t Since the ampli¬ 
tudes of the incident and transmitted waves may be regarded as equal, the 



Fig. 19 

required reflection coefficient R is simply the ratio of the squared moduli 
of i/r_ and i/r-: 



(52.2) 


Having derived this formula, we can deform the path of integration in the 
exponent in any manner; if we convert it into the path C shown in Fig. 19, 
the integral reduces to twice the integral from vi to .vq, giving 


_ R = exp ( -4g(.vi, XQ) h), o(.vi, .vo) = im j" p{x) d.v; (52.3) 

t A passage along a path below the point .Vq (simply going along the real axis, for example) 
converts the function into the incident wave. 
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since p x is real everywhere on the real axis, the choice of x, is 
immaterial. Note that the coefficient of the exponential in (52.3) is unity 
'X. L. Pokrovskii, S. K. Sawinykh and F. R. Ulinich 1958).+ 

As already mentioned, among the possible values of xj, we must select the 
one for which the exponent in 52.3) is smallest in absolute magnitude (and 
this value must be large compared with unity).|| It is also implied that, 
if the potential energy IHx ' itselfhas singularities in the upper half-plane, 
the integral (TiX|,Xoj has larger values for such points§; otherwise the 
e.xponent would be determined by one of these points, but the coefficient 
of the exponential v\ould not be unity as in (52.3). This condition is 
certainly not satisfied with increa.sing energy £ if f/(x) becomes infinite 
anywhere in the upper half-plane; ultimately the point Xo at which U = E 
becomes so close to the point Xy, where E = oo that the two points give 
comparable contributions to the reflection coefficient (the integral 
1 ■’<^ 0 ) ~ 1 b formula '52.3) becomes invalid. In the limit where E 
is so large that this integral is small compared with unity, perturbation 
theory becomes applicable ^see Problem 2).If 


PROBLEMS 

Problem 1. Using the quasi-classical approximation, with exponential accuracy, determine 
the probability of disintegration of a deuteron in collision with a heavy nucleus regarded as 
the fixed centre of a Coulomb field (E. M. Lifshitz 1939). 

Solution. The principal contribution to the reaction probability comes from collisions 
with zero orbital angular momentum. In the quasi-classical approximation these are the 
head-on collisions, in which the movement of the particles becomes one-dimensional. 

Let E be the deuteron energy in units of t, the binding energy of the proton and the neutron 
in the deuteron; En and Ep the energies of the released neutron and proton in the same units. 
We shall also use the dimensionless coordinate g =er'Zf* (where Ze is the charge on the 
nucleus), and denote by its value (which is in general complex) at the "transition point”, 
i.e. at the “moment of disintegration” of the deuteron. We can write 

E„ = Ep = 1V + -. E = + (1) 

go go 

here Vn, and Vd are the velocities of the particles ai the moment of disintegration, in units of 
\ («/m), where m is the nucleon mass; ? « is real and is the same as the velocity of the released 
neutron, but Vp and Vd are complex. The conditions for the conservation of energy and 
momentum at the transition point give 


^ In some tasfs. not onl\ the amplitude relations bui also the phase relations between the incident 
and reflected waves are of interest. These are described bv ihc reflection amplitude, expressed in 
terms ofihe coeflieicnis a and [i §25,. It is easih shown bv the above arguments that, in particular, 
the relleeiion amplilude for a wave iin idem from the Icfi is 


P* OL* = 






- X. 


I he faeior - / is due to the < hange in the phase of the coeflicieni of the exponential in passing round 
ihe branch point §47 

J The proof given here is due to L. U Landau 1961 . 

, OftoLirsc. oiiiv points aic considered lor which a > 0, i.e. points lying in ihe upper half-plane. 
§ 1 ho contour ( in I ig. 19 must p.iss Ijelow the singularities of [’'x 

+ +An inierniediau case is di.seu.sscd b> \. L. Pokrewskii and 1. M. Khaiainikov, Soviet FhY:>ics 
JEl'P 13, 1207, 1961. 
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( 2 ) 


The Quasi-Classical Case 

Ep + En = E-l, fjj + fn = 2i,(, 

whence 

Vp = 2i+rni t'rf = i + Z'fi, — = £■+1 — + 2*?n. 

90 

The action of the systen^ before the transition corresponds to the motion of the deuteron 
in the field of the nucleus up to the point of disintegration; its imaginary part is 


Ze^J— im |29oi',t - V'(9o£')|. 


(3) 


After the transition, the action corresponds to the motion of the neutron and the proton 
away from the point of disintegration; 

CO OD 

im S, = Ze^J'lira 11 d,+ [2(£p - 1)] d^J 

«• «• 

= I “ ''"5® “ ^■'>90 + cosh -t v'(9o£j))|. (4) 


According to (S2.1), the probability of the process is 


u> ~ exp I - '‘^^^oEp) 


2 

\/E 


cosh -1 \/(9 o£) 


]} 


(5) 


In accordance with the fact that the two inverse hyperbolic cosines here come from (4) and 
(3), the signs of their imaginary parts must be the same as those of im Vp and im Vd respectively, 
and the signs of the latter in the solution of equations (2) are chosen so as to make 
im(5i + 5s) > 0, 

Because tv depends exponentially on En, the total probability of disintegration (with anv 
values of E„ and Ep = E — \ —En) is given by the minimum absolute value of the exponent 
as a function of En. Analysis shows that this occurs when En -» 0. Then q„ = !/(£ + !), and 
from (5) we find 



The condition for this formula to be valid is that the exponent should be large compared 
with unity. 

Having calculated the imaginary part of the action 5 = S, + S, for non-zero values of 
En, we can find the energy distribution of the particles released. Near En = 0, we havef 


im S[En) - im 5(0) * 

A calculation of the derivative gives 

dw I 2Ze^ Im^ r 3 —£ 1 

_ ~exp|-_ 


im- 


i(E-\){E+l)^ v'Rf-l)®] 

Problem 2. Determine the coefficient of reflection above the barrier for particle energies 
such that perturbation theory is applicable. 


t When En = 0, the function im S{En) has a cusp from which it increases for both positive 
and negative En (the negative values corresponding to the capture of the neutron by the 
nucleus). 
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§53 Transitions under the action of adiabatic perturbations 

Solution. Formula (43.1) is used, the initial and final wave functions being plane waves 
propagated in opposite directions and normalized respectively by unit current density and the 
delta function of momentum divided by 2iih, with di; = dp'jl-nh and p' the momentum after 
reflection. Carrying out the integration with respect to p' (taking account of the delta function), 
we obtain 

i f I 

R = - d* 2. (1) 

^ -00 

This formula io valid if the conditions for perturbation theory to be applicable are satisfied: 
Uajhv 1, where a is the width of the barrier (see the third footnote to §45), and also 
pajh S 1. The latter condition ensures that the function R(p) is not exponential; otherwise 
the question of the validity of formula (1) would require further investigation. 

Problem 3. Determine the coefficient of reflection above the barrier for a quasi-classical 
barrier when the function V(x) has a discontinuity of slope at x = 

Solution. If the function U(x) has a singularity for-real x, the reflection coefficient is 
determined mainly by the field near that point, and perturbation theory can be formally 
applied to calculate it, without having to be valid for all x; the fulfilment of the quasi-classical 
condition is sufficient. We then have formula (1) of Problem 2, the only difference being that 
the momentum of the incident particle must be replaced by the value of p(x) at the singular 
point. 

In this case we take the point of discontinuous slope as x = 0, and thus have near this point 


U => —Fix for X > 0, U = —Fzx for x < 0, 

with different Fi and Fa. The integration with respect to x is effected by including in the 
integrand a damping factor and then letting A -► 0. The result is 

mm 


R = 


l6po* 


<Fa-F,)2, 


where po = p(0). 


§53. Transitions under the action of adiabatic perturbations 

It has already been mentioned in §41 that, in the limit of a perturbation 
■which varies arbitrarily slowly -with time, the probability of a transition of 
a system from one state to another tends to zero. Let us now consider this 
problem quantitatively, by calculating the transition probability under the 
action of a slowly varying (adiabatic) perturbation (L. D. Landau 1961). 

Let the Hamiltonian of the system be a slowly varying function of time, 
tending to definite limits as f -> + co, and let ipniT 0 ^ttd E„{t) be the eigen¬ 
functions and the eigenvalues of the energy (depending on time as a para¬ 
meter) obtained by solving Schrodinger’s equation on 

account of the adiabatic variation of H with time, the time variation of En 
and ipn with time will also be slow. The problem is to determine the proba¬ 
bility zi -21 of finding the system in a certain state ijjo as f ->■ + oc, if it was in 
the state ipi as t — oc. 

The slow variation of the perturbation means that the duration of the 
transition process” is very long, and therefore the change in the action during 
this time (given by the integral — f E(t) dt) is large. In this sense the problem 
is quasi-classical, and the required probability is mainly determined by the 
values to of t for which 
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The Quasi-Classical Case 
Ei{to) = Ezito) 


§53 

(53.1) 


and which correspond, as it were, to the “instant of transition” in classical 
mechanics (cf. §52); in reality, of course, such a transition is classically 
impossible, as is shown by the fact that the roots of equation (53.1) are 
complex. It is therefore necessary to examine the properties of the "olutions 
of Schrbdinger’s equation for complex values of the parameter i in the 
neighbourhood of the point / = tozt which the two eigenvalues of the energy 
become equal. 

As we shall see, the eigenfunctions tpi, 4>2 vary rapidly with t near this 
point. To determine this dependence, we first define linear combinations 
4 ‘i> 4‘2 of >pi, 4‘2 which satisfy the conditions 

J d$ = J 4,^ d$ = 0, J 4i4z d$ = 1. (53.2) 


This can always be achieved by suitable choice of the complex coefficients 
(which are functions of t). The functions (f>u 'H h^ve no singularity at t 
We now seek the eigenfunctions as linear combinations 

4 = ai4i + <^242- (53.3) 


Here it must be borne in mind that, w'hen the “time” t is complex, the operator 
H{t) (of the form (17.4)) is still equal to its transpose (i? = /?), but is no 
longer Hermitian (/5 # H*), since the potential energy U{t) # U*{t). 

We substitute (53.3) in Schrbdinger’s equation, multiply on the left by 
4i or 42 , and integrate with respect to q. With the notation 

= j4iH4^dq, (53.4) 


and using the fact that H 12 = H 21 owing to the above-mentioned property 
of the Hamiltonian, we obtain the equations 


HiiOi + HizOo = Eao, 


4 -/ 722^2 ~ EGi. 



The condition for these equations to have non-zero solutions is — = 

and the roots of this give the energy eigenvalues 

E = Hio±^’\HnH22). (53.6) 

Then (53.5) gives 

aojoi = + \ \HulHoz)- (3j.7) 


It is seen from (53.6) that, for a coincidence at the point t = to of the two 
eigenvalues, either Hw or H 02 must vanish at that point; let H\\ vanish there. 
At a regular point, a function in general vanishes as t-to, and therefore 
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E{t) — E{to)= + constant X v (<—<o), (53.8) 


i.e. E{t) has a branch point at f = to- We also have ao ~ and so 

there is at the point t = to only one eigenfunction, (f>i. 

We now see that the problem is formally completely analogous to the 
problem of reflection above the barrier discussed in §52. We have a wave 
function ^f’(0 which is “quasi-classical with respect to time”, instead of the 
function quasi-classical with respect to the coordinate in §52, and wish to 
find the term of the form in the wave function for f -p oo, 

if the wave function T(f) = as < ^ — oo. This is analogous to the 

problem of determining the reflected wave for x ^ — cc from the transmitted 
wave for x -p oo. The required transition probability woi = |c 2 l^. The 
action 5 = — J E{t) di is given by the time integral of a function having 
complex branch points (just as the function p{x) in the integral J p dx had 
complex branch points). The problem under consideration is therefore 
dealt with by means of a contour in the plane of the complex variable t 
from large negative to large positive values, just as in §52 for the plane of the 
variable x, and we shall not repeat the derivation here. 

We shall suppose that E 2 > Ei on the real axis. Then the contour must lie 
in the upper half-plane of the complex variable t (where the ratio 
g-iE^Vhig-iE^tin increases). The resulting formula (analogous to (52.2)) is 


^21 = exp^ 


(53.9) 


c 


where the integration is along the contour shown in Fig. 19 (from left to 
right). 

On the left-hand branch of this .contour E = £ 1 , and on the right-hand 
branch E = E^. We can therefore write (53.9) in the form 


W21 


= exp^ —2im J co 2 i (0 d<^, 


(53.10) 


where 0^21 = {E 2 — E\)jh, and t\ is any point on the real axis oft; to must be 
taken as that root of equation (53.1) lying in the upper half-plane for which 
the exponent in (53.10) is smallest in absolute value.f In addition, besides 
the direct transition from state 1 to state 2, there may be possible paths 
through various intermediate states; the probabilities of these are given by 
analogous formulae. For example, for a transition 1 ->• 3 -> 2 the integral 
in (53.10) is replaced by a sum of integrals: 


J W3i(t) d/ -p J co23(t) dt. 


t The possible values of must include any points at which E{t) becomes infinite- for 
such points the coefficient of the exponential in (53.10) will not be unity 
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where the upper limits are the “points of intersection” of the terms E^{t) 

and E^{t), E^it) respectively. This result is obtained by means of a contour which 
encloses both these complex points.! 


PROBLEM 

Determine the change in the adiabatic invariant for a classical oscillator which obeys the equation 

d“*/dt^ + to^(0* =0. (*) 


when the frequency co (t) varies slowly from its value roj at t ► — oo to CO 2 at / —» cx) (A. M. Dykhne 
1960). 

Solution. Equation (1) is derived from Schrddinger’s equation by a change of notation; 

^X, X -> 1, p{x)h = k{x)m(t)\ 

the problem is then formally equivalent to that of reflection from a potential barrier (§25). This 
allows the calculation of the change in the adiabatic invariant to be reduced to that of the reflection 
amplitude. 

We write the solution of (1) for / —► + 00 as 

X ^ A,e^'‘+ Af x->-oo, 

x=A^e“-‘‘ + A?e~-^‘, x-^00. 

From (25.6), 


Aj = aA, + pAf. 


( 2 ) 


The adiabatic invariant of the oscillator is Ejai, so that 

/, = mC0|X^ = 2mto,|il||*, /j = 2m<02M^|-. 


or, substituting (2), 


I, = 2ii,m2[(|ap + IplW + 2 re{<xp*A])l 

With the relation (25,7), which in the present notation is ]«|* — |/?|^ + cy,/co 2 , vve have 

4 - /. = + rc{<xp*A])]. (3) 

The case where co(<) varies slowly corresponds, in the barrier reflection problem, to the 
quasi-classical case in §52. Then p is exponentially small, and |a % cyj /co 2 . (It is assumed that co^(/) 
has no singularities or zeros on the real /-axis.) The procedure described in §52 for calculating the 
reflection amplitude gives the estimate 

ki 

tkl = — /, ^\P\ ~exp^ —2 imj*co(/) d( 

where Iq is the singular point in the upper half-plane of t that gives the greatest contribution to A/. 
This formula coincides with the results in Mechanics^ §51, for the harmonic oscillator case considered. 
When co^(/) has a simple zero in the upper half-plane, the formulae in §52 allow the coefficient of 
the exponential to be found also; see the footnote on p. 193. 

The second (and principal) term in (3) depends on the initial phase of the oscillations. It becomes 
zero when averaged over that phase, so that 


where R (co 2 /co,)|)?|^ is the “reflection coefficient’*. 


t The intermediate states of a continuous spectrum require a special discussion. 
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SPIN 


§54. Spin 

In both classical and quantum mechanics, the law of conservation of angular 
momentum is a consequence of the isotropy of space with respect to a closed 
system. This already demonstrates the relation between the angular momen¬ 
tum and the symmetry properties under rotation. In quantum mechanics, 
however, the relation in question is a particularly far-reaching one, and 
essentially constitutes the basic content of the concept of angular momentum, 
especially as the classical definition of the angular momentum of a particle 
as the product r x p has no direct significance in quantum mechanics, owing 
to the fact that position and momentum cannot be simultaneously measured. 

We have seen in §28 that, if the values of I and m are specified, the angular 
dependence of the wave function of the particle is determined, and therefore 
so are all its symmetry properties under rotation. The most general formula¬ 
tion of these properties involves specifying the transformation of the wave 
functions when the coordinate system is rotated. 

The wave function tpiM of a system of particles (with specified values of 
the angular momentum L and its component M) remains unchangedf only 
in a rotation of the coordinate system about the ar-axis. Any rotation that 
alters the direction of this axis has the result that the ar-component of the 
angular momentum does not have a definite value. This means that, in the 
new coordinates, the wave function in general becomes a superposition (a 
linear combination) of 2L -I- 1 functions corresponding to the different 
possible values of M for the given L. We can say that the 2L+\ functions 
ipLM are transformed into linear combinations of one another when the 
coordinate system is rotated.| The law governing this transformation (i.e. the 
coefficients in the superposition as functions of the angles of rotation of the 
coordinate axes) is entirely determined by specifying the value of L. Thus 
the angular momentum acquires the significance of a quantum number 
which classifies the states of the system according to their transformation 
properties under rotation of the coordinate system. This aspect of the 
concept of angular momentum in quantum mechanics is particularly 
important because it is not directly related to the explicit angular dependence 
of the wave functions; the law of mutual transformation of these functions 
can be stated without reference to that dependence. 

t Apart from an unimportant phase factor. 

X In rrathematical terms, these functions are the irreducible representations of the rotation 
group. 1 he number of functions which are transformed into linear combinations of one 
another is called the dimension of the representation; it is assumed that this number cannot 
be made smaller by taking any other linear combinations of these functions. 
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Let us consider a composite particle, such as an atomic nucleus, which is at 
rest as a whole and is in a definite internal state. In addition to an internal 
energy, it has also an angular momentum of definite magnitude L, due to the 
motion of the particles within the nucleus. This angular momentum can 
have 2L + 1 different orientations in space. Thus, in considering the move¬ 
ment of a complex particle as a w hole, we must assign to it, as well as its 
coordinates, another discrete variable; the projection of its internal angular 
momentum on some chosen direction in space. 

However, with the preceding understanding of the concept of angular 
momentum, the origin of it becomes unimportant, and we naturally arrive at 
the concept of an “intrinsic” angular momentum which must be ascribed 
to the particle regardless of whether it is “composite” or “elementary” 
Thus, in quantum mechanics an elementary particle must be assigned a 
certain “intrinsic” angular momentum unconnected with its motion in space. 
This property of elementary particles is peculiar to quantum theory (it 
disappears in the limit ti -* 0), and therefore has in principle no classical 
interpretation.•}■ 

The intrinsic angular momentum of a particle is called its spin, as distinct 
from the angular momentum due to the motion of the particle in space, 
called the orbital angular momentum. I The particle concerned may be either 
elementary, or composite but behaving in some respect as an elementary 
particle (e.g. an atomic nucleus). The spin of a particle (measured, like the 
orbital angular momentum, in units of h) will be denoted by s. 

For particles having spin, the description of the state by means of the W'ave 
function must determine the probability not only of its different positions in 
space but also of the possible orientations of the spin. Thus the wave function 
must depend not only? on three continuous variables, the coordinates of the 
particle, but also on a discrete spin variable, which gives the value of the 
projection of the spin on a selected direction in space (the tr-axis) and takes a 
limited number of discrete values, which we shall denote by^ a. 

Let if){x, y, z\ a) be such a wave function. It is essentially a set of several 
different functions of the coordinates, corresponding to different values of ct; 
these functions will be called the spin components of the wave function. The 
integral 

J|^(^„y,.s;a)12dT 

determines the probability that the particle has a certain value of a. The 
probability that the particle is in the volume element dI’’ with any value of a is 

dTS \ip{x,y, z\ a)12. 


‘I* In particular, it would be wholly meaningless to imagine the “intrinsic” angular 
momentum of an elementary particle as being the result of its rotation “about its own axis . 

+ The physical idea that an electron has an intrinsic angular momentum was put forward 
by G. Uhlenbeck and 5. Goudsmit in 1925. Spin was introduced into quantum mechanics 
in 1927 by W. Pauli. 
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The quantum-mechanical spin operator, on being applied to the wave 
function, acts on the spin variable a. In other words, it in some way linearly 
transforms the components of the wave function into one another. The form 
of this operator will be established later. However, it is easv to see from verv 
general considerations that the operators %, /j satisfy the same com¬ 
mutation conditions as the operators of the orbital angular momentum. 

The angular momentum operator is essentially the same as that of an 
infinitely small rotation. In deriving, in §26, the expression for the orbital 
angular momentum operator, we considered the result of applying the rotation 
operator to a function of the coordinates. In the case of the spin, this 
derivation becomes invalid, since the spin operator acts on the spin variable, 
and not on the coordinates. Hence, to obtain the required commutation 
relations, we must consider the operation of an infinitely small rotation in a 
general form, as a rotation of the system of coordinates. If we successively 
perform infinitely small rotations about the sc-axis and the j-axis, and then 
about the same axes in the reverse order, it is easy to see by direct calculation 
that the difference between the results of these two operations is equivalent 
to an infinitely small rotation about the z-axis (through an angle equal to the 
product of the angles of rotation about the x and y-axes). We shall not pause 
here to carry out these simple calculations, as a result of which we again 
obtain the usual commutation relations between the operators of the com¬ 
ponents of angular momentum; these must therefore hold for the spin oper¬ 
ators also: 


{4,4} =t4, {s4,j4}=Wv. {4,4} (54.1) 

together with all the physical consequences resulting from them. 

The commutation relations (54.1) enable us to determine the possible 
values of the absolute magnitude and components of the spin. All the results 
derived in §27 (formulae (27.7)-(27.9)) were based only on the commutation 
relations, and hence are fully applicable here also; we need only replace L 
in these formulae by s. It follows from formula (27.7) that the eigen¬ 
values of the component of the spin form a sequence of numbers differing 
by unity. However, we cannot now assert that these values must be integral, 
as we could for the component L, of the orbital angular momentum (the 
derivation given at the beginning of §27 is invalid here, since it was based 
on the expression (26.14) for the operator 4, which holds only for the orbital 
angular momentum). 

Moreover, we find that the sequence of eigenvalues is limited above and 
below by values equal in absolute magnitude and opposite in sign, which we 
denote by ±5. The difference 2s between the greatest and least values of s^ 
must be an integer or zero. Consequently s can take the values 0, |, 1, 4. 

Thus the eigenvalues of the square of the spin are 

s^-=s{s+l), (54.2) 

where i can be either an integer (including zero) or half an integer. For given 
i, the component of the spin can take the values 5 , i — 1, ... , _ 5 , i.e. 2j-p 1 
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values in all. Accordingly, the wave function of a particle with spin s has 2s + 1 
components.f 

Experiment shows that the majority of the elementary particles (electrons, 
positrons, protons, neutrons, ^-mesons and all hyperons (A, S, S)) have a spin 
of There are also elementary particles, the Tr-mesons and the iC-mesons, 
whose spin is zero. 

The total angular momentum of a particle is composed of its orbital angular 
momentum 1 and its spin s. Their operators act on functions of different 
variables, and therefore, of course, commute. The eigen\alues of the total 
angular momentum 

j = 1+s (54.3) 

are determined by the same “vector model” rule as the sum of the orbital 
angular momenta of two different particles (§31). That is, for given 
values of I and s, the total angular momentum can take the values l+s, 
l + s— 1,..., [/—j|. Thus, for an electron (spin |) with non-zero orbital angular 
momentum I, the total angular momentum can bey = for / = 0 the 

angular momentumy has, of course, only the one valuey = 

The operator of the total angular momentum J of a system of particles is 
equal to the sum of the operators of the angular momentum j of each particle, 
so that its values are again determined by the vector model rules. The angular 
momentum J can be put in the form 

J ~ L-|- S, L = Z Ig, S = Z Sq, (54.4) 

a a 

where S may be called the total spin and L the total orbital angular momentum 
of the system. We notice that, if the total spin of the system is half-integral 
(or integral), the same is true of the total angular momentum, since the orbital 
angular momentum is always integral. In particular, if the system consists 
of an even number of similar particles, its total spin is always integral, and 
therefore so is the total angular momentum. 

The operators of the total angular momentum j of a particle (or J, of a 
system of particles) satisfy the same commutation rules as the operators of 
the orbital angular momentum or the spin, since these rules are general com¬ 
mutation rules holding for any angular momentum. The formulae (27.13) 
for the matrix elements of angular momentum, which follow from the com¬ 
mutation rules, are also valid for any angular momentum, provided that the 
matrix elements are defined wdth respect to the eigenstates of this angular 
momentum. Formulae (29.7)—(29,10) for the matrix elements of arbitrary 
\'ector quantities also remain valid (with appropriate change of notation). 


•f Since s is fixed for each kind of particle, the spin angular momentum hs becomes zero 
in the limit of classical mechanics (ft -> 0). This consideration does not apply to the orbital 
angular momentum, since / can take any v'alue. The transition to classical mechanics is 
represented by ft tending to zero and I simultaneously tending to infinity, in such a way that 
the product ft/ remains finite. 
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The spin operator 
PROBLEM 

A particle with spin J is in a state with a definite value Sz = J. Determine the probabilities 
of the possible values of the component of the spin along an axis z’ at an angle B to the 3 -axis. 

Solution. The mean spin vector s is evidently along the 3-axis and has magnitude J. 
Taking the component along the a'-axis, we find that the mean value of the spin in that 
direction is jT- = i cos 0. We also have sz- — where w± are the probabilities 

of the values Sz' = ± i. Since ui+ + tu- — 1, we find it/+ — cos-i0, te- = sin-W. 


§55. The spin operator 

In the rest of this chapter we shall not be interested in the dependence of 
the wave functions on the coordinates. For example, in speaking of the 
behaviour of the functions y, z; a) when the system of coordinates is 
rotated, we can suppose that the particle is at the origin, so that its coordinates 
remain unchanged by such a rotation, and the results obtained will charac¬ 
terize the behaviour of the function ifj with regard to the spin variable cr. 

The variable ct differs from the ordinary variables (the coordinates) by 
being discrete. The most general form of a linear operator acting on functions 
of a discrete variable a is 


(/^)(a) = S/„.^i(c7'), (55.1) 

where the fee are constants. VVe put ftp in parentheses in order to emphasize 
that the spin argument following it is not that of the original function ip but 
that of the function resulting from it under the action of the operator/. It is 
easy to see that the quantities /„„■ are the same as the matrix elements of the 
operator, defined by the usual rule (ITS)."}- 

The integration over the coordinates in (11.5) is here replaced by summa¬ 
tion over the discrete variable, so that the definition of the matrix element is 

= (55.2) 

Here i/'ct,(o') and >pe,{o-) are the eigenfunctions of the operator corresponding 
to the eigenvalues s^ = ai and ct- 2 ; each such function corresponds to a state 
in which the particle has a definite value of i.e. in which only one com¬ 
ponent of the wave function is non-zero 

4ic,{cr) = ipefa) = (55.3) 


t Note that the suffixes in the matrix elements on the right of (55.1) are written in an 
order which is. in a sense, the reverse of the usual order in (11,11). 

1 More precisely, we should write 

(“) = 'M.x.y, 

in (55.3) the coordinate factors are omitted, being unimportant in this connection. 

\Ve must once again emphasize the distinction between the specified eigenvalue a. or o, of 
Se and the independent variable o. 
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According to (55.1), 
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(/ h){^) = 

~ f 


and on substitution of this and i/'o/o') the equation (55.2) is satisfied iden¬ 
tically ; this completes the proof. 

Thus the operators acting on functions of a can be represented in the form 
of {2s -t- l)-rovved matrices. In particular, we have for the operator of the spin 
itself, acting on the wave function, by (55.1), 

(S^)(e) = S S„„.^(a'). (55.4) 

According to what has been said at the end of §54, the matrices 4, /j are 
identical with the matrices Lx, Ly, Lz obtained in §27, where the letters L and 
M need only be replaced by i and o: 

{^z)c.a~i = (^*)a-i.o = i'v/[(^+c^)('^-f^+J)]. 1 

(^v)o.<7-i = -{^v)o-i.o = -^f\/[(^+o^)(^-ty+l)]. (55-5) 

(^Ooo = cr 


This determines the spin operator. 

In the important case of a spin of J (j = i, a = ± |), these matrices have 
two rows, and are of the form 

s = iff, (55.6) 


wheref 





(55.7) 


These are called Pauli matrices. The matrix is diagonal, as it should 

be, since it is defined in terms of the eigenfunctions of the quantity Sz itself.J 
The following are some specific properties of the Pauli matrices. Direct 
multiplication of the matrices (55.7) gives the equations 


d^2 = 5^2 = 5^2 = 1, 

OyCz — ^X^y ~ i^Z‘ 


(55.8) 


t In the tabular matrices (55.7) the rows and columns are numbered by the \alues of o, 
the row number corresponding to the first and the column number to the second suttix ot 
the matrix element. In the present case, these numbers are and i- e action o t e 
operator shown by (55.4) multiplies row a of the matrix by a column matrix containing the 
components of the wave function; 


= ( \ 


: There should be r^o misunderstanding because of the use of the same letter denote the 
spin component and the Pauli matrices, since the latter always have the circumfl - 
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Combining these with the general commutation rules (54.1), we find that 

aiOk + Sicai = Ibiic, (55.9) 

i.e. the Pauli matrices anticommute with one another. By means of these 
equations, we can easily verify the following useful formulae; 

= 3, (ff . a)($ . b) = a . b + tff . axb. (55.10) 

where a and b are any vectors.-f According to these relations, any scalar 
polynomial formed from the matrices S-j can be reduced to terms independent 
of a and terms linear in a; hence it follows that any scalar function of the 
operator Sr reduces to a linear function (see Problem 1). Lastly, the values of 
the traces (sums of diagonal elements) of the Pauli matrices and their products 
are 

tr CTi = 0, tr crjcrt = 2S(k. (55.11) 

Subsequent sections of this chapter give a more detailed account of the 
spin properties of wave functions, including their behaviour under any 
rotation of the coordinate system, but we may note immediately an important 
property of these functions, namely their behaviour in respect of rotations 
about the s-axis. 

Let there be an infinitesimal rotation through an angle 8^ about the 
a;-axis. The operator of such a rotation is expressed in terms of the angular 
momentum operator (in this case, the spin operator) as 1 +iS^ . 4. As a 
result of the rotation, the functions ip(a) therefore become i/((ct) + Si/i(ct), 
where 

8 i / i ( ct ) = i8^ . Sztp{o) = iaiji[a)8<f). 

Writing this relation in the form di/>/d<i = iail>{a) and integrating, we find 
that a rotation through a finite angle ^ changes the functions i/i(cr) into 

i/i(o-)' = (55.12) 

In particular, a rotation through Irr multiplies them by a factor which 
is the same for all o and is equal to ( — 1)^^ (since 2c7 always has the same 
parity as 2s). Thus, in a complete rotation of the coordinate system about the 
xr-axis, the wave functions of particles with integral spin return to their 
original values, and those of particles with half-integral spin change sign. 

PROBLEMS 

Proble.m 1, Reduce an arbitrary function of the scalar a + b . S linear in the Pauli matrices 
to another linear function. 

Solution. To determine the coefficients in the required formula /(a+b .3 ) = A+B .a, 
we note that, when the s-axis is taken in the direction of b, the eigenvalues of the operator 


t The terms on the right of (55.8)—(55.10) which are independent of B must, of course, 
be understood as constants multiplying the unit two-by-two matrix. 
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c + b . & are a ±b, and the corresponding eigenvalues of the operator /(o + b . 9 ) are f(a±b). 
Hence we find A = i[f(a + b)+f(a—b)], B = (b/2i) [/(o + fc)—/(o—fc)]. 

Problem 2. Determine the values of the scalar product si . sz of spins (J) of two particles 
in states in which the total spin of the system, S = si + sz, has definite values (0 or 1). 

Solution. From the general formula (31.3), which is valid for the addition of any two 
angular momenta, we find Si . sz = i for S = 1, Si . S 2 = —J for S = 0. 

Problem 3. Which powers of the operator s of an arbitrary spin s are independent? 
Solution. The operator 


(4--f)(4-^+l)... (4+^), 

formed from the differences between S- and all possible eigenvalues Sz, gives zero when it is 
applied to any wave function, and is therefore itself zero. Hence it follows that is 

expressed in terms of lower powers of the operator Sz, so that only its powers from 1 to 2i are 
independent. 


§56. Spinors 

When the spin is zero, the wave function has only one component, i/>(0). 
The effect of the spin operator is to reduce it to zero: stp = 0. The relation 
between § and the operator of an infinitesimal rotation implies that the wave 
function of a particle with zero spin is invariant under rotation of the co¬ 
ordinate system, i.e. it is a scalar. 

The wave function of a particle with spin | has two components, and 
0( —I). For convenience in later generalizations, we shall distinguish these 
components by the superscripts 1 and 2 respectively. The two-component 
quantity 



is called a spinor. 

In any rotation of the coordinate system, the components of the spinor 
undergo a linear transformation: 

tji^’ = ctjj^ + dtp^. (56.2) 

This may be written 

0^' = {C^y, 0=^^ (56.3) 

where C is the transformation matrix.f Its elements are in general complex 
functions of the angles of rotation of the coordinate axes. They are con¬ 
nected by relations which follow directly from the phvsical conditions 
imposed on the spinor as the wave function of a particle. 

Let us consider the bilinear form 

_ ^2^1, (56.4) 


t The notation Utp implies that the rows of the matrix U are multiplied by the column tp. 
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where ip and <j) are two spinors. A simple calculation gives 
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i.e. (56.4) is transformed into itself when the coordinate system is rotated. 
If, however, there is only one function which is transformed into itself, it can 
be regarded as corresponding to zero spin, and therefore must be a scalar, 
i.e. must remain unchanged when the coordinate system is rotated in any 
manner. Hence we have 

ad-bc = \-. (56.5) 

the determinant of the transformation matrix is unity.-f 

Further relations follow from the requirement that the expression 


+ ^2^2*^ (56.6) 

which determines the probability of finding the particle at a given point in 
space, should be a scalar. A transformation which leaves unchanged the sum 
of the squared moduli of the quantities is a unitary transformation, i.e. we 
must have = tj~^ (see §12). With the condition (56.5) the inverse 
matrix is 

Equating this to the Hermitian conjugate matrix 



we find 

a = d*, b = -c*. (56.7) 


By virtue of the relations (56.5) and (56.7), the four complex quantities 
a, b, c, d actually contain only three independent real parameters, corres¬ 
ponding to the three angles which define a rotation of a three-dimensional 
system of coordinates. 

Comparison of the expressions for the scalars (56!4) and (56.6) shows that 
</< and </(-* must be transformed as and — respectively. It is easy to 
verify that this is in fact so, using (56.5) and (56.7).J 

It is possible to put the algebra of spinors in a form analogous to that of 
tensor algebra. This is done by introducing, in addition to contravariant 


t Such a transformation of two quantities is called a binary transformation. 
fset SISt ‘"'“f'y associated with symmetry under time reversal. The latter 

timerl 'Til"" 'he wave function by its complex conjugate. Under 

me reversal the angular momentum components also change sign. Hence the functions that 

are the complex conjugates of the components = ,M4) and = lif-A^ must ^ ^ 

pni 1 ix/Qf fo t'\z/ lYiust n3vc propcr- 

respectS components corresponding to spin projections -4 and 4 
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spinor components (with superscripts), the covariant components (with 
subscripts), defined by 

4^2 = (56.8) 


The invariant combination (56.4) of the two spinors may also be written as a 
scalar product 

4'^<l>r = (56.9) 

here and below, summation over repeated {dummy) indices is implied, as in 
tensor algebra. We may note the following rule which has to be borne in 
mind in spinor algebra. We have 


Thus 




(56.10) 


Hence it is evident that the scalar product of any spinor with itself is zero: 


= 0 . 


(56.11) 


According to the foregoing discussion, the quantities tpi and ipz are 
transformed as and I.e. 

f. = (56.12) 

The product (J*>p may also be written as ipU*, with the transposed matrix 0 *. 
Since 0 is unitary, we have 0 * = so that tp'x = {pC~^)x orf 

(56.13) 

Analogously to the transition from vectors to tensors in ordinary tensor 
algebra, we can introduce the idea of spinors of higher rank. Thus, a quantity 
having four components which are transformed as the products >p^<pi^ 
of the components of two spinors of rank one, is called a spinor of rank two. 
Besides the contravariant components tp^f^ we can consider the covariant 
components >p)^^ and the mixed components ip)P which are transformed as 
the products ipx(p^ and tpx<p'" respectively. Spinors of any rank are similarly 
defined. 

The transition from contravariant to covariant spinor components and 
vice versa may be written 

4^x = gx^4”‘i =!"''• (56.14) 

where 


t The notation ./jU (with ifj to the left of U) denotes that the components as a row 

are multiplied by the columns of the matrix U. 
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is the metric spinor in a vector space of two dimensions. Thus we have, for 
example, 

so that ipi 2 = — = — tp^^, tpii = so on. 

The quantities themselves form an antisymmetric unit spinor of rank 
two. It is easy to see that the values of its components remain unchanged 
under transformations of the coordinates, and that 

gx.g^' = S/. (56.16) 

where 8 ^^ = 82 ^ = 1 , 82 ^ = 8^2 = 0 . 

As in ordinary tensor algebra, there are two fundamental operations in 
spinor algebra: multiplication, and contraction with respect to a pair of in¬ 
dices. The multiplication of two spinors gives a spinor of higher rank; thus, 
from two spinors of ranks two and three, and we can form a spinor 
of rank five, Contraction with respect to a pair of indices (i.e. sum¬ 

mation of the components over corresponding values of one covariant and 
one contravariant index) decreases the rank of a spinor by two. Thus, a 
contraction of the spinor "'i^h respect to the indices u and v gives the 

spinor of rank three; the contraction of the spinor gives the scalar 

Here there is a rule similar to that expressed by formula (56.10):! if we 
interchange the upper and lower indices with respect to which the contraction 
is effected, the sign is changed (i.e. Hence, in particular, it 

follows that, if a spinor is symmetrical with respect to any two of its indices, 
the result of a contraction with respect to these indices is zero. Thus, for a 
symmetrical spinor of rank two, we have = 0 . 

A spinor of rank n symmetrical with respect to all its indices is called a 
symmetrical spinor of rank n. From an asymmetrical spinor we can construct a 
symmetrical one by the process oi symmetrization, i.e. summation of the com¬ 
ponents obtained by all possible interchanges of the indices. From what has 
been said above, it is impossible to construct (by contraction) a spinor of lower 
rank from the components of a symmetrical spinor. 

Only a spinor of rank two can be antisymmetrical with respect to all its 
indices. For, since each index can take only two values, at least two out of 
three or more indices must have the same value, and therefore the compo¬ 
nents of the spinor are zero identically. Any antisymmetrical spinor of rank 
two is a scalar multiple of the unit spinor We may notice here the fol¬ 
lowing relation: 


gXn4'^+gf^yipx+g^X'l>fi = 0 (56.17) 

(where is any spinor), which follows from the above; this rule is simply a 
consequence of the fact that the expression on the left is (as we may easily 
verify) an antisymmetrical spinor of rank three. 

The spinor which is the product of a spinor with itself, on contraction 
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with respect to one pair of indices, becomes antisymmetrical with respect to 
the other pair: 

Hence, from what was said above, this spinor must be a scalar multiple of 
the spinor Defining the scalar factor so that contraction with respect to 
the second pair of indices gives the correct result, we find 

(56.18) 

The components of the spinor which is the complex conjugate of 

are transformed as the components of a contravariant spinor 
and conversely. The sum of the squared moduli of the components of any 
spinor is consequently invariant. 


§57. The wave functions of particles with arbitrary spin 

Having developed a formal algebra for spinors of any rank, we can now 
turn to our immediate problem, to study the properties of wave functions of 
particles with arbitrary spin. 

This subject is conveniently approached by considering an assembly of 
n particles with spin The greatest possible value of the 2 -component of the 
total spin is ^n, which is obtained when i* = | for every particle (i.e. all the 
spins are directed the same way, along the 2 -axis). In this case we can 
evidently say that the total spin 5 of the system is also 

All the components of the wave function ^l>(cri, 02 , .... un) of the system 
of particies are then zero, except for J,..., J). If we write the wave 
function as a product of n spinors ..., each of which refers to one of the 
particles, only the component with A, p ,... = 1 in each spinor is not zero. 
Thus only the product ... is not zero. The set of all these products, 
however, is a spinor of rank n which is symmetrical with respect to all its 
indices. If we transform the coordinate system (so that the spins are not 
directed along the 2 -axis), we obtain a spinor of rank n, general in form except 
that it is symmetrical as before. 

The spin properties of wave functions, being essentially their properties 
with respect to rotations of the coordinate system, are identical for a particle 
with spin r and for a system of n = 25 particles each with spin \ directed so 
that the total spin of the system is 5 . Hence we conclude that the wave function 
of a particle with spin 5 is a symmetrical spinor of rank n = 25. 

It is easy to see that the number of independent components of a sym¬ 
metrical spinor of rank 25 is equal to 25+1, as it should be. For all those 
components are the same whose indices include 2s ones and 0 twos; so are 
all those with 25 — 1 ones and 1 two, and so on up to 0 ones and 25 twos. 

Mathematically, the symmetrical spinors provide a classification of the 
possible types of transformation of quantities when the coordinate system 
is rotated. If there are 25+1 different quantities which are transformed 
linearly into one another (and which cannot be reduced in number by any 
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choice of linear combinations of them), then we can assert that their law of 
transformation is equivalent to that of the components of a symmetrical spinor 
of rank 2s. Any set of any number of functions which are transformed linearly 
into one another when the coordinate system is rotated can be reduced (by 
an appropriate linear transformation) to one or more symmetrical spinors.f 

Thus an arbitrary spinor ifixuv... of rank n can be reduced to symmetrical 
spinors of ranks n, n—2, m— 4,... . In practice, such a reduction can be made 
as follows. By symmetrizing the spinor ipxuv... with respect to all its indices, 
we form a symmetrical spinor of the same rank n. Next, by contracting the 
original spinor with respect to various pairs of indices, we obtain 

spinors of rank n — 2, of the form which, in turn, we symmetrize, so 

that symmetrical spinors of rank n — 2 are obtained. By symmetrizing the 
spinors obtained by contracting with respect to two pairs of indices, 
we obtain symmetrical spinors of rank n —4, and so on. 

We have still to establish the relation between the components of a sym¬ 
metrical spinor of rank 2s and the 2s+ \ functions tp[a), where a = r — 1, ... , 
—s. The component 


,11...I 22...2 

f -. 

$4-0 s-o 

in whose indices 1 occurs i + ct times and 2 s—a times, corresponds to a value 
cr of the projection of the spin on the ar-axis. For, if we again consider a system 
of n = 2s particles with spin instead of one particle with spin s, the product 
.. x^p*... corresponds to the above component; this product belongs to a 

S+o s-a 

state in which r-f-c particles have a projection of the spin equal to 4, and 
i —o-a projection of —4, so that the total projection is ~ °’) = °'- 

Finally, tKe proportionality coefficient between the above component of 
the spinor and 0(a) is chosen so that the equation 




(57.1) 


holds; this sum is a scalar, as it should be, since it determines the probability 
of finding the particle at a given point in space. In the sum on the right-hand 
side, the components with (r-l-a) indices 1 occur 


( 2 ^)! 

(i-PCT)!(r—a)l 

times. Hence it is clear that the relation between the functions 0(a) and the 
components of the spinor is given by the formula 


0(c 


,)= /r- 

V L(r-l-a)!(s— ct)! J 


(57.2) 


■f" In other words, the symmetrical spinors form what are called irreducible representations 
of the rotation group (see §98). 
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The relation (57.2) ensures the fulfilment not only of the condition (57.1), 
but also, as we easily see, of the more general condition 

= (57.3) 

where and are two different spinors of the same rank, while 

t}i{a),4'{a) are functions derived from these spinors by formula (57.2); the 
factor ( — 1)'“" is due to the fact that, when all the indices of the spinor com¬ 
ponents are raised, the sign changes as many times as there are twos among 
the indices. 

Formulae (55.5) determine the result of the action of the spin operator 
on the wave functions 0(c). It is not difficult to find how these operators act 
on a wave function written in the form of a spinor of rank 2s. For a spin 
the functions 0( J), 0( — J) are the same as the components 0^, tfj^ of the spinor. 
According to (55.6) and (55.7), the result of the spin operators’ acting on them 
will be 


(40)‘=i0^ (40)*=i0\ 

To pass to the general case of arbitrary spin, we again consider a system 
of 2s particles with spin and write its wave function as a product of 2s 
spinors. The spin operator of the system is the sum of the spin operators 
of each particle, acting only on the corresponding spinor, the result of this 
action being given by formulae (57.4). Next, returning to arbitrary symmetri¬ 
cal spinors, i.e. to the wave functions of a particle with spin s, we obtain 



11... 

22 ... 

^»+£r 

$-a 

11 ... 

22 ... 


6-a 

11 ... 

22 ... 

> 

6+(7 

6-0 


11 ... 22 ... 11 ... 22 ... 
-bj{r-c)0- 


«+<T—1 <—a+1 


«+a-I «—a+1 


e+(7+l B-O-1 


. 11 ... 22 ... 
“s+o+i 6—a—i* 


S+O fl-<T 


(57.5) 


Hitherto we have spoken of spinors as wave functions of the intrinsic angular 
momentum of elementary particles. Formally, however, there is no difference 
between the spin of a single particle and the total angular momentum of any 
system regarded as a whole, neglecting its internal structure. It is therefore 
evident that the transformation properties of spinors apply equally to the 
behaviour, with respect to rotations in space, of the wave functions of any 
particle or system of particles with total angular momentum j, independent of 
whether orbital or spin angular momentum is concerned. There must therefore 
be some definite relation between the laws of transformation for the eigen¬ 
functions under rotations of the coordinate system and those for the 
components of a symmetrical spinor of rank 2j. 
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In establishing this relation we must, however, make a clear distinction 
between two aspects of the dependence of the wave functions on the component 
m (for a given value of;). The wave function may be regarded as the probability 
amplitude for various values of wi, or may be considered for a given value of m. 

These two aspects have already been discussed at the beginning of §55, 
where we dealt with the eigenfunction of the operator 4 which corres - 
ponds to Sz = Co- The mathematical difference between them is especially 
clear for a particle of spin r = ^. In this case the spin function is, with respect 
to the variable a, a contravariant spinor of rank 1, i.e. must be written in spinor 
notation as . With respect to co it is therefore a covariant spinor. 

This is evidently a general result; the eigenfunctions ipjm can be put in 
correspondence with the components of a covariant symmetrical spinor of 
rank 2j by means of formulae analogous to (57.2) if 


'Pjm 


J 


m 

(; + m)!(;-m)! 


011 ... 22 ...- 

^+771 j—m 


(57.6) 


The eigenfunctions of integral angular momentum j are spherical har¬ 
monics The case; = 1 is of particular importance. The three spherical 
harmonics Ym. are 


Fin = i 


/3 

/ — cos6 = i 
\ 47r 



Fi.*i 


= Tf /—sinee±'0 
V Stt 



where n is a unit vector along the radius vector. It is seen that these three 
functions are equivalent, as regards their transformation properties, to the 
components of a vector a, with the relations 


010 = 1 ^ 2 , 011 =- 

v2 


01-1 = (57.7) 

vZ 


Comparing with (57.6), we see that the components of a symmetrical spinor 
of rank two can be brought into correspondence with the components of the 


t This result can also be regarded somewhat differently. If the wave function 0 of a particle 
in a state with angular momentum j is expanded in terms of the eignfunctions ipjm ; 

m 


then the coefficients am are the probability amplitudes for various values of m. In this sense 
they correspond to the “components” ^{m) of a spin wave function, and this gives their law 
of transformation. On the other hand, the value of at a given point in space cannot depend 
on the choice of^the coordinate system, i.e. the sum X amfPjm must be a scalar. Comparing 
with the scalar (57.3), we see that am must transform as ( — 1)^ -tn- 
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vector by the formulae 




i 

^12 = —az, 

\/l 

i 

011 =- 

i 

022 = ~~~ifix~i^y)i 

V2 

(57.8) 

Conversely 

i 

\/l 

022 = (a^ + Wj,). 

V2 

ay = —(011 + 022). 

y/l 

(57.9) 

az = 

yf 1 

(57.10) 

It is easily verified that with these definitions we have 



0A/i0'^'‘ = a.b. 


(57.11) 


where a and b are vectors corresponding to the symmetrical spinors and 
It is also not difficult to see that there is a correspondence between the 
spinor and the vectorf 


+ and V2a xb. (57.12) 

Formulae (57.10) may be compactly written by means of the Pauli matrices: 

(57.U) 

the matrix indices of d are written as superscript and subscript in corres¬ 
pondence with the position of the spinor indices in ijj't. The origin of this 
formula is easily understood by considering the particular case where the 
spinor of rank two 0“ reduces to a product of a spinor of rank one tfji‘ and its 
complex conjugate Then the quantity is the mean value of the 

spin (for a particle with wave function ^'') and it is therefore evidently a 
vector. 

The relations (57.8) or (57.9) are a particular case of a general rule: any 
symmetrical spinor of even rank 2j, where j is integral, can be correlated with a 
symmetrical tensor of half the rank (j) which gives zero on contraction with 
respect to any pair of indices; we call this an irreducible tensor. 

This follows from the fact that the numbers of independent components 
of the spinor and of the tensor are the same (2j + 1), as may easily be seen.J 
The relation between the components of the spinor and of the tensor can be 
found by means of formulae (57.8)-(57.1U), if we consider a spinor of the rank 
concerned as the product of several spinors of rank two, and the tensor as a 
product of vectors. 

t The mixed components of a symmetrical spinor may be written in the form without 
distinction between \jt^ and 

J VVe can say that the 2; + l components of an irreducible tensor of rank / (an integer), 
the 2/+1 spherical harmonics Y,m. and the 2/+1 components of a symmetrical spinor of 
rank 2/ give the same irreducible representation of the rotation group. 
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The operator of finite rotations 

PROBLEMS 

Problem 1. Rewrite the definition (57.4) of the operator of spin J in terms of the spinor 
components of the vector s. 

Solution. By means of formulae (57.9). which give the relation between the vector s 
and the spinor the definition (57.4) can be written as 




2v/2 




Problem 2. Derive formulae which determine the effect of the spin operator on a vector 
wave function of a particle with spin 1. 

Solution. The relation between the components of the vector function tj; and the com¬ 
ponents of the spinor 0^'' is given by formulae (57.9), and from (57.5) we have 


(where ‘j>± = or 


= 


II 

o 

II 


-iV-j/. 


Stilit = 0. 


The remaining formulae are derived from these by cyclic permutation of the suffixes x, y, z. 
They can be written together as 


U<lik = — 


The complex vector t|) can be put in the form tj> = c'®{u-t-(v), where u and v are real 
vectors, which can be taken to be mutually perpendicular if the common phase a is suitably 
chosen. The two vectors u and v determine a plane which has the property that the spin 
component perpendicular to it can take only the values ± 1. 


§58. The operator of finite rotations 

Let us now return to the transformation of spinors, and show how the 
coefficients of this transformation can in fact be expressed in terms of the 
angles of rotation of the coordinate axes. 

By the definition of the angular momentum operator (in this case, the spin 
operator), 1 + iSf , n . § is the operator of a rotation through an angle 
about a direction specified by the unit vector n; for application to the wave 
function of a particle with spin i, i.e. a spinor of rank one, we must take 
s = iff in this operator. The operator of a rotation through a finite angle <j) 
about the same direction will be correspondingly given by 

= exp(ir(in , a); (58.1) 


cf. (15.13). Like any function of the Pauli matrices (see §55, Problem 1), this 
expression reduces to one that is linear in these matrices: 


= cos \<j) + iT\ . ff sin ^(j>. 


(58.2) 



216 


§58 


Spin 

For example, with a rotation about the s-axis, 


= cos + sin i(p 



(58.3) 


This means that the components of the spinor are transformed in such a 
rotation according to 

01' = ^2' — ^2£)~i^/2_ 


In particular, in a rotation through an angle 2tt the spinor components change 
sign; spinors of any odd rank must therefore have the same property (cf. the 
end of §55). ' 

Similarly, we can find the matrices of transformations consisting of a 
rotation through an angle 0 about the x-axis or the y-axis: 


y-axis, for which 


i.e. 


G,{<j>) = 

/cos i0 

i sin |0\ 

-111’ 



\i sin 10 

COS 10/ 







» (58.4) 

Gy{4') = 

/cos i0 

sin |0\ 



V - sin 10 

cos 



particular case of a rotation through an 

angle tt about the 

01' = 

02, 02' = 

= 



01' = 

= 01, 02' 

= 02. 


(58.5) 


It is now easy to write down the transformation matrix for any rotation of 
the coordinate axes, as a function of the Eulerian angles which specify the 
rotation. 

A rotation of the axes, defined by the Eulerian angles a, /S, y, is carried out 
in three stages: (1) a rotation through the angle a (0 < a < 2tt) about the 
2 -axis, (2) a rotation through the angle /3 (0 < ^ tt) about the new position 

of the y-axis [ON in Fig. 20, called the line of nodes), (3) a rotation through 
the angle y (0 < y ^ Ztt) about the resulting final position z' of the 2 -axis.f 

It is evident that the angles a and j8 are the spherical polar angles 0 and 6 
of the new 2 '-axis with respect to the xyz axes: a = 0, /S = 6. 

In accordance with this manner of rotating the axes, the matrix of the 

y 

t The systems xyz and x'y'z' are, as always, right-handed, and a positive angle corresponds 
to the movement of a corkscrew advanced in the positive direction of the axis of rotation. 

The definition of the Eulerian angles given here (and usual in quanttim mechanics) differs 
from that in Mechanics, §35, in that the second rotation is about the y-axis and not the x-axis. 
The angles a, y are related to the angles f. ^ “sed in Mechanics {not the spherical polar 
angles ^ and by ^ a + 6 = *}i — y 
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complete transformation is equal to the product of three matrices (58.3) and 
(58.4): 

da, i8. y) = 


By direct multiplication of the matrices we finally obtain 


[7(a, j8, y) = ^ 


cos 

— sin ip . e*(»-y)/2 


sin . e-'(»-yV2 
cos ^p . £-»(=■ 


(58.6) 


Spinors of higher ranks are, by definition, transformed as products of 
components of a spinor of rank one. In physical applications, however, we 
are interested in the wave functions fjm rather than the transformation laws 
of the spinors themselves. 

Let the functions fjm (m = j,j — 1, ..., —j) describe, in a coordinate system 
xyz, a state having a definite value of the angular momentum j, and ipjm- the 
same state for the axes x'y'z '; in the first case m is the value of^’z, and in the 
second case m' is the value of jz.. The two sets of functions are connected by 
linear relations, which we write in the form 


<pjm — P, y) (58-7) 

The coefficients CXiim m, form a matrix of order 2j + 1 with respect to m' and 
m, called the finite-rotation matrix D^3'> ; its elements are functions of the 
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angles a, y of rotation of the system x'y'z' relative to xyc. 

The finite-rotation matrix can be built up by means of the spinor represen¬ 
tation of the functions Tory = the two functions = + i) form 

a covariant spinor of rank 1. According to (56.13), its transformation from 
x'y'z' to xyz is effected by the matrix U (58.6), so that = U.-f Its 

elements may be written 


where 

= 

m'm 


_ 1 
o 

sin 

cos I/S 


cos I/S 
-sin IjS 


(58.8) 


For any value of j, the functions ipjm are related to the components of a 
symmetrical covariant spinor of rank 2j by (57.6), The transformation 
matrix for the components of a spinor of rank 2j is the product of 2j matrices 
each acting on one of the spinor indices. Carrying out the multipli¬ 
cation and returning to the functions >pj„„ we find their transformation 
matrix: 


y) = ( 58 . 9 ) 

the functions (j8) being given byj 


L(7+w)!(7-m)! J 

X (sin I/S)™-»”P^”'-,'”-”*'-^'">(cos /S), 


(58.10) 


where 


Pjj(a, b)(cos /S) = ^-^(1—COS /S)-“(l4-COS /S)'** X 

2"n! 

X (—^-V[(l — cos/S)°+"(l 4 -cos/S)*’+”] (58.11) 

\d cos /S/ 


+ Note that the matrix indices in (58.7) are placed in the order that corresponds to multi¬ 
plying the columns of the matrix by the functions ipjm' arranged in a row. In the symbolic 
notation, (58.7) would have to be written tpjm — i*p/ in accordance with (56.13). 

X The calculations are described by A. R. Edmonds, Angular Momentum in Quantum 
Mechanics, Princeton, 1957. The definition of the functions by (58.9) differs from 

that used in Edmonds’s book by the interchange of a and y, this being the more natural 
treatment in the approach given here. 
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are called Jacobi polynomials J We may note that 
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p^(a, 6)( _ COS j8) = (- “)(cos ^). (58.12) 


The functions possess a number of symmetry properties which 
might be derived from the expressions (58.11) and (58.12), but it is simpler 
to obtain them directly from the definition as coefficients in the rotational 
transformation. 

The matrix is unitary, being the matrix of a rotational transformation. 
Since the transformation inverse to the rotation (a, y) is the rotation 
( — y, — )3, — O’), we have for the real matrix ifO) the relations 

(58.13) 


The following equations are also valid: 

^^>,( 0 ) = 


(58.14) 

(58.15) 


Wheny = J these are evident from (58.8); the generalization to arbitrary j is 
evident from the manner of construction of the transformation matrix, 
described above. 

A rotation through an angle w —)S can be carried out as two successive 
rotations through tt and — ^: 


or, using (58.13), 


= (-i)'-”'<"-*(P). 


( 58 . 16 ) 


The result of two rotations about the same axis is independent of the 
sequence in which they occur. We must therefore arrive at the same result 
by carrying out the rotations through — jS and tt in the opposite order. 
Comparison of the result with (58.16) gives the relation 

= (- - J^)- (58-17) 

From (58.17), (58.14) and (58.13), it follows that 


= ( - ir = (-l)“'-™^^!^(-^). (58.18) 


1* See §e of the Mathematical Appendices, formula (e.ll), for the relation between these 
polynomials and the hypergeometric series. 
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Using (58.13)-(58.18), we can deduce various symmetry properties of the 
complete matrix elements particular, the complex conjugate 

function is given by 

= -y) 

= (- ft 7 ). (58.19) 

Mathematically, the matrices DO* give the unitary irreducible represen¬ 
tations of the rotation group having dimension 2j -|-1 (see §98 below). Hence 
we have immediately the orthonormality relation 


J 


{ix,p,y)D^jj («, jS,y) 


dm 


1 


877^ 2ji -f 




7?l„^7?l\7?I 


(58.20) 


where dcu = sin jS da djS dy. 

The orthogonality of the functions with respect to the suffixes m and m' is 
ensured by the factor that with respect to the index j arises from 

the functions for which we have 


j “'S’JPXS.W ■ 4 sin ^ dft - (58-21) 

0 

Lastly, we shall give for reference the expressions for the functions 
for various particular values of the parameters. For j = 1, we have 


m 

1 

0 

-1 


m' = 


1 • R 

-Sin B 

V2 



1 

i(l -l-cos j 8 ) 

i(l - cos /S) 


= 0 

-sin B 

V2 

cos ^ 

1 ■ 0 

-sin B 

V2 

(58.22) 

-1 

i(l - cos j8) 

-sin B 

V2 

i(l 4-cos ^) 



For integral; = / and m' = 0, formulae (58.10) and (58.11) give 

= (-!)”* ^)- (58.23) 


The derivation of this formula is easily seen from the original definition (58.7). 
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§59 Partial polarization of particles 

We shall assign the values of the functions fjm. on the right of (58.7) to the 
2 :-axis, on which (for 7 = 1) 

Ylmin^■) = f' (58.24) 

The function fjm on the left is then the spherical harmonic function a) 

of the spherical polar angles f = a, 6 = ^ giving the direction of the s'-axis. 
Substitution of (58.24) in (58.7) leads to 

Yimif,a)=P ; 8 , y), (58.25) 


which is equivalent to (58.23). 

Lastly, there is the following expression for the function with the maximum 
possible value of m or m': 


= (■ 




' mj 

m 


.1 


t/2 


U + m)\{j—m)\\ 


cos^+>” sin^~™ 4/S. 


(58.26) 


§59. Partial polarization of particles 

By a suitable choice of the direction of the «-axis, we can always cause one 
component (e.g. of a given spinor the wave function of a particle with 
spin to vanish. This is evident from the fact that a direction in space is 
determined by two quantities (angles), i.e. the number of disposable parameters 
is just equal to the number of quantities (the real and imaginary parts of the 
complex 02 ) which it is desired to make zero. 

Physically this means that, if a particle with spin i (for definiteness, we shall 
speak of an electron) is in a state described by a spin wave function, then there 
is a direction in space in which the component of the particle spin has the 
definite value 0 = 5 . We can say that in such a state the electron is completely 
polarized. 

There are also, however, states of an electron which may be said to be 
partially polarized. Such states are not described by wave functions but only 
by density matrices, i.e. they are mixed states (with respect to spin) (see §14). 

The spin or polarization density matrix of an electron is a spinor p'-'* of rank 
two normalized by the condition 

p\ = ph + ph=l, (59.1) 

and satisfying the “Hermitian” condition 

{p\)* = 


(59.2) 
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For a pure (i.e. completely polarized) spin state of the electron the spinor 
reduces to a product of components of the wave function : 

p\ = (59.3) 

The diagonal components of the density matrix determine the probabilities 
of the values + i and — 4 of the ^-component of the electron spin. The mean 
value of this component is therefore 

^ = hiph- ph), 

or, using (59.1), 

P^i = i + p^2 ~ h — fz- (59.4) 

In a pure state the mean value of the quantities ± isy is calculated as 

fTJ. = 


Since, according to (55.6) and (55.7), the operators s± are given by the 
matrices 


we find that 




r+ = SZ = 


Accordingly we have in a mixed state 

ph = ^7, p^i = i+. 


(59.5) 


Using the Pauli matrices, formulae (59.4) and (59.5) can be combined as 

p\ = i{8\ + 29\.s). (59.6) 

Thus all the components of the polarization density matrix of the electron 
are expressed in terms of the mean values of components of its spin vector. In 
other words, the real vector s entirely determines the polarization properties of 
a particle with spin 4. In the limit of complete polarization one of the com¬ 
ponents of this vector (with an appropriate choice of the directions of the 
axes) is J and the other two are zero. In the opposite case of an unpolarized 
state all three components are zero. In the general case of an arbitrary partial 
polarization and any choice of the coordinate system we have 0 < p < 1, 
w'here 

is a quantity which may be called the degnee of polarizotion of the electron. 
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§60 Time reversal and Kramers' theorem 

For a particle of arbitrary spin s, the density matrix is a spinor 
of rank 4^, symmetrical in the first 2^ and the last 2s indices and satisfying the 
conditions 

= 1. (59.7) 

(59.8) 

To calculate the number of independent components of the density matrix, 
we note that, among the possible sets of values of the indices X, p.,... (or p, a,...) 
there are only 2s +1 which are essentially different. Using also the fact that 
the components of the spinor are related by (59.7), we find that the 

number of different components is (2s+ 1)2—1 = 4s(s+l). Although these 
components are complex, the relation (59.8) shows that this does not increase 
the total number of independent quantities describing the state of partial 
polarization of the particle, which is therefore 4s(s+ l).t For comparison, it 
may be remarked that the state of complete polarization of the particle is de¬ 
scribed by only 4s quantities (the 2s -t-1 complex components of the wave function 
related by one normalization condition and containing one common 
phase which is unimportant in the description of the state). 

Like any spinor of rank 4s, the spinor p^i^- pc... is equivalent to a set of 
irreducible tensors of ranks 4s, 4s—2, ... , 0. In the present case there is only 
one tensor of each rank, since, on account of the symmetry properties of the 
spinor p^>^ --pa..., each contraction of it can be carried out in only one way: 

with respect to any one of the indices A, p,..., and one of p, a . In addition, 

the scalar (tensor of rank 0) does not appear, reducing to unity by virtue of the 
condition (59.7). 

§60. Time reversal and Kramers’ theorem 

The symmetry of motion with respect to a change in the sign of the time is 
expressed in quantum mechanics by the fact that, if 0 is the wave function of 
a stationary state of the system, the “time-reversed” wave function (which we 
denote by 0^®'') describes a possible state with the same energy. At the end of 
§18 it has been pointed out that is the same as the complex conjugate 
function tjj*. In this simple form the statement applies to wave functions where 
the spin of particles is neglected. When spin is present, a refinement is necessary. 

Let us take the wave function of a particle of spin 5 in the form of the contra- 
variant spinor - (of rartk 2r). On taking the complex conjugate function 
we obtain a set of quantities which are transformed as components of a 
covariant spinor. Hence the pperation of time reversal corresponds to a change 
from the wave function to a new wave function whose covariant com¬ 

ponents are given by 

(60.1) 

t When these quantities are given, so are the mean values of the components of the vector s 
and all their powers and products 2, 3, .. 2r at a time, which do not reduce to lower powers 

(see §55, Problem 3). 
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For a given set of values of the indices X, yt, ... , the components of covariant 
and contravariant spinors correspond to values of the angular-momentum 
component which differ in sign. In terms of the functions therefore, time 
reversal corresponds to a change from to ips,-a> should, since a change 
in the sign of the time changes the direction of the angular momentum. The 
exact relation is given by (60.1): 

•Plf-a = ( 60 - 2 ) 

Thus the change ^ required by the operation of time reversal 
signifies the changef 

>Pr-c = (60-3) 

When this operation is repeated, we have 


Thus a twofold time reversal restores the wave function to its original value 
only if the spin is integral; if the spin is half-integral, the sign of the wave 
function is changed. 

Let us consider an arbitrary system of interacting particles. The orbital and 
spin angular momenta of such a system are not in general separately conserved 
w'hen relativistic interactions are taken into account. Only the total angular 
momentum J is conserved. If there is no external field, each energy level of the 
system ha;, (27-1-l)-fold degeneracy. When an external field is applied, the 
degeneracy is removed. The question arises whether the degeneracy can be 
removed completely, i.e. so that the system has only simple levels. This is 
closely related to the symmetry with respect to time reversal. 

In classical electrodynamics the equations are invariant with respect to a 
change in the sign of the time, if the electric field is left unchanged and the sign 
of the magnetic field is reversed.! This fundamental property of motion must 
be preserved in quantum mechanics. Hence, not only in a closed system but in 
any external electric field (there being no magnetic field), there is symmetry 
with respect to time reversal. 

The wave functions of the system are spinors whose rank n is twice 

the sum of the spins Sa of all the particles (« = 2 Z in); this sum may not be 
equal to the total spin 5 of the system. 

According to what was said above, we can assert that, in any electric field, 
the wave function and its time reversal must correspond to states with the same 
energy. If a level is non-degenerate, it is necessary that these states should be 
identical, i.e. the corresponding wave functions must be the same apart from a 

t Note that the rule for the complex conjugate of a spherical harmonic function, according 
to (28.9), coincides with the general rule (60.3). 

t See, for example. Fields, §17, and the end of §111 below. 
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constant factor (both, of course, being expressed as similar (covariant or contra- 
variant) spinors). 

We write or, by (60.1), 

(60.4). 

where C is a constant. 

Taking the complex conjugate of both sides of this equation, we obtain 

We lower the indices on the left-hand side of the equation and correspond¬ 
ingly raise them on the right. This means that we multiply both sides of the 
equation by ... and sum over the indices A, fi,... ; on the right-hand side 

we must use the fact that 

- ■ 

As a result we have 

= C*(-l)"vt^'‘-*. 

Substituting from (60.4), we find 

This equation must be satisfied identically, i.e. we must have (— 1)”CC* = 1. 
Since, however, |C|“ is always positive, it is clear that this is possible only 
for even n (i.e. for integral values of the sum 'L Sa). For odd n (half-integral 
values of S r^) the condition (60.4) cannot be fulfilled.f 

Thus we reach the result that an electric field can completely remove the 
degeneracy only for a system with an integral value of the sum of the spins of 
the particles. For a system with a half-integral value of this sum, in an 
arbitrary electric field, all the levels must be doubly degenerate, and complex 
conjugate spinors correspond to two different states with the same energyJ 
(H. A. Kramers 1930). 

One further, mathematical, comment may be made. A relation of the form 
(60.4) with a real constant C is mathematically the condition that the com¬ 
ponents of the spinor may be put in correspondence with a set of real 
quantities, and may be called the condition for the spinor to be “real”.|| The 
impossibility of fulfilling the condition (60.4) for odd n signifies that no real 
quantity can correspond to a spinor of odd rank. For even n, on the other 
hand, the condition (60.4) can be satisfied, and C can be real. In particular, a 


t When the sum £ s« is integral (or half-integral), all possible values of the total spin S of 
the system are also integral (or half-integral). 

If the electric field possesses a high (cubic) symmetry, fourfold degeneracy may occur 
(see §99, including the Problem). 

It IS meaningless to call the spinor real in the literal sense, since complex conjugate spinors 
have different laws of transformation. 
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real vector can correspond to a symmetrical spinor of rank two if the condition 
(60.4) is satisfied with C = 1; 

= K 


(as is easily seen by means of (57.8) and (57.9)). The condition (60.4) with 
C = 1 is in fact the condition for a symmetrical spinor of any even rank to be 
“real”. 



CHAPTER IX 


IDENTITY OF PARTICLES 


§61. The principle of indistinguishability of similar particles 

In classical mechanics, identical particles (electrons, say) do not lose their 
“individuality”, despite the identity of their physical properties. For we 
can imagine the particles at some instant to be “numbered”, and follow the 
subsequent motion of each of these in its path; then at any instant the particles 
can be identified. 

In quantum mechanics the situation is entirely different. We have 
already mentioned several times that, by virtue of the uncertainty principle, 
the concept of the path of an electron ceases to have any meaning. If the 
position of an electron is exactly known at a given instant, its coordinates have 
no definite values even at the next instant. Hence, by localizing and num¬ 
bering the electrons at some instant, we make no progress towards identifying 
them at subsequent instants; if we localize one of the electrons, at some other 
instant, at some point in space, we cannot say which of the electrons has 
arrived at this point. 

Thus, in quantum mechanics, there is in principle no possibility of separ¬ 
ately following each of a number of similar particles and thereby distinguish¬ 
ing them. We may say that, in quantum mechanics, identical particles 
entirely lose their “individuality”. The identity of the particles with respect 
to their physical properties is here very far-reaching: it results in the complete 
indistinguishability of the particles. 

This principle of the indistinguishability of similar particles, as it is called, 
plays a fundamental part in the quantum theory of systems composed of 
identical particles. Let us start by considering a system of only two particles. 
Because of the identity of the particles, the states of the system obtained 
from each other by merely interchanging the two particles must be com¬ 
pletely equivalent physically. This means that, as a result of this inter¬ 
change, the wave function of the system can change only by an unimportant 
phase factor. Let be the wave function of the system, and con¬ 

ventionally denoting the three coordinates and the spin projection for each 
particle. Then we must have 

where a is some real constant. By repeating the interchange, we return to 
the original state, while the function ip is multiplied by e^'“. Hence it follows 
that e 2 '“ = 1, or e’“ = ±1, Thus 

'/'(fi.fz) = 
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We thus reach the result that there are only two possibilities: the wave 
function is either symmetrical (i.e. it is unchanged when the particles are inter¬ 
changed) or antisymmetrical (i.e. it changes sign when this interchange is 
made). It is obvious that the wave functions of all the states of a given system 
must have the same symmetry'; otherwise, the wave function of a state which 
was a superposition of states of different symmetry would be neither sym¬ 
metrical nor antisymmetrical. 

This result can be immediately generalized to systems consisting of any 
number of identical particles. For it is clear from the identity of the particles 
that, if any pair of them has the property of being described by, say, sym¬ 
metrical wave functions, any other pair of such particles has the same pro¬ 
perty. Hence the wave function of identical particles must either be un¬ 
changed when any pair of particles are interchanged (and hence when the 
particles are permuted in any manner), or change sign when any pair are 
interchanged. In the first case we speak of a symmetrical wave function, and in 
the second case of an antisymmetrical one. 

The property of being described by symmetrical or antisymmetrical wave 
functions depends on the nature of the particles. Particles described by 
antisymmetrical functions are said to obey Fermi-Dirac statistics (or to be 
fermions), while those which are described by symmetrical functions are 
said to obey Bose-Einstein statistics (or to be bosons).^ 

From the laws of relativistic quantum mechanics it can be shown (see 
RQT, §25) that the statistics obeyed by particles is uniquely related to their 
spin: particles with half-integral spin are fermions, and those with integral 
spin are bosons. 

The statistics of complex particles is determined by the parity of me 
number of elementary fermions entering into their composition. For an 
interchange of two identical complex particles is equivalent to the simul¬ 
taneous interchange of several pairs of identical elementary particles. The 
interchange of bosons does not change the wave function, w'hile the inter¬ 
change of fermions changes its sign. Hence complex particles containing 
an odd number of elementary fermions obey Fermi statistics, while those 
containing an even number obey Bose statistics. This result is, of course, 
in agreement with the above rule, since a complex particle has an integral 
or a half-integral spin according as the number of particles w'ith half-integral 
spin entering into its composition is even or odd. 

Thus atomic nuclei of odd atomic w'eight (i.e. containing an odd number of 
neutrons and protons) obey Fermi statistics, and those of even atomic weight 
obey Bose statistics. For atoms, w'hich contain both nuclei and electrons, the 
statistics is evidently determined by the parity of the sum of the atomic 
weight and the atomic number. 

"t" This terminology refers to the statistics which describes a perfect gas composed of 
particles with antisymmetrical and symmetrical wave functions respectively. In actual fact 
we are concerned here not only with a different statistics, but essentialh with a different 
mechanics. Fermi statistics was proposed by E. Fermi for electrons in 1926, and its relation 
to quantum mechanics was elucidated by P. A. M. Dirac (1926). Bose statistics was proposed 
bv S. N. Bose for light quanta, and generalized by .4. Einstein (1924). 
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Let us consider a system composed of N identical particles, whose mutual 
interaction can be neglected. Let i/ij,... be the wave functions of the vari¬ 
ous stationary states which each of the particles separately may occupy. 
The state of the system as a whole can be defined by giving the numbers of 
the States which the individual particles occupy. The question arises how 
the wave function <// of the whole system should be constructed from the 
functions ■■■ ■ 

hetpi,p 2 , ... , p^ be the numbers of the states occupied by the individual 
particles (some of these numbers may be the same). For a system of bosons, 
the wave function ^ 2 , fs) is given by a sum of products of the form 


(61.1) 

with all possible permutations of the different suffixes pi,p 2 , ■■■ ; this.sum 
clearly possesses the required symmetry property. For example, for a 
system of two particles in different states (/u ^ p 2 ), 


=Wp(fi)^,.(^2)+^p(f*¥..(fi)]/V2. (61.2) 

The factor l/\/2 is introduced for normalization purposes; all the functions 
ipi, ifj 2 , are orthogonal and are supposed normalized. 

In the general case of a system containing an arbitrary number N of 
particles, the normalized wave function is 

•A/v./v, ••• = (^--j ■■■ (61.3) 

where the sum is taken over all permutations of the different suffixes 
pu p 2 t ■■■, pN and the numbers Ni show how many of these suffixes have the 
same value i (with S Ni = N). In the integration of over ^i, ^ 2 , •••. ^n, 
all terms vanish except the squared modulus of each term of the sum;f 
since the total number of terms in the sum (61.3) is evidently N\lNi\N 2 \ ..., 
the normalization factor in (61.3) is obtained. 

For a system of fermions, the wave function ip is an antisymmetrical 
combination of the products (61.1), For a system of two particles we have 

<A(fi. fa) = ['kp!,^l)4>vi^2)-M^2)>Pp,{^l)V^/2. (61.4) 

For the general case of .V particles, the wave function can be written in the 

t The integration over f is conventionally understood in §§63-65 as including integration 
over the coordinates and summation over <j 
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form of a determinant 
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•/'/VjA'j 


1 


(is) 

1 


■■■ 

1 

0»^(fl) 


... 


ff 



(61.5) 


Here an interchange of two particles corresponds to an interchange of two 
columns of the determinant, as a result of which the latter changes sign. 

The following important result is a consequence of the expression 
(61.5). If among the numbers p\, p 2 , ... two are the same, two rows of the 
determinant are the same, and it therefore vanishes identically. It will be 
different from zero only when all the numbers ... are different. Thus, 

in a system consisting of identical fermions, no two (or more) particles can 
be in the same state at the same time. This is called Pauli's principle (1925). 


§62. Exchange interaction 

The fact that Schrddinger’s equation does not take account of the spin 
of particles does not invalidate this equation or the results obtained by means 
of it. This is because the electrical interaction of the particles does not 
depend on their spins.-f Mathematically, this means that the Hamiltonian 
of a system of electrically interacting particles (in the absence of a magnetic 
field) does not contain the spin operators, and hence, when it is applied to the 
wave function, it has no effect on the spin variables. Hence Schrodinger’s 
equation is actually satisfied by each component of the wave function; in 
other words, the wave function of the system of particles can be written in 
the form of a product 

h) = x(^i> ••■)^(*'i, ra, .••), 

where the function (f> depends only on the coordinates of the particles and the 
function y only on their spins. We call the former a coordinate or orbital wave 
function, and the latter a spin wave function. Schrodinger’s equation essen¬ 
tially determines only the coordinate function tfi, the function y remaining 
arbitrary. In any instance where we are not interested in the actual spin of 
the particles, we can therefore use Schrodinger’s equation and regard as the 
wave function the coordinate function alone, as we have done hitherto. 

However, despite the fact that the electrical interaction of the particles 
is independent of their spin, there is a peculiar dependence of the energy 

t This is true only so long as we consider the non-relativistic approximation. When 
relativistic effects are taken into account, the interaction of charged particles does depend 
on their spin. 
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§62 Exchange interaction 

of the system on its total spin, arising ultimately from the principle of 
indistinguishability of similar particles. 

Let us consider a system consisting of only two identical particles. By 
solving Schrodmger’s equation we find a series of energy levels, to each of 
which there corresponds a definite symmetrical or antisymmetrical co¬ 
ordinate wave function (^(ri, T 2 ). For, by virtue of the identity of the particles, 
the Hamiltonian (and therefore the Schrodinger’s equation) of the system 
is invariant with respect to interchange of the particles. If the energy levels 
are not degenerate, the function ^(ri, r 2 ) can change only by a constant 
factor when the coordinates rj and r 2 are interchanged; repeating this 
interchange, we see that this factor can only bef ± 1. 

Let us first suppose that the particles have zero spin. The spin factor for 
such particles is absent altogether, and the wave function reduces to the 
coordinate function 4>{ii, T 2 ), which must be symmetrical (since particles with 
zero spin obey Bose statistics). Thus not all the energy levels obtained by a 
formal solution of Schrodinger’s equation can actually exist; those to which 
antisymmetrical functions <j> correspond are not possible for the system under 
consideration. 

The interchange of two similar particles is equivalent to the operation of 
inversion of the coordinate system (the origin being taken to bisect the line 
joining the two particles). On the other hand, the result of inversion is to 
multiply the wave function by ( — 1)', where / is the orbital angular momen¬ 
tum of the relative motion of the two particles (see §30). By comparing 
these considerations with those given above, we conclude that a system of two 
identical particles with zero spin can have only an even orbital angular mo¬ 
mentum. 

Next, let the system consist of two particles with spin i (say, electrons). 
Then the complete wave function of the system (i.e. the product of the 
function <^(ri, r 2 ) and the spin function <^ 2 )) must certainly be anti¬ 

symmetrical with respect to an'interchange of the two particles. Hence, if 
the coordinate function is symmetrical, the spin function must be anti¬ 
symmetrical, and vice versa. We shall write the spin function in spinor form, 
i.e. as a spinor x**" of rank two, each of whose indices corresponds to the 
spin of one of the electrons. A symmetrical spinor (x^" = x"^) corresponds 
to a function symmetrical with respect to the spins of the two particles, 
and an antisymmetrical spinor (x*** = — x'''^) *^0 an antisymmetrical func¬ 
tion. We know, however, that a symmetrical spinor of rank two describes a 
system with total spin unity, while an antisymmetrical spinor reduces to a 
scalar, corresponding to zero spin. 

Thus we reach the following conclusion. The energy levels to which there 
correspond symmetrical solutions *" 2 ) of Schrbdinger’s equation can 
actually occur when the total spin of the system is zero, i.e. when the spins 
of the two electrons are “antiparallel”, giving a sum of zero. The values of 
the energy belonging to antisymmetrical functions (^(r^, Ta), on the other hand. 


t When there is degeneracy we can always choose linear combinations of the functions 
belonging to a given level, such that this condition is again satisfied. 
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require a value of unity for the total spin, i.e. the spins of the two electrons 
must be “parallel”. 

In other words, the possible values of the energy of a system of electrons 
depend on their total spin. For this reason we can speak of a peculiar inter¬ 
action of the particles which results in this dependence. This is called 
exchange interaction. It is a purely quantum effect, which entirely vanishes 
(like the spin itself) in the passage to the limit of classical mechanics. 

The following situation is characteristic of the case of a system of two 
electrons which we have discussed. To each energy level there corresponds 
one definite value of the total spin, 0 or 1. This one-to-one correspondence be¬ 
tween the spin values and the energy levels is preserved, as we shall see below 
(§63), in systems containing any number of electrons. It does not hold, 
however, for systems composed of particles whose spin exceeds 

Let us consider a system of two particles, each with arbitrary spin r. Its 
spin wave function is a spinor of rank 4.<: 

kti... pa... 

^2* 2s ’ 

half {2s) of whose indices correspond to the spin of one particle, and the other 
half to that of the other particle. The spinor is symmetrical with respect to 
the indices in each group. An interchange of the two particles corresponds 
to an interchange of all the indices A, yu,... of the first group with the indices 
p, a, ... of the second group. In order to obtain the spin function of a state of 
the system with total spin S, we must contract this spinor with respect to 
2s—S pairs of indices (each pair containing one index from A, //, ... and one 
from p, a, ...), and symmetrize it with respect to the remainder; as a result 
we obtain a symmetrical spinor of rank 2S. However, the contraction of a 
spinor wath respect to a pair of indices means, as we know, the construction 
of a combination antisymmetrical with respect to these indices. Hence, 
when the particles are interchanged, the spin wave function is multiplied 

by ( — 1)^*“®. 

On the other hand, the complete wave function of a system of two particles 
must be multiplied by ( — 1 )** when they are interchanged (i.e. by -M for 
integral s and by — 1 for half-integral s). Hence it follows that the symmetry 
of the coordinate wave function with respect to an interchange of the particles 
is given by the factor ( — 1)®, which depends only on S. Thus we reach the 
result that the coordinate wave function of a system of two identical particles 
is symmetrical when the total spin is even, and antisymmetrical when it is 
odd. 

Recalling what was said above concerning the relation between interchange 
of the particles and inversion of the coordinate system, we conclude also 
that, when the spin 5 is even (odd), the system can have only an even (odd) 
orbital angular momentum. 

We see that here also a certain dependence is revealed between the possible 
values of the energy of the system and the total spin, but this dependence is 
not necessarily one-to-one. The energy levels to which there correspond 
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symmetrical (antisymmetrical) coordinate wave functions can occur for any 
even (odd) value of 5. 

Let us calculate how many different states of the system there are with even 
and odd S. The quantity S takes 2s+ 1 values: 2s, 2s—1, 0. For any 

given S there are 2S +1 states differing in the value of the ^-component of the 
spin ((2s+l)^ different states altogether). Let s be -'ntegral. Then, among 
the 2s+ 1 values of S, s + 1 are even and s odd. The total number of states 
with even S is equal to the sum 

..( 25+l)=(2.+ l)(.+ l); 

the remaining s(2s + l) states have odd S. Similarly, we find that, when s is 
half-integral, there are s(2s-f 1) states with even values of S and (s-f l)(2s-M) 
with odd values. 


PROBLEMS 

Problem 1. Determine the exchange splitting of the energy levels of a system of two 
electrons, regarding the interaction of the electrons as a perturbation. 

Solution. Let the particles be (when their interaction is neglected) in states with orbital 
wave functions i)St(r) and The states of the system with total spin 5 = 0 and 5=1 

correspond to symmetrized and antisymmetrized products respectively: 

1 

v2 

The mean value of the operator of the interaction U(t 2 —ti) of the particles in these states 
is ± y, where 

A= I j'tq<i,(rOW2(r2)12dKidr2, 

J = J J dFi dFg, 

the latter being called the exchange integral. Omitting the additive constant A, which is not 
an exchange term, we therefore find the level shifts = J, = —J (where the suffix 
indicates the value of 5). These quantities can be represented as the eigenvalues of the spin 
exchange operator-^ 

flexed = -♦-'Isi . Sg); (1) 

the eigenvalues of the product si . sz are derived in §55, Problem 2. 

If the electrons belong to different atoms, for example, the exchange integral decreases 
exponentially with increasing distance R between the atoms. It is clear from the form of the 
integrand that thus integral is determined by the “overlap” of the wave functions of the states 
^i(ri) and using the asymptotic law of decrease of the wave functions of states of a 

discrete spectrum (cf. (21,6)), we find that 

J ^ ^ ^^'{2m\E,\)!h, K. = v(2m|£2|)/A. 

where Ei and Ei are the energy levels of the electron in the two atoms. 

Problem 2. The same as Problem 1, but for a system of three electrons. 

Solution. Using formula (1), Problem 1, we can write the operator of pairwise exchange 
interaction in a systerh of three electrons as 

“ 7afc(§+2Sn .Sft), (1) 


t First used by Dirac, 
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where the^summation is over pairs of particles 12, 13 and 23. The matrix elements of the 
operators Sa . Sb between states with different values of the pair of numbers cr^, at are given 
by formulae (55.6) as 

<.!, J|S„.S(,1J. i> = l. -i. <i.-J|s„.S6|-.J, ;>=.^ 

We first determine the energy’ corresponding to the greatest possible value of the total-spin 
component hds = 01 - 1 - 02 - 1 - 03 , viz. TAs ~ 3/2. Thts gives the energy of the state with total 
spin iS = 3/2. On calculating the corresponding diagonal matrix element of the operator 
( 1 ), we find 

A£3/2 = —(2i2-l-.fl3 + 223). 

Next we take states with Ms = i- This value can occur in three ways, depending on which 
of the numbers 01 , 02 , 03 is — i (the other two being J). Thus for these states we should 
have a secular equation of the third degree. The calculation can, however, be simplified 
immediately by noting that one of the roots of this equation must correspond to the energy 
already found for the state with S = 3/2, and the secular equation must therefore have the 
factor AS—tiEs/ 2 . In this way the calculation of the free term in the cubic equation can 
be avoided.t 

The leading terms of the equation are found to be 

(A£)® -i-(yi2 -h y 13 +-f 23 i( -^[yizy 13 +^12/23 4- yi 3 y 23 — 

-(/t22-|-/l32-h/23*)]AE-f ... = 0 . 

Dividing by t^E + Ji2+Ji3+Ji3, we find the two energy levels corresponding to states with 
spins S = 

A£i /2 = ± [(212^4-213^-1-2232) —712713—/|2y23-y|3y23]l'2. 

Thus there are three energy levels, in accordance with the calculation in §63, Problem 1, 
Problem 3. In which states can the *Be nucleus decay into two a-particles ? 

Solution. Since the o-particle has no spin, a system of two a-particles can only have an 
even orbital angular momentum (equal to the total angular momentum), and its states are 
even." The decay in question is therefore possible only from even states of the “Be nucleus 
with even total angular momentum. 


§63. Symmetry with respect to interchange 

By considering a system composed of only two particles, we have been able 
to show that its coordinate wave functions (ffti, 12 ) for the stationary states 
must be either symmetrical or antisymmetrical. In the general case of a sys¬ 
tem of an arbitrary number of particles, the solutions of Schrddinger’s 
equation (the coordinate wave functions) need not necessarily be'either sym¬ 
metrical or antisymmetrical with respect to the interchange of any pair of 
particles, as the complete wave functions (which include the spin factor) 
must be. This is because an interchange of only the coordinates of two par¬ 
ticles does not correspond to a physical interchange of them. The physical 
identity of the particles here leads only to the fact that the Hamiltonian of the 
system is invariant with respect to the interchange of the particles, and hence, 
if some function is a solution of Schrodinger’s equation, the functions ob¬ 
tained from it by various interchanges of the variables will also be solutions. 

Let us first of all make some remarks regarding interchanges in general. 

'I' This device is particularly useful in similar calculations for systems with a larger number 
of particles. 
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§63 Symmetry uoith respect to interchange 

In a system of N particles, N\ different permutations in all are possible. If 
we imagine all the particles to be numbered, each permutation can be 

represented by a definite sequence of the numbers 1,2,3 . Every such 

sequence can be obtained from the natural sequence 1, 2, 3, ... by successive 
interchanges of pairs of particles. The permutation is called even or odd, 
according as it is brought about by an even or odd number of such inter¬ 
changes. We denote by P the operators of permutations of N particles, and 
introduce a quantity Sj. which is +1 if ^ is an even permutation and - 1 
if it is odd. If is a function symmetrical with respect to all the particles, 
we have 

while, if (ji is antisymmetrical with respect to all the particles, then 

P<l) = 

From an arbitrary function </>(ri, rj,... , %), we can form a symmetrical 
function by the operation of symmetrization, which can be written 

<Asym = constant x S P(j>, (63.1) 

where the summation extends over all possible permutations. The formation 
of an antisymmetrical function (an operation sometimes called alternation) 
can be written as 

= constant x 'LSpP<l>. (63.2) 

Let us return to considering the behaviour, with respect to permutations, 
of the wave functions <f> oi a system of identical particles.f The fact that the 
Hamiltonian i? of the system is symmetrical with respect to all the particles 
means, mathematically, that i? commutes with all the permutation operators 
P. These operators, however, do not commute with one another, and so 
they cannot be simultaneously brought into diagonal form. This means that 
the wave functions cannot be so chosen that each of them is either symmetri¬ 
cal or antisymmetrical with respect to all interchanges separately. | 

Let us try to determine the possible types of symmetry of the functions 
rj,... , r^) of N variables (or of sets of several such functions) with 
respect to permutations of the variables. The symmetry must be such that 
it cannot be increased, i.e. such that any additional operation of symmetri¬ 
zation or alternation, on being applied to these functions, would reduce them 
either to linear combinations of themselves or to zero identically. 

We already know two operations which give functions with the greatest 

t From the mathematical point of view, the problem is to find irreducible representations 
of the permutation group. ,A detailed account of the mathematical theory of permutation 
(or symmetry) groups is given by H. VV'eyl, The Theory of Groups and Quantum Mechanics, 
Methuen, London 1931; M. Hamermesh, Group Theory and its Application to Physical 
Problems, Pergarnon. London, 1962; I, G. Kaplan, Symmetry of Many-Electron Systems, 
Academic Press, New York, 1974. 

X Except for a systern of only two particles, where there is a single interchange operator, 
which can be brought into diagonal form simultaneously with the Hamiltonian. 
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possible symmetry; symmetrization with respect to all the variables, and 
alternation with respect to all the variables. These operations can be general¬ 
ized as follows. 

We divide the set of all the N variables r^, ... , r^v (or, what is the same 

thing, the suffixes 1, 2, 3, ... , N) into several sets, containing N^, N^, ... ele¬ 
ments (variables); N^+N^-P ... —N. This division can be conveniently 
shown by a diagram (known as a Young diagram') in which each of the num¬ 
bers /Vj, .Vg,... is represented by a line of several cells (thus. Fig. 21 gives a 
diagram of the divisions 6-1-4-1-4-1-3-1-3-f 1 + 1 and 7+5+5 + 3 + 1+1 for 
N = 22); one of the numbers 1, 2, 3,... is to be placed in each square. If 
we place the lines in order of decreasing length (as in Fig. 21), the diagram 
contains not only successive horizontal rows, but also vertical columns. 




Let us symmetrize an arbitrary function ^(ri, , r.v) w'ith respect to the 

variables in each row. The alternation operation can then be performed only 
with respect to the variables in different row's; alternation with respect to a 
pair of variables in the same row clearly gives zero identically. 

Having chosen one variable from each row, we can, without loss of gener¬ 
ality, regard them as being in the first cells in each row (after symmetrization, 
the order of the variables among the cells in each row is immaterial); let us 
alternate with respect to these variables. Having then deleted the first column, 
we alternate with respect to variables chosen one from each row in the thus 
“curtailed” diagram; these variables can again be regarded as being in the 
first cells of the “curtailed” rows. Continuing this process, w’e finally have 
the function first symmetrized with respect to the variables in each row' and 
then alternated w'ith respect to the variables in each column, .\fter alternation, 
of course, the function in general ceases to be symmetrical with respect to 
the variables in each row. The symmetry is preserved only w'ith respect to 
the variables in the cells of the first row which project beyond the other rov\s. 

Having distributed the N variables in various ways among the rows of a 
Young diagram (the distribution among the cells in each row is immaterial), 
we thus obtain a series of functions, w’hich are transformed linearly into one 
another when the variables are permuted in any manner.f Howeter, it must 


t It would be possible to perform the symmetrization and alternation in the 
to alternate with respect to the variables in each column, and then ^Xn 

to those in the rows. This, however, would give effectively the same thing, since the functions 
obtained bv th? two methods are linear combinations of one another. 
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be emphasized that not all these functions are linearly independent; the 
number of independent functions is in general less than the number of possi ble 
distributions of the variables among the rows of the diagram. We shall not 
pause here, however, to discuss this more closely.f 

Thus any Young diagram determines some type of symmetry of functions 
with respect to permutations. By constructing all the possible Young dia¬ 
grams (for a given N), we find all possible types of symmetry\ This amounts 
to dividing the number N in all possible vvays into a sum of smaller terms, 
Including the number N itself; thus for TV = 4 the possible partitions are 
4, 3 + l,2+2.2 + l + l, 1-t-l+l-t-l. 

To each energy level of the system we can make correspond a Young dia¬ 
gram which determines the permutational symmetry of the appropriate 
solutions of Schrodinger’s equation; in general, several different functions 
correspond to each value of the energy, and these are transformed linearly into 
each other by permutations. The existence of this “permutational de¬ 
generacy” is related to the fact that the operators P each commute with the 
Hamiltonian but not with one another (see the middle of §10). However, it 
must be emphasized that this does not signify any additional physical 
degeneracy of the energy levels. All these different coordinate wave functions, 
multiplied by the spin functions, enter into a single definite combination— 
the complete wave function—which satisfies (according to the spin of the 
particles) the condition of symmetry or antisymmetry. 

Among the various types of symmetry there are always (for any given N) 
two to each of which only one function corresponds. One of these cor¬ 
responds to a function symmetrical with respect to all the variables, and the 
other to one which is similarly antisymmetrical; in the first case, the Young 
diagram consists of a single row of N cells, and in the second case of a single 
column. 

Let us now consider the spin wave functions x(o'i, Cg,... , q^). Their kinds 
of symmetry with respect to permutations of the particles are given by the 
same Young diagrams, with the components of the spins of the particles 
taking the part of variables. There arises the questioh of what diagram must 
correspond to the spin function for a given diagram of the coordinate func¬ 
tion. Let us first suppose that the spin of the particles is Integral. Then the 
complete wave function ^ must be symmetrical with respect to all the particles. 
For this to be so, the symmetry of the spin and coordinate functions must be 
given by the same Young diagram, and the complete wave function ^ is 
expressed as definite bilinear combinations of the two; we shall not here p.-iuse 
to examine more closely the problem of constructing these combinations. 

Next, suppose the spin of the particles to be half-integral. Then the com¬ 
plete Wave function must be antisymmetrical with respect to all the particles. 
It can be shown that, for this to be so, the Young diagrams for the coordinate 


t The independent functions that are transformed into linear combinations of one another 
form the basis of an irreducible representation of the permutation group. Their number is 
the dimension of the representation. For particles with spin 4 the number is derived in 
Problem t below. 
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and spin functions must be in dual relation, i.e. obtained from each other by 
interchanging rows and columns (as in the two diagrams shown in Fig. 21). 

Let us consider in more detail the important case of particles with spin ^ 
(electrons, for instance). Each of the spin variables a^, CTji takes only 

the two values ± Since a function antisymmetrical with respect to any 
two variables vanishes when these variables take the same value, it is clear 
that the function y can be alternated only with respect to pairs of variables; 
if we alternate with respect to even three variables, two of them must always 
take the same value, so that we have zero identically. 

Thus, for a system of electrons, the Young diagrams for the spin functions 
can contain columns of only one or two cells (i.e. only one or two rows); in 
the Young diagrams for the coordinate functions, the same is true of the 
number of columns. The number of possible types of permutational sym¬ 
metry for a system of N electrons is therefore equal to the number of possible 
partitions of the number N into a sum of ones and twos. When N is even, 
this number is (partitions with 0, 1, ..., \N twos), while if N is odd 

it is ^(/V'-f 1) (partitions with 0, 1,..., ^(A^—1) twos). Thus, for instance. 
Fig. 22 shows the possible Young diagrams (coordinate and spin) for N = 4. 



5=2 5=1 5=0 

Fic. 22 

It is easy to see that each of these types of symmetry (i.e. each of the 
Young diagrams) corresponds to a definite total spin S of the system of 
electrons. We shall consider the spin functions in spinor form, i.e. as spinors 
of rank N, whose indices (each of which corresponds to the spin of 
an individual particle) will be the variables that are arranged in the cells of 
the Young diagrams. Let us examine the Young diagram consisting of two 
rows with Aj and cells (Aj-l-Ag = N, and N-^ > Aj). In each of the first 
Ag columns there are two cells, and the spinor must be antisymmetrical with 
respect to the corresponding pairs of indices. With respect to the indices in 
the last n = N\ — N 2 cells in the first row, however, it must be symmetrical. 
As we know, such a spinor of rank A reduces to a symmetrical spinor of rank 
n, to which there corresponds a total spin S = \n. Returning to the Young 
diagrams for the coordinate functions, we can say that the diagram with n 
rows each of one cell corresponds to a total spin S = \n. Foreyen A, the 
total spin can take integral values from 0 to \N, while for odd A^t can take 
half-integral values from ^ to ^A, as it should. 

We emphasize that this one-to-one correspondence between the Young 
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diagrams and the total spin holds only for systems of particles with spin J; 
we have seen this, for a system of two particles, in the previous section. For a 
system of A' particles with spin s, the spin wave function is made up of a 
product of N symmetrical spinors of rank 2s, i.e. is a spinor of rank 2Ns. If 
this spinor is symmetrized according to a particular Young diagram of N 
cells, we can usually construct from the independent components of the 
symmetrized spinor several sets of linear combinations, each set corres¬ 
ponding to a different total spin 5 of the system. 

In the same way as the Young diagram for the spin functions of particles 
with spin ^ cannot contain columns of more than two cells, so for particles 
with any spin s the columns cannot contain more than 2i-|-1 cells. 

If the number N of particles in the system is an integral multiple of 2i -t-1, 
the possible Young diagrams include a rectangle with 2i-l-1 cells in each 
column. This corresponds to one definite value of the total spin, S = 0. 
Hence we can conclude that the same value of S corresponds to any two 
(spin) Young diagrams which can be fitted together to form a rectangle of 
height 2x+l.f This is a simple consequence of the fact that the addition 
of two angular momenta can give zero only if they have the same absolute 
magnitude. 

To conclude this section, let us return to the fact already mentioned in the 
footnote at the end of §20 that, for a system of several identical particles, we 
cannot assert that the wave function of the stationary state of lowest energy is 
without nodes. We can now amplify this statement and elucidate its origin. 

The wave function (that is, the coordinate function), if it has no nodes, 
must certainly be symmetrical with respect to all the particles; for, if it were 
antisymmetrical with respect to the interchange of any pair of particles 1, 2, it 
would vanish for ri = rg. If, however, the system consists of three or more 
electrons, no completely symmetrical coordinate wave function is possible 
(the Young diagram of the coordinate function cannot have rows with more 
than two cells). Thus, although the solution of Schrodinger’s equation 
which corresponds to the lowest eigenvalue is without nodes (by the theorem 
of the variational calculus), this solution may be physically inadmissible; 
the smallest eigenvalue of Schrodinger’s equation will not then correspond 
to the normal state of the system, and the wave function of this state will in 
general have nodes. For particles with a half-integral spin s, this situation 
occurs in systems with more than 2s-H 1 particles. For systems of bosons, a 
completely symmetrical coordinate wave function is always possible. 

PROBLEMS 

Probi^m 1. Determine the number of energy levels with different values of the total 
Spin 6, for a system of N particles with spin 

■f For example, the two diagrams (for r = 1) 


m: j: 

The continuous and broken lines show the complementary diagrams 
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Solution. A given value of the projection of the total spin of the system, Ms = T. a, can 
be obtained in 


I{Ms) = A!/(iA' + A/s)!(JA'-Ms)! 

ways, with ^N+Ms particles taken to have o = J and the remainder c = — J. To each 
energy level with a given S, there correspond 25+1 states with Ms = 5, 5 — 1, ..., —5. 
Hence it is easy to see that the number of different energy levels with a given value of 5 is 

«(5) = /(5)-/(5+l) = A-!(25+1)/(J.V+5+1)!(JA-5)!. 

The total number of different energy' levels is 

« = r«(S)=/(0) = A'!/[(LV)!p 

for even N, and 


« =/(i) = A'!/aA'+i)!(iA-i)! 


for odd N. 

Problem 2. Find the values of the total spin 5 that occur for various types of symmetry 
of the spin functions of a system of two, three or four particles with spin 1. 

Solution. For two particles, the correspondence is established by the fact that the factor 
by which the spin function is multiplied when the particles are interchanged must be ( — 

(see the end of §62). For particles with spin i = 1 this gives 

(a) I I I (b) 

S = 0 or 2 S r I 

The Young diagrams for a system of three particles are obtained by adding to the diagrams 
(1) one cell in every possible way. The result may be written as the symbolic equations 



m X □ 

0,2 I 



- □ 


I 


( o ) 




( b ) 


1,1, 2,3 


( b ) 


( c ) 


E 


'-V-' 

0 , 1,2 


The values of S' are shown beneath each diagram, and the values of the total spin of the 
system of three particles (the diagrams on the right) are found from the spins of the two- 
particle and one-particle systems (the diagrams on the left) by the rule of addition of angular 
momenta.f The distribution of the resulting values of S' among the diagrams on the right is 
established by noting that diagram (c) (a column of three cells) corresponds to S = 0, and 
(b) therefore to the remaining values 1 and 2 in the second equation, while (a) belongs to the 

t The repetition of 1 beneath the right-hand diagrams occurs because this value of the 
angular momentum comes firstly from adding the angular momenta 0 and 1, and secondly 
from adding 2 and 1. 
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values 1 and 3 that are left after (b) has been labelled in the first equation: 
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1 

(b) |_M 

( c ) 


S = 1 or 3 

U 

S=l or 2 


— 


S=0 

The Yjung diagrams for a system of four particles are obtained by adding one cell to the 
diagrams (2), with the condition that no column should contain more than three cells: 


(o ) (b ) 


rr 


1 ^ 1 

□ 


n 

n 

□ 

□ 

1 -H 


ZJ 

1,3 


1 




— 



0 , 1 , 2 , 2 , 3,4 




n 


(b ) ( c ) ( d ) 



^> 2 , 2,3 


( d ) 



0 


I 


Diagram (c) can be added to (a) in (1) to form a rectangle with three-cell columns, and there¬ 
fore corresponds to the same values S = 0, 2. The values of S for diagram (b) are found 
from the remainder of the second equation, and then those for (a) from the remainder of the 
first equation: 


( 0 ) ( b) 


(c ) 



(d ) 


S=0,2 or 4 





— 

5 = 

1,2 or 3 S 

'< = 0 or2 


S = I 


§64, Second quantization. The case of Bose statistics 

In the theory of systems consisting of a large number of identical particles, 
there is a widely used method of considering the problem, known as second 
quantization. This method is especially necessary in relativistic theory, 
where we have to deal with systems in which the number of particles is itself 
variable.t 


t The method of second quantization was developed by P. A. M. Dirac (1927) for photons 
in radiation theory, and later extended to fermions by E. Wigner and P. Jordan (1928). 
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Let '/' 2 (f), ■■■ be some complete set of orthogonal and normalized 

wave functions of stationary states of a single particle.f These may be states 
of a particle in some arbitrarily chosen external field, but are usually taken to 
be simply plane waves, i.e. the wave functions of a free-particle having definite 
values of the momentum (and spin projection). In order to make the spectrum 
of states discrete, we shall consider the motion of particles in a large but finite 
region, for which the eigenvalues of the momentum components form a 
discrete series, the intervals between adjacent values being inversely pro¬ 
portional to the linear dimensions of the region and tending to zero as these 
increase. 

In a system of free particles, the particle momenta are separately con¬ 
served. The occupation numbers of the states are therefore also conserved, 
i.e. the numbers N\, N 2 , ... which show how many particles are in each of the 
states ipi, tp 2 , ■ ■ ■• In a system of interacting particles, the momentum of each 
particle is not conserved, and so the occupation numbers are not conserved. 
For such a system we can consider only the probability distribution of the 
various values of the occupation numbers. Let us seek to construct a 
mathematical formalism in which the occupation numbers (and not the 
coordinates and spin projections of the particles) play the part of independent 
variables. 

In this formalism, it is convenient to use the Dirac notation (see the end of 
§11), taking Ni,N 2 , ... as quantum numbers defining the state. The states 
corresponding to the wave functions (61.3) and (61.5) will be denoted by 
|7 Vi,A^ 2) •••>■ The coordinate and spin variables of the particles are not 
shown explicitly. 

In accordance with this choice of the independent variables, the operators 
of the various physical quantities (including the Hamiltonian of the system) 
must be formulated in terms of their action on functions of the occupation 
numbers. Such a formulation can be obtained on the basis of the usual matrix 
representation of operators. The operator matrix elements must be con¬ 
sidered in relation to the wave functions of the stationary states of a system 
of non-interacting particles. Since these states can be described by speci¬ 
fying definite values of the occupation numbers, this will also show the nature 
of the action of the operators on these variables. 

Let us first consider systems of particles obeying Bose statistics. Let/ 
be the operator of some quantity pertaining to the ath particle, i.e. acti ng only 
on functions of the variables fa- We introduce the operator 

= S/O',. (64.1) 

a 

which is symmetrical with respect to all the particles (the summation being 
over all particles), and determine its matrix elements with respect to the w'ave 
functions (61.3). First of all, it is easy to see that the matrix elements will 

t As in §61 f denotes the set of the coordinates and the spin projection a of the particle, 
and integration with respect to f is taken to mean integration over the coordinates and sum- 
mation over a. 
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be diflFerent from zero only for transitions which leave the numbers N^, ... 

unchanged (diagonal elements) and for transitions where one of these numbers 
is increased, and another decreased, by unity. For, since each of the operators 
/<!>„ acts only on one function in the product 

its matrix elements can be different from zero only for transitions whereby 
the state of a single particle is changed; this, however, means that the number 
of particles in one state is diminished by unity, while the number in another 
state is correspondingly increased. The calculation of these matrix elements 
is in principle very simple; it is easier to do it oneself than to follow an account 
of it. Hence we shall give only the result of this calculation. The non¬ 
diagonal elements are 

<M-, Nk - - 1, N,y = f V(Wfc). (64.2) 

We shall indicate only those suffixes with respect to which the matrix element 
is non-diagonal, omitting the remainder for brevity. Here '^^e matrix 

element 

^ ' I I4> W".-. = / (64.3) 

since the operators/ differ only in the naming of the variables on which 
they act, the integrals (64.3) are independent of a, which is therefore 
omitted. The diagonal matrix elements of Fd) are the mean values of the 
quantity Fd) in the states f/'ATjA'j.. • Calculation gives 

FW =. ?/(«,,iV,. (64.4) 

We now introduce the operators di, which play a leading part in the method 
of second quantization; they act, not on functions of the coordinates, but on 
functions of the occupation numbers. By definition, the operator di acting on 
the function |F/i, N 2 , ■■■> decreases the value of the variable F/, by unity, 
and at the same time it multiplies the function by VN,:t 

N 2 , ..., Ni, ...> = V|Ni, N 2 , ..., Ni-l, ...>. (64.5) 

We can say that the operator di diminishes by one the number of particles in 
the tth state; it is therefore called a particle annihilation operator. It can be 
represented in the form of a matrix whose only non-zero element is 

<.Ni-l\ai\Niy = y/Ni. (64.6) 

The operator di+ which is the Hermitian conjugate of di is, by definition 
(see (11,9)), represented by a matrix whose only non-zero element is 

<A^d«i'^|iVi-l> = <2Vi-l|ailArj>* = ^Ni. (64.7) 

tHere we use the notation a\m> with the natural sense of the result of the operator d acting on 
the state wave function |m> ® 
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This means that, when acting on the function C>{Ni, N 2 , ■■■), it increases the 
number Ni by unity: 

4-1^1, N 2 , Ni, ...> = V(Ni+l)\N^, N 2 , N,+l, (64.8) 

In other words, the operator < 24 + increases by one the number of particles in 
the nh state, and is therefore called a particle creation operator. 

The product of the operators di^di, acting on the wave function, must 
multiply it by a constant simply, leaving unchanged all the variables Ni, N 2 , 
the operator di diminishes Nf by unity, and di* then restores it to its 
original value. Direct multiplication of the matrices (64.6) and (64.7) shows 
that di+di is represented, as we should expect, by a diagonal matrix whose 
diagonal elements are Ni. We can write 

di+di = Ni. (64.9) 

Similarly, we find that 

didi^ = Ni + l. (64.10) 

The difference of these equations gives the commutation rule for the 
operators di and ^ 4 +: 


didi + -di+di = 1. (64.11) 

The operators with i and k different act on different variables {Ni and Nk), 
and comniute: 


didk-dkdi = 0, didk + -dk^di = 0 (i # ^). (64.12) 

From the above properties of the operators a,-, it is easy to see that the 
operator 

= (64.13) 

is the same as the operator (64.1). For all the matrix elements calculated from 
(64.6), (64.7) are the same as the elements (64.2), (64.4). This is a very 
important result. In formula (64.13), the quantities / <^> 4 *; are simply 
numbers. Thus we have been able to express an ordinary operator, acting on 
functions of the coordinates, in the form of an operator acting on functions 
of new variables, the occupation numbers Ni. 

The result which we have obtained is easily generalized to operators of 
other forms. Let 


f'm = (64.14) 

a'>b 

where / is the operator of a physical quantity pertaining to two particles 
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at once, and hence acts on functions of and Similar calculations show 
that this operator can be expressed in terms of the operators d^, d^'*' by 

(64.15) 

where 

The generalization of these formulae to operators of any other form sym¬ 
metrical with respect to all the particles (of the form = ^/ *®*o6c) etc.) is 
obvious. 

These formulae can be used to express, in terms of the operators di and di+, 
the Hamiltonian of the physical system of N identical interacting particles 
that is being considered. The Hamiltonian of such a system is, of course, 
symmetrical with respect to all the particles. In the non-relativistic approxi¬ 
mation,! independent of the spins of the particles, and can be represented 
in a general form as follows: 

/? = + E t/«'(r,..r,)-t- S 17®(r„,r„r,)-l-.... (64.16) 

® a>b a>b>c 

Here is the part of the Hamiltonian which depends on the coordinates 
of the ath particle only; 

/?(«<. = -(/i»/2m)Aa+t^®(ra). (64.17) 

where is the potential energy of a single particle in the external field. 

The remaining terms in (64.16) correspond to the mutual interaction energy 
of the particles; the terms depending on the coordinates of two, three, etc. 
particles have been separated. 

This representation of the Hamiltonian enables us to apply formulae 
(64.13), (64.15) and their analogues directly. Thus 

S = S,aVa,-l-i .S <iA| U<^)\lm}di^dk^dmdi + .... (64.18) 

This gives the required expression for the Hamiltonian in the form of an 
operator acting on functions of the occupation numbers. 

For a system of non-interacting particles, only the first term in the expres¬ 
sion (64.18) remains: 

= (64.19) 

If the functions i/r^. are taken to be the eigenfunctions of the Hamiltonian 
of an individual particle, the matrix is diagonal, and its diagonal 

elements are the eigenvalues of the energy of the particle. Thus 

/? = E fifl.+a.; 


t In the absence of a magnetic held. 
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replacing the operator di~di by its eigenvalues (64.9), we have for the energy 
levels of the system the expression 

a trivial result which could have been foreseen. 

The formalism which we have developed can be put in a more compact 
form by introducing the xfi-operators^ 

= ? m)ai, = s 4>md,\ (64.20) 

where the variables ^ are regarded as parameters. By what has been said 
above concerning the operators di, di^, it is clear that the operator ip de¬ 
creases the total number of particles in the system by one, while i/(+ increases 
it by one. 

It is easy to see that the operator ^"^(^o) creates a particle at the point fo- 
For the result of the action of the operator dj* is to create a particle in a state 
with wave function Hence it follows that the result of the action of 

the operator is to create a particle in a state with wave function 

^ = S(^-^o)t which corresponds to a particle with definite 

values of the coordinates (and spin). Here we have used formula (5.12).J 
The commutation rules for the p operators are obtained at once from those 
for the operators di, di^: 

mkn-4'{nki) = ^> ( 64 . 21 ) 

k^)Hn-’l>-{nk^) = ?= s(^-n- (64.22) 

The second-quantized operator can be written by means of the 
p operators in the form 

Fd) = I ,^-(^)/a),?(^)d^ (64.23) 

where it is understood that the operator / d) acts on functions of the para¬ 
meters f in k^)- substituting and in the form (64.20) and using 
the definition (64.3), we return to (64.13). Similarly, (64.15) becomes 

F&> = HI df. (64.24) 

f Note the analogy between (64.201 and the expansion 

p = l,aipi 

of any wave function in terms of a complete set of functions. Here it is re-quantized , and 
this is the reason for the term second quantization method. 

1 S(f —fo) conventionally denotes the product 

S(*— 
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In particular, the Hamiltonian of the system, expressed in terms of the 
ip operators, is 

+ (64.25) 

The operator constructed from the ip operators by analogy 

with the product ip*ip which determines the probability density for a particle 
in a state with wave function ipy called the particle density operator. The 
integral 



N = J df (64.26) 

represents in the second-quantization formalism the operator of the total 
number of particles in the system. For, substituting the tp operators in the 
form f64.20) and using the normalization and the orthogonality of the wave 
functions, we have 


N = 'Ldi+di. 

Each term in this sum is the operator of the number of particles in the ith 
state; according to (64.9), its eigenvalues are equal to the occupation numbers 
Ni, and the sum of all these numbers is the total number of particles in the 
system.f 

Lastly, if the system consists of bosons of various kinds, operators d and a + 
for each kind of particle must be defined in the second quantization method. 
It is evident that operators pertaining to particles of different kinds commute. 


§65. Second quantization. The case of Fermi statistics 

The basic theory of the method of second quantization remains wholly 
unchanged for systems of identical fermions, but the actual formulae for the 
matrix elements of quantities and for the operators cj are naturally different. 

The wave function i/'a'.a', -■ now has the form (61.5). Because of the 
antisymmetry of this function, the question of its sign arises first of all. 
This question did not arise in the case of Bose statistics, since, because of 
the symmetry of the wave function, its sign, once chosen, was preserved 
under all permutations of the particles. In order to make definite the sign 
of the function (61.5), we shall agree to choose it as follows We number 
successively, once and for all, all the states tpt. We then complete the rows 


i" For systems containing a specified number of particles these statements are trivial, as 
the properties of the Hamiltonian (64.19) of a system of free particles. Their generalization 
in the relativistic theory, however, yields new results that are by no means trivial (cf. RQT, 
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of the determinant (61.5) so that always 


§65 


Pi<p2<p3< ■■ <px, (65.1) 

whilst in the successive columns we have functions of the different variables 
in the order ^ 2 . ••• . No two of the numbers pi,p 2 , ... can be equal, 
since otherwise the determinant would vanish. In other words, the occupa¬ 
tion numbers can take only the values 0 and 1. 

Let us again consider an operator of the form (64.1), = S/<!>„. As 

in §64, its matrix elements will be non-zero only for transitions where all the 
occupation numbers remain unchanged and for those where one occupation 
number (Nf) is diminished by unity (becoming zero instead of one) and an¬ 
other {N is increased by unity (becoming one instead of zero). We easily 
find that, for i < k, 

<L-, 0A.|F<hl0s, U>-/'«*(-l)^''^(65.2) 

where by Of, L we signify Ni — 0, A'i = 1 and the symbol 'L(k, 1) denotes 
the sum of the occupation numbers of all states from the ^th to the /thrf 

For the diagonal elements we obtain our previous formula (64.4): 

= (65.3) 

In order to represent the operator F'h in the form (64.13), the operators 
Gj must be defined as matrices whose elements are 

<0(|Gi|L-> = <li!fli"|0j>=(-l)r'i--» (65.4) 

On multiplying these matrices, we find, for k > i, 

Oil 1*^ = Oil 0*|ai'''j0j, 0fc^<[0i, 0fc|afc|0j, 1*^ 


= ( _ 1 i-l)( _ 1 )^(1. i-l)+2(t+l. fc-1)^ 

or 

<li, OfclGrfltjOi, 1*>= (-l)^'««-*-». (65.5) 

If i — k, the matrix of d^'^di is diagonal, and its elements are unity for Ni = 1, 
and zero for A^^ = 0; this can be written 

fli+Ci = N. (65.6) 


+ For I > k the exponent in (65.2) becomes Z (/r-f 1, i —1). The sum must be taken as 
zero when i = ^ ± 1. 
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On substituting these expressions in (64.13), we in fact obtain (65.2), (65.3). 
Multiplying df', in the opposite order, we have 

<li, 0it|atG(+|0(, U> = <1(, Otlanli, Ul«i"|0i, U> 

= (—1)5.11.»-11+Z'l+i. fc-n+Zd.i-D+i 

or 

<li, U->= _(_l)ic-i.fc-». (65.7) 

Comparing (65.7) with (65.5), we see that these quantities have opposite signs, 
i.e. 

di-^dii+dkdi+ =0 (i ^ k). 

For the diagonal matrix dfif', we find 

d,df = l-.Vi. (65.8) 

Adding this to (65.6), we obtain 

didf'+dfdi = 1 . 

Both the above equations can be written in the form 

fliflV+aVfli = S.*. (65.9) 

On carrying out similar calculations, we find for the products the re¬ 
lations 

didk+dkdt=Q, (65.10) 

and in particular = 0. 

Thus we see that the operators Gj and d^ (or g^"'') for i ^ k anticommute, 
whereas in the case of Bose statistics they commuted with one another. This 
difference is perfectly natural. In the case of Bose statistics, the operators 
G,- and d^ were completely independent; each of the operators d^ acted only 
on a single variable tVj, and the result of this action did not depend on the 
values of the other occupation numbers. In the case of Fermi statistics, 
however, the result of the action of the operator d^ depends not only on the 
number itself, but also on the occupation numbers of all the preceding 
states, as we see from the definition (65.4). Hence the action of the various 
operators Gj, g ^ cannot be considered independent. 

The properties of the operators a^, df' having been thus defined, all the 
remaining formulae (64.13)-(64.18) remain valid. The formulae (64.23)- 
(64.25), which express the operators of physical quantities in terms of the 
i/i-operators defined bv (64.20), also hold good. The commutation rules 
(64.21), (64.22), however, are now replaced by 

•A*(n0(f)+0(f)^S"(n = Ki-n, 

= o. 


(65.11) 

(65.12) 
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If the system consists of particles of different kinds, second quantization 
operators must be defined for each kind of particle (as already mentioned at 
the end of §64). Operators belonging to bosons and fermions commute; 
those belonging to different fermions may formally be regarded as either 
commutative or anticommutative within the limits of non-relativistic theory. 
On either assumption the results obtained by means of the second quantiza¬ 
tion method are the same. 

However, with a view to later applications in the relativistic theory, which 
allows different particles to be transformed into one another, we should 
assume that the creation and annihilation operators for different fermions 
anticommute. This becomes evident if we regard as “different particles 
two different internal states of a single complex particle. 



CHAPTER X 


THE ATOM 


§66. Atomic energy levels 

In the non-relativistic approximation, the stationary states of the atom are 
determined by Schrodinger’s equation for the system of electrons, which 
move in the Coulomb field of the nucleus and interact electrically with one 
another; the spin operators of the electrons do not appear in this equation. 
As vve know, for a system of particles in a centrally symmetric external field 
the total orbital angular momentum L and the parity of the state are conserved. 
Hence each stationary state of the atom will be characterized by a definite 
value of the orbital angular momentum L and by its parity. Moreover, the 
coordinate wave functions of the stationary states of a system of identical 
particles have a certain permutational symmetry. We have seen in §63 that, 
for a system of electrons, a definite value of the total spin of the system cor¬ 
responds to each type of permutational symmetry (i.e. to each Young dia¬ 
gram). Hence every stationary state of the atom is characterized also by the 
total spin 5 of the electrons. 

The energy level having given values of 5 and L is degenerate to a degree 
equal to the number of different possible directions in space of the vectors S 
and L. The degree of the degeneracy from the directions of L and S is re¬ 
spectively 2L +1 and 25-I-1. Consequently, the total degree of the degener¬ 
acy of a level with given L and 5 is equal to the product (2L-i-l)(25-l-l). 

In fact, however, the electromagnetic interaction of the electrons contains 
relativistic effects, which depend on their spins. These effects have the 
result that the energy of the atom depends not only on the absolute magni¬ 
tudes of the vectors L and S but also on their relative positions. Strictly 
speaking, when the relativistic interactions are taken into account the orbital 
angular momentum L and the spin S of the atom are not separately conserved. 
Only the total angular momentum J = L -t- S is conserved; this is a universal 
and exact law which follows from the isotropy of space relative to a closed 
system. For this reason, the exact energy levels must be characterized by 
the values J of the total angular momentum. 

However, if the relativistic effects are comparatively small (as often 
happens), they can be allowed for as a perturbation. Under the action of 
this perturbation, a degenerate level with given L and 5 is “split” into a 
number of distinct (though close) levels, which differ in the value of the 
total angular momentumy. These levels are determined (in the first approxi¬ 
mation) by the appropriate secular equation (§39), while their wave functions 
(in the zeroth approximation) are definite linear combinations of the wave 
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functions of the initial degenerate level with the given L and 5. In this 
approximation we can therefore, as before, regard the absolute values of the 
orbital angular momentum and spin (but not their directions) as being 
conserved, and characterize the levels by the values of L and 5 also. 

Thus, as a result of the relativistic effects, a level with given values of L 
and 5 is split into a number of lev'els with different values of /. This splitting 
is called xhefine structure (or the multiplet splitting) of the level. As we know, 
J takes values from L + S to jL —Sj; hence a level with given L and 5 is split 
into 25 + 1 (if L > 5) or 2L +1 (if L < S) distinct levels. Each of these is 
still degenerate with respect to the directions of the vector J; the degree of 
this degeneracy is 2/ + 1. It is easily verified that the sum of the numbers 
2J + l for all possible values of J is equal to (2L + 1)(2S + 1), as it should be. 

There is a generally accepted notation to denote the atomic energy levels 
(or, as they are called, the spectral terms of the atoms), similar to that used 
for the states of individual particles with definite values of the angular 
momentum (§32); states with different values of the total orbital angular 
momentum L are denoted by capital Latin letters, as follows: 

1 = 0123456789 10... 

SPDFGHIKLMN ... 

Above and to the left of this letter is placed the number 25 + 1, called the 
multiplicity of the term (though it must be borne in mind that this num¬ 
ber is the number of fine-structure components of the level only when 
L ^ 5).f Below and to the right of the letter is placed the value of the total 
angular momentum J. Thus the symbols "Pi/j, *^ 3/2 denote levels with 
L=l, 5=i, / =J and f. 


§67. Electron states in the atom 

An atom wfith more than one electron is a complex system of mutually 
interacting electrons moving in the field of the nucleus. For such a system 
we can, strictly speaking, consider only states of the system as a whole. 
Nevertheless, it is found that we can, with fair accuracy, introduce the idea 
of the states of each individual electron in the atom, as being the stationary 
states of the motion of each electron in some effective centrally symmetric 
field due to the nucleus and to all the other electrons. These fields are in 
general different for different electrons in the atom, and they must all be 
defined simultaneously, since each of them depends on the states of all the 
other electrons. Such a field is said to be self-consistent. 

Since the self-consistent field is centrally symmetric, each state of the elec¬ 
tron is characterized by a definite value of its orbital angular momentum 1. 
The states of an individual electron with a given / are numbered (in order 
of increasing energy) by the principal quantum number n, which takes the 
values « = /+!, 7+2, ... ; this choice of the order of numbering is made in 

t The levels with 2S + 1 = 1,2, 3, ... are called singlet, doublet, triplet, etc., levels. 
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accordance with what is usual for the hydrogen atom. However, the sequence 
of levels of increasing energy for various / in complex atoms is in general 
different from that found in the hydrogen atom. In the latter, the energy 
is independent of /, so that the states with larger values of n always have 
higher energies. In complex atoms, on the other hand, the level with « = 5, 
/ = 0, for example, is found to lie below that with « = 4, / = 2 (this is 
discussed in more detail in §73). 

The states of individual electrons with different values of n and I are 
customarily denoted by a figure which gives the value of the principal 
quantum number, followed by a letter which gives the value of thus Ad 
denotes the state with m = 4, / = 2. A complete description of the atom 
demands that, besides the values of the total L, S and J, the states of all the 
electrons should also be enumerated. Thus the symbol \s 2p ^Po denotes a 
state of the helium atom In which L = 1, 5 = l,/=0 and the two electrons 
are in the Is and 2p states. If several electrons are in states with the same / 
and n, this is usually shown for brevity by means of an index: thus Zp^ 
denotes two electrons in the Zp state. The distribution of the electrons in the 
atom among states with different I and n is called the electron configuration. 

For given values of « and I, the electron can have different values of the 
projections of the orbital angular momentum (m) and of the spin (a) on the 
3 :-axis. For a given /, the number m takes 2/4-1 values; the number a is 
restricted to only two values, 4:^. Hence there are altogether 2(2/4-!) 
different states with the same n and /; these states are said to be equivalent. 
According to Pauli’s principle there can be only one electron in each such 
state. Thus at most 2(2/4-!) electrons in an atom can simultaneously have 
the same n and /. An assembly of electrons occupying all the states with the 
given n and / is called a closed shell of the type concerned. 

The difference in energy between atomic levels having different L and S 
but the same electron configurationJ is due to the electrostatic interaction 
of the electrons. These energy differences are usually small, and several 
times less than the distances between the levels of different configurations. 
The following empirical principle {Hand's rule-, F. Hund 1925) is known 
concerning the relative position of levels with the same configuration but 
different L and 5; 

The term with the greatest possible value of S (for the given electron con¬ 
figuration) and the greatest possible value of L (for this S) has the lowest energy. {| 

We shall show how the possible atomic terms can be found for a given elec¬ 
tron configuration. If the electrons are not equivalent, the possible values 

+ Another terminology often used is that in which electrons with principal quantum 
numbers n = 1, 2, 3, ... are said to belong to the K, L, M, ... shells (see §74). 

t We here ignore the fine structure of each multiplet level. 

' requirement that S should be as large as possible can be explained as follows. Let 
us consider, for example, a system of two electrons. Here we can have 5 = 0 or 5 = 1; the 
spin 1 corresponds to an antisymmetrical coordinate wave function r,). For ri = r.,, 

this function vanishes; in other words, in the state with S = 1 the probability of finding the 
two electrons close together is small. This means that their electrostatic repulsion is com¬ 
paratively small, and hence the energy is less. Similarly, for a system of several electrons, the 
most antisymmetrical coordinate wave function corresponds to the greatest spin. 
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of L and 5 are determined immediately from the rule for the addition of 
angular momenta. Thus, for instance, with the configurations np, n'p («, «' 
being different) the total angular momentum L can take the values 2, 1,0, 
and the total spin 5 = 0, 1; combining these, we obtain the terms 

i.3p, i.sp. 

If we are concerned with equivalent electrons, however, restrictions im¬ 
posed by Pauli’s principle make their appearance. Let us consider, for 
example, a configuration of three equivalent p electrons. For / = 1 (the p 
state), the projection m of the orbital angular momentum can take the values 
m = 1, 0, —1, so that there are six possible states, with the following values 
of m and a : 


(6') 0.-4 (O-l.-i 

The three electrons can be one in each of any three of these states. As a 
result we obtain states of the atom with the following values of the projections 
= 2m, Mg = 2a of the total orbital angular momentum and spin: 

{a+o'+b)2,^ (a-pa'-pc) 1, ^ (a-pfc+c) 0, | 

(a+b+b') 1, ^ (fl-pfc-pc') 0,1 
(fl-p6'-pc) 0, ^ 

(o'-pfc-pc) 0, J. 

The states with or negative need not be written out, since they give 
nothing different. The presence of a state with = 2, Mg = ^ shows that 
there must be a term, and to this term there must correspond one state 
(1, i) and one (0, i). Next, there remains one state with (1, 1), so that there 
must be a term; one of the states (0, ^) corresponds to this. Finally, there 
remain the states (0, |) and (0, J), corresponding to a *5 term. Thus, for a 
configuration of three equivalent p electrons, the only possibilities are one 
term of each of the types ^D, ^5. 

Table 1 gives the possible terms for various configurations of equivalent 
p and d electrons. The figures below the letters of the terms show the num¬ 
ber of terms of the type concerned that exist for the given configuration, if 
this number is more than one. For the configuration wth the greatest 
possible number of equivalent electrons (j^, p^, ...), the term is always ^S. 

Like terms always correspond to configurations which differ in that one of 
them has as many electrons as the other lacks to form a closed shell. This is 
an evident result of the fact that the absence of an electron from the shell can 
be regarded as a “hole”, whose state is defined by the same quantum numbers 
as the state of the missing electron. 

When Hund’s rule is applied to determine the ground term of an atom 
from a known electron configuration, only the unfilled shell need be con¬ 
sidered, since the moments of electrons in closed shells cancel out. for 
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Electron states in the atom 

Table 1 


Possible terms for configurations of equivalent electrons 


p,p' 
p^ p* 
p^ 

•p 

*PD 

•P 

‘S 


d, d’ 




d\ d^ 

! ‘SDG 

>PF 


d\ d' 

^PDFGH 

‘PF 


d\ d* 

1 

; ^SDFGI 

I 2 2 2 

^PDFGH 

2 2 


d^ 

1 ^SPDFGHI 

1 3 2 2 

1 

^PDFG 

•s 


example, let there be four d electrons outside the closed shells in an atom. 
The magnetic quantum number of the d electron can take five values: 
0, ±1, ±2. Hence all four electrons can have the same spin component 
(7 = 1, and the maximum possible total spin is 5 = 2. We must then assign 
to the electrons different values of m so as to give the maximum value of 
Ml, = Zm, namely 2, 1, 0, —1, Mi - 2. This means that the maximum 
value of L for iS = 2 is also 2, and the term is ^D. 


PROBLEM 


Find the orbital wave functions of the possible states of a system of three equivalent p 
electrons. 

Solution. In the states the spin projections u of all the electrons are the same, and the 
values of m are therefore different. The wave function is given by a determinant of the form 
(61.5) composed of the functions 0oi 0-i (where the suffix shows the value of m). 

For the *Z) term we consider the state with the maximum possible value Ml = 2. Two 
of the components m will be 1 and the other 0. Let electrons 2 and 3 have <7 = -j- J and 
electron 1 have <7 = — i (corresponding to total spin 5 = J). The orbital wave function 
having the required symmetry is 


^ \i'i(l)Wo(2)\ti(3)“M3)^i(2)]. 


the argument of each function i/i being the number of the electron to which it" refers. 

For the term we consider the state with Ml = 1 and the same values of the electron 
spin components as previously. This state can be obtained with two different sets of values 
of m, so that the orbital w^ave function is given by the linear combination 


0 = 0^-111+^100. 

= ^i(l)[^-i(2).Ai(3)-^-i(3)^i(2)], 
4^100 = M 1 )[^^ i ( 2 ) 0 o ( 3 )-^ i ( 3 )^( 2 )]. 
To determine the coefficients, we use the relation 


= (/+tll + L(2)+4l3))^ = 0, 


which must be satisfied by the wave function with Ml = L (see (27.8)). Using the matrix 
elements (27.12), we find that 

i+ipi = 0 , 
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L-i-Jj = \ 2{a — b)djoii ~ 0. 

Hence a—b — 0, and using also the normalization condition, have a = b = I 

The wave functions of states with .Ml < L are obtained trom those found above by applv- 
ing to them the operator 


§68. Hydrogen-like energy levels 

The only atom for which Schrodinger’s equation can be exactly solved 
is the simplest of all atoms, that of hydrogen. The energy' levels of the hy’dro- 
gen atom, and of the ions He+, Li++. ... xvhich each have only one electron, 
are given by Bohr’s formula (36.10) 

wZV 1 

E = -.—. (6S.1) 

Here Ze is the charge on the nucleus, M its mass, and m the mass of the elec¬ 
tron. We notice that the dependence on the mass of the nucleus is only very 
slight. 

The formula (68.1) does not take account of any relativistic effects. In 
this approximation there is an additional [accidental) degeneracy, peculiar 
to the hydrogen atom, of which we have already spoken in §36; for a given 
principal quantum number n, the energy' is independent of the orbital angular 
momentum 1. 

Other atoms have states whose properties recall those of hydrogen. We 
refer to highly excited states, in which one of the electrons has a large principal 
quantum number, ?nd so is mostly at large distances from the nucleus. The 
motion of such an electron can be regarded, to a certain approximation, as 
motion in the Coulomb field of the rest of the atom, whose effective charge is 
unity. The values of the energy levels thus obtained are, however, too in¬ 
exact; it is necessary to apply to them a correction to take account of the devia¬ 
tion of the field from the pure Coulomb field at small distances. The nature 
of this correction is easily ascertained from the following considerations. 

Since the states with large quantum numbers are quasi-classical, the energy' 
levels can be determined from Bohr and Sommerfeld’s quantization rule 
(48.6). The deviation from the Coulomb field at distances from the nucleus 
small compared with the “orbit radius” can be formally allowed for by an 
alteration in the boundary condition imposed on the wave function at 
r = 0. This brings about a change in the constant y in the quantization 
condition for radial motion. Since this condition is otherwise unchanged, 
we can conclude that we obtain for the energy levels an expression which 
differs from that for hydrogen in that the radial, that is, the principal, quantum 
number n is replaced bv n -r Aj, where A; is some constant (known as 
Rydberg's correction ): 

me* 1 


( 68 . 2 ) 
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Rydberg’s correction is (by definition) independent of n, but it is of course 
a function of the azimuthal quantum number I of the excited electron (which 
vve add as a suffix to A), and of the angular momenta L and S of the whole 
atom. For given L and 5, A; decreases rapidly as I increases. The greater /, 
the less time the electron spends near the nucleus, and hence the energy' levels 
m.ust approach more and more closely those of hydrogen as I increases.! 

PROBLEM 

Find the asymptotic form of the wave function for the hydrogen-like s state of an electron 
at large distances from the rest of the atom. 

Solution. .A.t large distances, where the field U = —I'r (in atomic units), the required 
function i/i(r) satisfies Schrddinger's equation 

+ + = 0 , 

r T 

where k = \/(2|£'|). Seeking the solution in the form = constant x and neglecting 

terms in the equation that decrease more rapidly than tpir, we find 

ip — constant x 


§69. The self-consistent field 

Schrodinger’s equation for atoms containing more than one electron 
cannot be solved in an analytical form. xApproximate methods of calculating 
the energies and wave functions of the stationary states of the atoms are 
therefore important. The most important of these methods is what is called 
the self-consistent field method. The idea of this method consists in regarding 
each electron in the atom as being in motion in the “self-consistent field” 
due to the nucleus together with all the other electrons. 

As an example, let us consider the helium atom, restricting ourselves to 
those terms in which both the electrons are in s states (with or without the 
same n ); the states of the whole atom will then be .S states also. Let (l'i(ri) 
and be the wave functions of the electrons; in the s states they are 

functions only of the distances rj, of the electrons from the nuclei. The 
wave function 4>{r\, rf) of the atom as a whole is a symmetrized 

til = (69.1) 


or antisymmetrized 


'P — (69.2) 


t -As an illustration, we ma\ give the e.\pcrimental values of Rvdberg’s correction for the 
highlv excited states of the helium atom. The total spin of this atom can have the values 
■S = 0 and 1. while the tot.il orbital angular momentum L is, in the states considered, the 
same as the angular momentum / of the excited electron (the other electron being in the 
state Is) Rydberg's corrections arc 

for S = 0; Xo = -01-M), X, = +0012, Xj = -0 0022; 

for 5 - 1; Xo = -0-296. Xi = -0 068. Xs = -0-0029 
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product of the two functions, according as we are concerned with states of 
total spinf 5 = 0 or 5 = 1 . We shall consider the second of these. The 
functions and ipi can then be regarded as orthogonal. J 

Let us try to determine the function of the form (69.2) which is the best 
approximation to the true wave function of the atom. To do so, it is natural 
to start from the variational principle, allowing only functions of the form 
(69.2) to be considered; this method was proposed by V. A. Fok (1930). 

As we know, Schrodinger’s equation can be obtained from the variational 
principle 


— minimum, 


with the additional condition 


jj\4,\^dv,dv, = i 


(the integration is extended over the coordinates of both electrons in the 
helium atom). The variation gives the equation 

jj dV^dV^ = 0, (69.3) 

and hence, with an arbitrary variation of the wave function ip, we obtain the 
usual Schrodinger’s equation. In the self-consistent field method, the 
expression (69.2) for ip is substituted in (69.3), and the variation is effected 
with respect to the functions f/zj and ipt separately. In other words, we seek 
an extremum of the integral with respect to functions <p of the form (69.2); 
as a result we obtain, of course, an inexact eigenvalue of the energy and an 
inexact wave function, but the best of the functions that can be represented 
in this form. 

The Hamiltonian for the helium atom is of the form|| 

i? =i?i-t-i?2-f-l/ri2, = —4Ai—2/ri, (69.4) 


where is the distance between the electrons. Substituting (69.2) in (69.3), 
carrying out the variation, and equating to zero the coefficients of bip^ and 8ip^ 
in the integrand, we easily obtain the following equations: 

I4A+2/r-l-£—Ff22~^22(’')]’/'l(0+[^12+f?l2('’)]l/'2('') = 9, 

[i/\+2jr+E-H^^-Gii{r)]iP2{r)+[H^2+Gii{T)]p^{r) = 0 , 

where r 

^otC^l) = j dL2/ri2, 

= j U-iA-2lr]4>, dV {c,b = \, 2). (69.6) 

t The states of the helium atom with S = 0 are usually called parahelium states, and those 
with ^ = 1 orthohelium states. 

^ The wave functions (//g, . . of the various states of the electron which are obtained by 
the self-consistent field method are not in general orthogonal, since they are solutions of 
different equations, not of the same equation. In (69.2), however, without altering the function 
>p of the w'hole atom, we can replace >p 2 hy + constant x ; by an appropriate 

choice of the constant, we can alw’ays ensure that (Ai and are orthogonal. 

I In this section (including the Problems) we use atomic units. 
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These are the final equations resulting from the self-consistent field method; 
they can, of course, be solved only numerically.! 

The equations are similarly derived in more complex cases. The wave 
function of the atom to be substituted in the integral in the variational 
principle is in the form of a linear combination of products of the wave func¬ 
tions of the individual electrons. This combination must be so chosen that, 
firstly, its permutational symmetry corresponds to the total spin 5 of the 
state of the atom considered and, secondly, it corresponds to the given value 
of the total orbital angular momentum L of the atom.| 

By using, in the variational principle, the wave function having the neces¬ 
sary permutational symmetry, we automatically take account of the exchange 
interaction of the electrons in the atom. Simpler equations (though leading 
to less accurate results) are obtained if we neglect the exchange interaction 
and also the dependence on L of the energy of the atom for a given electron 
configuration (D. R. Hartree 1928). As an example, let us again consider the 
helium atom; we can then write the equations for the wave functions of the 
electrons immediately in the form of ordinary Schrodinger’s equations: 

V.{r.)]Urc) =0 (« = 1. 2), (69.7) 

where is the potential energy of one electron moving in the field of the 
nucleus and iii that of the distributed charge of the other electron: 

F,(r,) = -2/ri+ J dV„ (69.8) 

and similarly for Fj. In order to find the energy E of the whole atom, we 
must notice that, in the sum E^+E^, the electrostatic interaction between the 
two electrons is counted twice, since it appears in the potential energy Fi(rj) 
of the first electron and in that— V 2 (r 2 )—of the second. Hence E is obtained 
frorn the sum by subtracting once the mean energy of this interaction; 

that is. 

E = Ei-l-Fa- JJ dV.dV^. (69.9) 

To refine the results obtained by this simplified method, the exchange 
interaction and the dependence of the energy on L can afterwards be taken 
into account as perturbations. 


PROBLEMS 

Problem 1. Determine approximately the energy of the ground level of the helium atom 
and helium-like ions (a nucleus of charge ^ and two electrons), regarding the interaction 
between the electrons as a perturbation. 

t A comparison of the energy levels of light atoms, calculated by the self-consistent field 
method, with spectroscopic data enables us to estimate the accuracy of the method at about 
5 per cent, and in some cases even better. For complex atoms, however, the error may be¬ 
come comparable with the interv-als beiw'een adjacent levels, and hence give an incorrect 
sequence of levels. 

I An account of general methods of constructing wave functions for a system of electrons 
in a central field is given in Kaplan's book quoted in §63. 
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Solution. In the ground state of the ion, both electrons are in s states. The unperturbed 
value of the energ>’ is twice the ground level of a hydrogen-like ion (because of the two 
electrons): 

£™' = 2(-iZi!)= -Zs. 

The correction in the first approximation is given by the mean value of the electron inter¬ 
action energy in a state with wave function 




-Zh-i+Ti) 


<l‘ = 0i(ri)sfe(ro) = - 

77 

I the product of two hydrogen functions with I = 0). The integral 

1 




is most simply calculated as 


£11) = 



dVi = Wi^dri, 


d K 2 = 47rr2^dr2, 


0 )' 


the energy of the charge distribution P 2 = 1 ^2 I® in the field of the spherically symmetric 
distribution pi = the integrand with dFo is the energy of the charge P 2 (r 2 ) in the field 

of the sphere rj < rj, and the factor 2 takes account of the contribution from configurations 
in which ti > r 2 . Thus we find E*'* = 5Z/8, and finally 

f:=£«»+£i>= -Z^+fZ. 


For the helium atom (Z = 2) this gives —E = 11 /4 = 2-7S; the actual value of the ground- 
state energy of this atom is —E = 2*90 atomic units = 78*9 eV 

Problem 2. The same as Problem 1, Put using the variational principle, approximating 
the wave function by a product of two hydrogen functions with some effective nuclear charge. 

Solution. We calculate the integral 


j i?=-KA i + A2)-^-^+^^ 


with the function tp given by (1), Problem 1, but with instead of Z. The integral of 
is calculated as in Problem 1; the integral of can be reduced to that of since, by 

Schrodinger’s equation, 


The result is 


(“iAi- )'l*i = 

ri 

j ^ ipffipdVidVz =Zen^—2ZZeB~i-^Zett- 


This expression as a function of Zeii has a minimum at Zeii = Z—-fr. The corresponding 
value of the energy is 


E=-(Z-A)'. 


For the helium atom this gives —E = 2*85. • • r -u„ K.ct 

It mav be noted that the wave function (1) with the above value of Zeir is in a 
not only of all functions of the form (1) but of all functions which depend only on the sum 

n-l-r,. 
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§70. The Thomas-Fermi equation 

Numerical calculations of the charge distribution and field in the atom by 
the self-consistent field method are extremely cumbersome, especially for 
complex atoms. For these, however, there is another approximate method, 
whose value lies in its simplicity; its results are admittedly much less accurate 
than those of the self-consistent field method. 

The basis of this method (E. Fermi, and L. Thomas, 1927) is the fact that, 
in complex atoms with a large number of electrons, the majority of the elec¬ 
trons have comparatively large principal quantum numbers. In these condi¬ 
tions the quasi-classical approximation is applicable. Hence we can apply 
the concept of “cells in phase space” (§48) to the states of the individual 
electrons. 

The volume of phase space corresponding to electrons which have momenta 
less than p and are in the volume element dV of physical space is dV. 
The number of cells, i.e. possible states, corresponding to this volume isf 
4^^ d 1^/3(277)®, and in these states there cannot at any one time be more than 


2 —^ 


3 ( 277 )® 


dF 



electrons (two electrons, with opposite spins, in each cell). In the normal 
state of the atom, the electrons in each volume element dF must occupy (in 
phase space) the cells corresponding to momenta from zero up to some maxi¬ 
mum value /)„. Then the kinetic energy of the electrons will have its smallest 
possible value at every point. If we write the number of electrons in the 
volume dF as ndF (where n is the number density of electrons), we can say 
that the maximum value po of the momenta of the electrons at every point 
is related to n by 


= n. 

The greatest value of the kinetic energy of an electron at a point where the 
electron density is n is therefore 

\p^ = i(3,7®7i)®/®. (70.1) 

Next, let ^(r) be the electrostatic potential, which we suppose zero at 
infinity. The total energy of the electron is It is evident that the 

total energy of each electron must be negative, since otherwise the electron 
moves off to infinity. We denote the maximum value of the total energy of 
the electron at each point by —^o> whereto ® positive constant; if this quan¬ 
tity were not constant, the electrons would move from points with smaller 
ifiQ to those with greater 4>q. Thus we can write 

~ 4 ^ 0 - 


t In this section we use atomic units. 


(70.2) 
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Equating the expressions (70.1) and (70.2), we obtain 

n = (70 3) 

a relation between the electron density and the potential at every point in the 
atom. 

For^ = 4>q the density n vanishes; n must clearly be put equal to zero also 
in the whole of the region where i;?> < and where the relation (70.2) would 
give a negative maximum kinetic energy. Thus the equation 4> =4>o deter¬ 
mines the boundary of the atom. There is, however, no field outside a 
centrally symmetric system of charges whose total charge is zero. Hence we 
must have = 0 at the boundary of a neutral atom. It follows from this that, 
for a neutral atom, the constant <j)Q must be put equal to zero. On the other 
hand, is not zero for an ion. 

Below we shall consider a neutral atom, putting accordingly = 0. 
According to Poisson’s electrostatic equation, we have = 47rM; substitut¬ 
ing (70.3) in this, we obtain the fundamental equation of the Thomas-Fermi 
method: 

' = (8V2l3nWlK (70.4) 

The field distribution in the normal state of the atom is determined by the 
centrally symmetric solution of this equation that satisfies the following 
boundary conditions; for r ->• 0 the field must become the Coulomb field of 
the nucleus, i.e. Z, while for r ->• oo we must have -v 0. Introducing 
here, in place of the variable r, a new variable x according to the definitions 

r = b = KH*'® = 0-885, 

and, in place of 4>, a new unknown function x by t 

Z /rZy^\ Z«/3 x(^) 

r- 

we obtain the equation 

xi'2 d=x/dx2 = 

with the boundary conditions x = 1 for a; = 0 and x = 0 for Ji; = co. This 
equation contains no parameters, and thus defines a universal function x(*^)- 
Table 2 gives values of this function obtained by numerical integration of 
equation (70.7). The function x(j';’) decreases monotonically, and vanishes 
only at infinity.J In other words, the atom has no boundaries in the Thomas- 
Fermi model, and formally extends to infinity. 

t In ordinary units, 

4.{r) = (Z^;r)x(^Z‘/»me^^0•885A“). 

J The equation (70.7) has the exact solution xW = 144x-=, which vanishes at infinity 
but does not satisfy the boundary' condition at x = 0. It could be used as an asymptotic 
expression for the function x{x) for large x. However, this expression gives fairly exact values 
only for very large x, whilst the Thomas-Fermi equation becomes inapplicable at large 
distances (see below). 


(70.5) 

(70.6) 

(70.7) 
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The Thomas—Fermi equation 
Table 2 

Values of the function ^(a:) 


X 

x{x) 

X 

Xix) 

X 

X{x) 

0-00 

1-000 

1-4 

0-333 

6 

0-0594 

0-02 

0-972 

1-6 

0-298 

7 

0-0461 

0-04 

0-947 

1-8 

0-268 

8 

0-0366 

0-06 

0-924 

2-0 

0-243 

9 

0-0296 

0-08 

0-902 

2-2 

0-221 

10 

0-0243 

O-IO 

0-882 

2-4 

0-202 

11 

0-0202 

0-2 

0-793 

2-6 

0-185 

12 

0-0171 

0-3 

0-721 

2-8 

0-170 

13 

0-0145 

0-4 

0-660 

3-0 

0-157 

14 

0-0125 

0-5 

0-607 

3-2 

0-145 

15 

0-0108 

0-6 

0-561 

3-4 

0-134 

20 

0-0058 

0-7 

0-321 

3-6 

0-125 

25 

0-0035 

0-8 

0-485 

3-8 

0-116 

30 

0-0023 

0-9 

0-453 

4-0 

0-108 

40 

O-OOII 

1-0 

0-424 

4-5 

0-0919 

50 

0-00063 

1-2 

0-374 

5-0 

0-0788 

60 

0-00039 


The value of the derivative x = 0 is y'(0) = —T59. Hence, as 

X 0, the function x(.r) is of the form y % 1 - 1-59 a:, and accordingly the 
potential ^(r) is 

^(r) a Z/r-l-80Z4/3. (70.8) 

The first term is the potential of the field of the nucleus, while the second 
is the potential at the origin due to the electrons. 

Substituting (70.6) in (70.3), vve find for the electron density an expression 
of the form 

n = Z^-f{rZ^m, /W = (32/97r3)(y/x)3.2. (70.9) 

We see that, in the Thomas-Fermi model, the charge density distribution in 
different atoms is similar, with Z~^ ^ as the characteristic length (in ordinary 
units h-l/ne-Z^'^, i.e. the Bohr radius divided by Z^'^). If we measure 
distances in atomic units, the distances at which the electron density has its 
maximum value are the same for all Z. Hence we can say that the majority 
of the electrons in an atom of atomic number Z are at distances from the 
nucleus of the order of Z~^'^. .4 numerical calculation shows that half the 
total electron charge in an atom lies inside a sphere of radius 1-33Z~^ 3. 

Similar considerations show that the mean velocity of the electrons in the 
atom (taken, as an order of magnitude, as the square root of the energy) is of 
the order of Z^'®. 

The Thomas-Fermi equation becomes inapplicable both at very small and 
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at very large distances from the nucleus. Its range of applicability for small r 
is restricted by the inequality (49.12); at smaller distances the quasi-classical 
approximation becomes invalid in the Coulomb field of the nucleus. Putting 
in (49.12) ca = Z, \ve find 1/Z as the lower limit of distance. The quasi- 
classical approximation becomes invalid for large r also in a complex atom. 
In fact, it is easy to see that, for r ~ 1, the de Broglie wavelength of the elec¬ 
tron becomes of the same order of magnitude as the distance itself, so that the 
quasi-classical condition is undoubtedly violated. This can be seen by esti¬ 
mating the values of the terms in equations (70.2) and (70.4); indeed, the 
result is obvious without calculation, since equation (70.4) does not involve 
Z. Thus the applicability of the Thomas-Fermi equation is limited to dis¬ 
tances large compared with 1/Z and small compared with unity. In complex 
atoms, however, the majority of the electrons in fact lie in this region. 

This means that the “outer boundary’’ of the atom in the Thomas-Fermi 
model is at r~ 1, l.e. the dimensions of the atom do not depend on Z. The 
energy of the outer electrons, i.e. the ionization potential of the atom, is 
likewise independent of Z.f 

By means of the Thomas-Fermi method we can calculate the total ioniza¬ 
tion energy E, i.e. the energy needed to remove all the electrons from the 
neutral atom. To do this, we must calculate the electrostatic energy of the 
Thomas-Fermi distribution for the charges in the atom; the required total 
energy is half this electrostatic energy, since the mean kinetic energy in a 
system of particles interacting in accordance with Coulomb’s law is (by the virial 
theorem; see Mechanics, §10) minus half the mean potential energy. The 
dependence of £ on Z can be determined a priori from simple considerations: 
the electrostatic ''uergy of Z electrons at a mean distance Z-^/^ from a 
nucleus of cha'-ge Z, and moving in its field, is proportional to Z- Z/Z'^/s = 
Z'/3. A numerical calculation gives the result E = 20-8Z^''3 eV. The 
dependence on Z is in good agreement with the experimental data, though 
the empirical value of the coefficient is close to 16. 

We have already mentioned that positive (non-zero) values of the constant 
^0 correspond to ionized atoms. If we define the function x by i^ — ^o = 
we obtain the same equation (70.7) for x previously. We must now, how¬ 
ever, consider only solutions w^hich vanish not at infinity as for the neutral 
atom, but for finite values Xq of x. Such solutions exist for any Jirg. At the 
point X = Xq, the charge density vanishes together with x> but the potential 
remains finite. The value of xo is related to the degree of ionization in the 
following manner. The total charge inside a sphere of radius r is, by Gauss’s 
theorem, —r^dipldr = Z[x(x)~xx'(^)]- The total charge z on the ion is 
obtained by putting x = Xq in this; since x(^o) = b, we have 

z = -Zx,x‘{x,). (70.10) 


t This model does not. of course, show the periodic dependence of the dimensions and 
ionization potential of the atom on Z, which appears in the periodic syyem of the elements. 
Moreover, experimental data indicate the existence of a slight but steady increase in dimen- 
sions and decrease in the ionization potential as Z increases. 
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The thick line in Fig. 23 shows the curve of for a neutral atom; below 
it are two curves for ions of different degrees of ionization. The quantity 
zjZ is shown graphically by the length of the segment intercepted on the 
axis of ordinates by the tangent to the curve at x = jCq. 



Fig. 23 


Equation (70.7) also has solutions which are nowhere zero; these diverge 
at infinity. They can be regarded as corresponding to negative values of the 
constant Figure 23 also shows tw'o such curves of x(>^); they lie above the 
curve for the neutral atom. At the point x = Xj, where 

= 0, (70.11) 

the total charge inside the sphere x < .Vj is zero (graphically, this point is 
evidently the one where the tangent to the curv'e passes through the origin). 
If we cut off the curve at this point, we can say that it defines x(^) for a neutral 
atom at whose boundary the charge density remains non-zero. Physically, 
this corresponds to a “compressed” atom confined to some given finite 
volume, f 

The Thomas-Fermi equation does not take account of the exchange inter¬ 
action between electrons. The effects which this involves are of the next 
order of magnitude with respect to Hence an allowance for the ex¬ 

change interaction in the Thomas-Fermi method requires a simultaneous 
consideration of both these effects and others of the same order of magnitude. | 

PROBLEM 

Find the relation between the energy of the electrostatic interaction between electrons 
and that of their interaction with the nucleus in a neutral atom, using the Thomas-Fermi 
model. 

SoLUTlOM. The potential of the field due to the electrons is found by subtracting the 
potential Z r of the nucleus from the total potential The energy of the interaction between 

f This approach may be useful in studying the equation of state of highly compressed 
matter. 

t This has been done by .V. S. Kompaneets and E. S Pavloeskii (Sm iet Physics JETP 4, 
328, 1957) and by D. Kirzhnits {ibid. S, 64, 1338, 1957). 
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V„= -i\4‘,ndV 


= iZj -dV- -j nS 3dl- 

(where has been expressed in terms of n by means of (70.3)). The energy Uen of the 
interaction between the electrons and the nucleus and their kinetic energy T are therefore 

tJen — — Z ^ —d f , 

J J 

(37r2)2'S C 

= 3- - — ijS.'Sdr. 

10 J 

Comparing these expressions with the previous equation, we find 

According to the virial theorem (see Mechanics, §10), for a system of particles interacting 
according to Coulomb’s law we have 2T = —U— — Ueu — Ure Thus finally 

C«= 


§71. Wave functions of the outer electrons near the nucleus 

We have seen, on the basis of the Thomas-Fermi model, that the outer 
electrons in complex atoms (Z large) are mainly at distances r ~ 1 from the 
nucleus.■f' A number of properties of atoms, however, depend significantly 
on the electron density near the nucleus; such properties will be considered 
in §§72 and 120. To determine the order of magnitude of this density we 
may examine the variation of the wave function i/i(r) of the electron in the 
atom when r varies from large (r ~ 1) to small distances. 

In the region r ~ 1, the field of the nucleus is screened by the remaining 
electrons, so that the potential energy U{r) ~ 1/r ~ 1, The energy of the 
electron level in this field £ ~ 1. At distances of the order of the Bohr 
radius in the field of a charge Z, r ~ 1/Z, the field of the nucleus may be 
regarded as unscreened, and U = — Zjr. In the transitional region, 1/Z < r 
< 1, the potential energy | b' | is large compared with the electron energy E, 
and the condition 

d / 1 \ d 1 
dr\p) dr a'| L'| 


t In this section we use atomic units. 
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holds (where/) is the momentum), so that the motion of the electron is quasi- 
classical. The spherically symmetrical quasi-classical wave function is 




1 1 


for 




(71.1) 


the order of magnitude of the coefficient (~ 1) being determined by the con¬ 
dition i/i ~ 1 for “joining” to the wave function for r ~ 1. 

Applying the expression (71.1) in order of magnitude for r ~ 1/Z (sub¬ 
stituting U = — Z/r), we obtain the required value of the wave function 
near the nucleus if 


vt(l/Z)~VZ. (71.2) 

In accordance with the general properties of wave functions in a central 
field (§32), when the distance decreases further ip{r) either remains constant 
in order of magnitude (for an i electron) or begins to decrease (for I / 0). 
The probability of finding the electron in the region r < 1/Z is 

K~\,jj\^r^^llZK (71.3) 

The formulae (71.2) and (71.3) of course determine only the systematic 
variation with increasing Z, and do not take into account non-systematic 
variations from one element to the next. 


§72. Fine structure of atomic levels 

A consistent derivation of the formulae for relativistic effects in the inter¬ 
action of electrons belongs to the next volume (see RQT, §§33 and 83). 
Here we shall give only a general account of these effects as they relate to 
atomic terms. It is found that the relativistic terms in the Hamiltonian of 
an atom fall into two classes. One of these contains terms linear with respect 
to the spin operators of the electrons, while the other includes quadratic 
terms. The former correspond to the interaction between the orbital 
motion of the electrons and their spin (this interaction is called spin-orbit 
interaction), while the latter correspond to the interaction between the 
spins of the electrons {spin-spin interaction). Both interactions are of the 
same order (the second) with respect to vjc, the ratio of the velocity of the 
electrons to that of light; in practice, the spin-orbit interaction considerably 
exceeds the spin-spin interaction in heavy atoms. This is because the spin- 
orbit interaction increases rapidly with the atomic number, whereas the 
spin-spin interaction is essentially independent of Z (see below). 

The spin-orbit interaction operator is of the form 

r„ = EA„.s„ (72.1) 

(the summation being over all the electrons in the atom), where are the 


t T'o determine the coefficient in this formula (when the wave function is known in the 
region r ~ 1), we should have to use the expression (36.25) in the range r ;< 1/Z. 
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spin operators of the electrons, and A^are some “orbital” operators, i.e. opera¬ 
tors acting on functions of the coordinates. In the self-consistent field 
approximation the operators Aq are proportional to the operators la of the 
orbital angular momentum of the electrons, and t^si can then be written in 
the form 

^sl — 2!aain.S(j. (72.2) 

The coefficients in the sum are given in terms of the potential energy U{r) 
of the electron in the self-consistent field by 

dU{ra) 

ao =-. 

Im^ch'a dro (72.3) 

Since | L^(r)| decreases away from the nucleus, all the aa > 0. 

Regarding the interaction (72.2) as a perturbation, we should, in order to 
calculate the energy, average it with respect to the unperturbed state. The 
main contribution to the energy is given by distances close to the nucleus, 
of the order of the Bohr radius (-^h^IZme^) for a nucleus with charge Ze. 
In this region the field of the nucleus is almost unscreened and the potential 
ene gy is 

I U{r)\-^ Ze^Jr Z^me^lk^, 

so that 

~Z^{e^lhc)^me^lh^. 

The mean value of a is obtained by multiplying by the probability w of 
finding the electron near the nucleus. According to (71.3), U!~Z~^, so that 
we have finally that the energy of the spin-orbit interaction of the electron is 
given by 

/ Ze^ \ 2 me^ 

i.e. differs from the fundamental energy of the outer electrons in the atom 
{~me'^lh^) only by the factor {Ze^jhcY. This factor increases rapidly with 
the atomic number, and reaches values of the order of unity in heavy atoms. 

The actual averaging of the operator (72.2) over the unperturbed states 
of the electron envelope is done in two steps. First of all, we average over 
electron states of the atom with given values L and S of the total orbital 
angular momentum and spin, but not with given directions of these. After 
this averaging t^si is still an operator, which, however, we must now express 
only in terms of operators of quantities characterizing the atom as a whole, 
not its individual electrons. These are the operators L and S. We denote by 
t^SL the operator of the spin—orbit interaction thus averaged. Being linear 
in §, it has the form 


Tsl = as.U 


(72.4) 
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where ^ is a constant characterizing a given (unsplit) term, i.e. depending 
on S and L but not on the total angular momentum J of the atom.} 

To calculate the energy of the splitting of a degenerate level, we must 
now solve the secular equation formed from the matrix elements of the 
operator (72.4). In this case, however, we already know the correct functions 
in the zeroth approximation, in which the matrix of VgL is diagonal. These 
are the wave functions of states with definite values of the total angular 
momentum _The averaging with respect to such a state involves replacing 
the operator S.L by its eigenvalues, which, according to (31.3), are 

L.S =iU(J+^)-L{L+l)-S{S+l)]. 

Since the values of L and 5 are the same for all the components of a multiplet, 
and we are interested only in their relative position, we can write the energy 
of the multiplet splitting in the form 

M7C/+1)- (72.5) 

The intervals between adjacent components (with numbers J and J— 1) are 
consequently 

^Ej^-i=AJ. (72.6) 

This formula gives what is called Lande’s interval rule (1923). 

The constant A can be either positive or negative. For .<4 >0 the lowest 
component of the multiplet level is the one with the smallest possible J, i.e. 
J = |T —51; such multiplets are said to be normal. If .<4 < 0, on the other 
hand, the lowest level of the multiplet is that with J = L+S\ these multi¬ 
plets are said to be inverted. 

It is easy to determine the sign of A for the normal states of atoms if the 
electron configuration is such that there is only one shell not completely 
filled. If this shell is not more than half filled, then according to Hund’s 
rule (§67) all n electrons in it have parallel spins, so that the total spin has 
the greatest possible value, 5 = \n. Substituting in (72.2) Sa = S/n and 
taking (which is the same for all electrons in a given shell) outside the 
sum we obtain 


= (a/25)S.L, 


i.e. A — a/25 > 0. If the shell is more than half full, we first add and sub- 

t In order to clarify the meaning of this operation, it may be noted that averaging in 
quantum mechanics has the general significance of taking the appropriate diagonal matrix 
e ement. A partial averaging consists in taking a set of matrix elements that are diagonal with 
respect to only some of the quantum numbers describing the state of the system. For example, 
in t is case the averaging of the operator (72.2) denotes the construction of a matrix with 
elements <.nM\i\rs\V,i\nMLMs with all possible Ml, M l and Ms. M's and diagonal with 
respect to all the other quantum numbers (the assembly of which we denote by n). Correspond¬ 
ingly, the operators S and L are to be regarded as matrices 'M'slSlMs^ and <MVlLIM/> 
whose elements are given by (27.13). .A similar device of stepwise averaging will be needed 
in several subsequent treatments. 
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tract in (72.2) the same sum taken over the unoccupied places or holes in 
the incomplete shell. Since, for a completely filled shell, we should have 
Vsi — 0, the operator f'"si is thereby represented as a sum 

t^sl = ~ 2 Xn ifl-Sn, 

taken only over the holes, the total spin and orbital angular momentum 
of the atom being S = - S Sa, L = — S By the same method as pre¬ 
viously we therefore find A = — a/25, i.e. A < 0. 

From the above we have a simple rule which gives the value of J in the 
normal state of an atom with one incompletely filled shell. If this shell 
contains not more than half the greatest possible number of electrons for 
that shell, then/ = | L-5 |; if the shell is more than half full, / = L + 5. 

As already mentioned, the spin-spin interaction, unlike the spin-orbit 
interaction, is essentially independent of Z. This is evident from the fact 
that it is a direct interaction between electrons and does not involve the field 
of the nucleus. 

For the averaged spin-spin interaction operator we should obtain, analog¬ 
ously to formula (72.4), an expression quadratic in S. The expressions S* 
and (S.L)* are quadratic in S. The former has eigenvalues independent 
of /, and therefore does not give any splitting of the term. Hence it can be 
omitted, and we can write 

?ss = B(S.L)S (72.7) 

where B is a constant. The eigenvalues of this operator contain terms inde¬ 
pendent of /, terms proportional to /(/-|-1), and finally a term proportional 
to/^(/ 4-1)®. The first of these do not give any splitting and hence are without 
interest; the second can be included in the expression (72.5), which simply 
means a change in the constant A. Finally, the last term gives an energy 

iBPU+lf. (72.8) 


The scheme for the construction of the atomic, levels discussed in §§66-67 
is based on the supposition that the orbital angular momenta of the electrons 
combine to give the total orbital angular momentum L of the atom, and their 
spins to give the total spin S. As has already been mentioned, this supposi¬ 
tion is legitimate only when the relativistic effects are small; more exactly, 
the intervals in the fine structure must be small compared with the differences 
between levels with different L and S. This approximation is called the 
Russell-Saunders case (H. N. Russell and F. A. Saunders 1925), and we 

speak also of LS coupling. c v 

In practice, however, this approximation has a limited range of applica¬ 
bility. The levels of the light atoms are arranged in accordance with the LS 
model, but as the atomic number increases the relativistic interactions in the 
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atom become stronger, and the Russell-Saunders approximation becomes 
inapplicable.! It must also be noticed that this approximation is, in parti¬ 
cular, inapplicable to highly excited levels, in which the atom contains an 
electron which is in a state with large n, and which is therefore mainly at large 
distances from the nucleus (see §68). The electrostatic interaction of this 
electron with the motion of the other electrons is comparatively weak, but 
the relativistic interaction in the rest of the atom is not diminished. 

In the opposite limiting case the relativistic interaction is large compared 
with the electrostatic (or, more precisely, compared with that part of it which 
governs the dependence of the energy on L and S). In this case we cannot 
speak of the orbital angular momentum and spin separately, since they are 
not conserved. The individual electrons are characterized by their total 
angular momenta j, which combine to give the total angular momentum J of 
the atom. This scheme of arrangement of the atomic levels is called jf}‘ coupl¬ 
ing. In practice, this coupling is not found in the pure state, but various types 
of coupling intermediate between LS andji; are observed among the levels of 
very heavy atoms.! 

A peculiar type of coupling is observed in certain highly excited states. 
Here the rest of the atom may be in a Russell-Saunders state, i.e. may be 
characterized by the values of L and 5, while its coupling with the highly 
excited electron is of the jj type; this is again due to the weakness of the elec¬ 
trostatic interaction for this electron. 

The fine structure of the energy levels of the hydrogen atom has certain 
characteristic properties. It will be calculated exactly in R(2r(§34), but here 
we shall only mention that, for a given principal quantum number n, the energy 
depends only on the total angular momentum j of the electron. Thus the 
degeneracy of the levels is not completely removed; to a level with given 
n and j there correspond two states with orbital angular momenta I = j ± i 
(unless j has the value n -i, which is the greatest possible for a given n). 
Thus the level with n = 3 is split into three levels, of which the states 
^i ' 2 , pi ‘2 correspond to one, p 3/2 and ds/z to another, and ds/z to the third. 


§73. The Mendeleev periodic system 

The elucidation of the nature of the periodic variation of properties, ob¬ 
served in the series of elements when they are placed in order of increasing 
atomic number (D. I, Mendeleev 1869), requires an examination of the 
peculiarities in the successive completion of the electron shells of atoms. 
The theory of the periodic system is due to N. Bohr (1922). 

When vve pass from one atom to the next, the charge is increased by unity 


t ^'evertheless, although the quantitative formulae which describe this type of coupling 
ecome inapplicable, the method of classifying levels according to this scheme may itself 
remain meaningful for heavier atoms, especially for the lowest states (including the normal 


t For further details mgarding types of coupling and the quantitative aspect of the problem 
see, for instance, EU._ Condon and G H. Shortley, The Theory of Atomic Spectra, Cambridge 
University Press. 193d. ® 
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and one electron is added to the envelope. At first sight vve might expect 
the binding energy of each of the successively added electrons to vary 
monotonically as the atomic number increases. The actual variation, how¬ 
ever, is entirely different. 

In the normal state of the hydrogen atom there is only one electron, in 
the U state. In the atom of the next element, helium, another U electron is 
added; the binding energy of the U electrons in the helium atom is, however, 
considerably greater than in the hydrogen atom, d'his is a natural conse¬ 
quence of the difference between the field in which the electron moves 
in the hydrogen atom and the field encountered by an electron added to the 
He"*" ion. At large distances these fields are approximately the same, but 
near the nucleus with charge Z = 2 the field of the He+ ion is stronger than 
that of the hydrogen nucleus with Z = 1. In the lithium atom (Z = 3), the 
third electron enters the 2^ state, since no more than two electrons can be 
in states at the same time. For a given Z the 2s level lies above the 
level; as the nuclear charge increases, both levels become lower. In the 
transition from Z = 2 to Z = 3, however, the former effect is predominant, 
and so the binding energy of the third electron in the lithium atom is con¬ 
siderably less than those of the electrons in the helium atom. Next, in the 
atoms from Be (Z = 4) to Ne (Z = 10), first one more 2s electron and then 
six Ip electrons are successively added. The binding energies of these 
electrons increase on the average, owing to the increasing nuclear charge. 
The next electron added, on going to the sodium atom (Z = 11), enters 
the 3i state, and the binding energy again diminishes markedly, since the 
effect of going to a higher shell predominates over that of the increase of the 
nuclear charge. 

This picture of the filling up of the electron envelope is characteristic of the 
whole sequence of elements. All the electron states can be divided into 
successively occupied groups such that, as the states of each group are occu¬ 
pied in a series of elements, the binding energy increases on the average, but 
when the states of the next group begin to be occupied the binding energy 
decreases noticeably. Figure 24 shows those ionization potentials of elements 
that are known from spectroscopic data; they give the binding energies of 
the electrons added as we pass from each element to the next. 

The different states are distributed as follows into successively occupied 
groups: 


\s 

2 electrons 

Is, 2p 

8 „ 

3s, 2p 

8 .. 

4-s, 3d, 4-p 

18 

5s, 4d, 5p 

18 

6s, 4/, 5d, 6p 

32 „ 

7s, 6d, 5/,.,. 



V (73.1) 


1 
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The first group is occupied in H and He; the occupation of the second and 
third groups corresponds to the first tw'O (short) periods of the periodic 
system, containing 8 elements each. Next follow two long periods of 18 ele¬ 
ments each, and a long period containing the rare-earth elements and 32 
elements in all. The final group of states is not completely occupied in the 
natural (and artificial transuranic) elements. 

To understand the variation of the properties of the elements as the states 
of each group are occupied, the following property of d and / states, which 
distinguishes them from i and p states, is important. The curves of the effec¬ 
tive potential energy of the centrally symmetric field (composed of the electro¬ 
static field and the centrifugal field) for an electron in a heavy atom have a 
rapid and almost vertical drop to a deep minimum near the origin; they then 
begin to rise, and approach zero asymptotically. For s and p states, the rising 
parts of these curves are very close together. This means that the electron 
is at approximately the same distance from the nucleus in these states. The 
curves for the d states, and particularly for the / states, on the other hand, 
pass considerably further to the left; the classically accessible region which 
they delimit ends considerably closer in than that for the ^ and p states 
with the same total electron energy. In other words, an electron in the d and/ 
states is mainly much closer to the nucleus than in the s and p states. 

Many properties of atoms (including the chemical properties of elements; 
see §81) depend principally on the outer regions of the electron envelopes. The 
above characteristic of the d and /states is very important in this connection. 
Thus, for instance, when the 4/ states are being filled (in the rare-earth ele¬ 
ments ; see below), the added electrons are located considerably closer to the 
nucleus than those in the states previously occupied. As a result, these 
electrons have practically no effect on the chemical properties, and all the 
rare-earth elements are chemically very similar. 

The elements containing complete d and f shells (or not containing these 
shells at all) are called elements of the principal groups ; those in which the 
filling up of these states is actually in progress are called elements of the inter¬ 
mediate groups. These groups of elements are conveniently considered separ¬ 
ately. 

Let us begin with the elements of the principal groups. Hydrogen and 
helium have the following normal states: 

2He:lr>=>5o 

(the number with the chemical symbol always signifies the atomic number). 
The electron configurations of the remaining elements of the principal groups 
are shown in Table 3. 

In each atom, the shells shown on the right of the table in the same line 
and above are completely filled. The electron configuration in the shells 
that are being filled is shown at the top, while the principal quantum number 
of the electrons in these states is shown by the figure on the left of the table 
in the same line. The normal states of the whole atom are shown at the bot- 
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tom. Thus, the aluminium atom has the electron configuration 1s‘‘ 2p^ 

3p ‘Puv 

The values of L and 5 in the normal state of the atom can be determined 
(the electron configuration being known) by means of Hund’s rule (§67), and 
the value of J is determined by the rule given in §72. 

Table 3 


Electrcm configurations of the atoms of elements in the principal groups 



5 

s* 

j*/. 

t'p* 



s*p^ 

!*/)• 


n = 2 

sLi 

4 Be 

5B 

eC 

7N 

80 

sF 

loNe 

ls« 

3 

iiNa 

laMg 

13 AI 

1481 

15P 

loS 

17 CI 

i8.4r 

2 s* 2p' 

4 

isK 

soCa 







3s> 3/)» 

4 

SgCu 

3oZn 

3iGa 

asGe 

33 AS 

34Se 

asBr 

seKr 

3d‘» 

5 

srRb 

asSr 







4s* 4p’ 

5 

47Ag 

48Cd 

49ln 

5oSn 

siSb 

52Te 

53I 

54Xe 

4d'» 

6 

ssCs 

seBa 







5s* 5p> 

6 

79AU 

8oHg 

8iT1 

82 Pb 

BsBi 

84P0 

BsAt 

seRri 

4/“ 5d‘“ 

7 

87 Fr 

8sRa 







6 s* ep’ 


•S./. 


‘A/. 

’Pc 

*5a/j 

’P 2 

'Pc/» 

'Sc 



The atoms of the inert gases (He, Ne, Ar, Kr, Xe, Rn) occupy a special 
position in the table: the filling up of one of the groups of states listed in 
(73.1) is completed in each of them. Their electron configuratioiis have 
unusual stability (their ionization potentials are the greatest in their respective 
series). This causes the chemical inertness of these elements. 

We see that the occupation of different states occurs very regularly in the 
series of elements of the principal groups: first the j states and then the p 
states are occupied for each principal quantum number n. The electron 
configurations of the ions of these elements are also regular (until electrons 
from the d and /shells are removed in the ionization): each ion has the con¬ 
figuration corresponding to the preceding atom. Thus, the Mg+ ion has 
the configuration of the sodium atom, and the Mg++ ion that of neon. 

Let us now turn to the elements of the intermediate groups. The filling 
up of the 3^i, ^d, and Sd shells takes place in groups of elements called 
respectively the iron group, the palladium group and the platinum group. 
Table 4 gives those electron configurations and terms of the atoms in these 
groups that are known from experimental spectroscopic data. As is seen from 
this table, the d shells are filled up with considerably less regularity than the 
i and p shells in the atoms of elements of the principal groups. Here a 
characteristic feature is the “competition” between the i and d states. It is 
seen in the fact that, instead of a regular sequence of configurations of the 
type dv s^ with increasing p, configurations of the type dv-^h or dP+^ are often 
found. Thus, in the iron group, the chromium atom has the configuration 
3d^ 4i, and not 3d^ 4^-; after nickel with 8 d electrons, there follows at once 
the copper atom with a completely filled d shell (and hence we place this 
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Table 4 

Electron configurations of the atoms of elements in the iron, palladium and 

platinum groups 


Iron group 


2 lSc 

jjTi 

23 V 

24Cr 

25Mn 

seFe 

27 C 0 

2 fiNi 


3d4i' 

3ii* 4s* 

3t/* 4s* 

4s 

3d‘ 4s* 

3<i' 4s* 

W 4s* 

id‘ 4s* 

Ar envelope -b 



•F,/, 

^5, 

^^b/2 

‘D. 

‘F,/, 

'F, 

Palladium group 


39 Y 

4oZr 

4iNb 

42 M 0 

isTc 

44 RU 

45Rh 

46Pd 


4d 5s* 

4d* 5s* 

4d‘ 5s 

4<i* 5 s 

4d^ 5s* 

4<i’ 5s 

4d* 5s 

4<i'» 

Kr envelope 


‘F, 

*A/2 

’A 

«S 6,2 

^F, 

‘F./s 

'S. 

Platinum group 


s^La 


Xe envelope + 



7iLu 

TsHf 

TsTa 

74 W 

75 Re 

760s 

77lr 

78Pt 

Xe envelope 1 

5d 6s* 

5</* 6s* 

5<f3 6s* 

5d* 6s* 

5<i* 6s* 

5<i« 6s* 

5<i* 6s2 

5<i* 6s 

+4/**-|- } 

*^3 /S 

‘F, 

*F3/2 

‘D, 

*‘5’ 5 /a 


*Fs/i 

'D, 


element in the principal groups). This lack of regularity is observed in the 
terms of ions also: the electron configurations of the ions do not usually 
agree with those of the preceding atoms. For instance, the V+ ion has the 
configuration (and not Zd^As^ like titanium); the Fe+ ion has 3rf®45 
(instead of Zd^As"^ as in manganese). We may remark that all ions found 
naturally in crystals and solutions contain only d (not r or p) electrons in their 
incomplete shells. Thus iron is found in crystals or solutions only as the 
ions Fe++ and Fe+++, whose configurations are Zd^ and Zd^ respectively. 

A similar situation occurs in the filling up of the 4/ shell; this takes place 
in the series of elements known as the rare earths (Table 5).f The filling up 
of the Af shell also occurs in a slightly irregular manner characterized by the 
competition between 4/, Zd and 6s states. 

t In books on chemistry, lutetium is also usually placed with the rare-earth elements. 
however, is incorrect, since the 4/shell is complete in lutetium; it must therefore be placed 
in the platinum group, as in Table 4, 
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The last group of intermediate elements begins with actinium. In this 
group the 6d and 5/ shells are filled, similarly to what happens in the group 
of rare-earth elements (Table 6). 

To conclude this section, let us examine an interesting application of the 
Thomas-Fermi method. We have seen that the electrons in the p shell first 
appear in the fifth element (boron), the d electrons for Z = 21 (scandium), 
and the/electrons for Z = 58 (cerium). These values of Z can be predicted 
by the Thomas-Fermi method, as follows. 

An electron with orbital angular momentum / in a complex atom moves 
with an “effective potential energy”-}- of 

UM = -4>{r)+W+Wlr^- 

The first term is the potential energy in an electric field described by the 
Thomas-Fermi potential 4>{r). The second term is the centrifugal energy, 
in which we put (/-|- \Y instead of l{l+\), since the motion is quasi-ciassical. 
Since the total energy of the electron in the atom is negative, it is clear that, 
if (for given values of Z and /) 17j(r) > 0 for all r, there can be no electrons 
in the atom concerned with the given value of the angular momentum 1. If 
we consider any definite value of I and vary Z, it is found that in fact 17/r) > 0 
everywhere when Z is sufficiently small. As Z is increased, a value is reached 
for which the curve of Ulf) touches the axis of abscissae, while for larger Z 
there is a region where fZ/r) < 0. Thus the value of Z at which electrons 
with the given I appear in the atom is determined by the condition that the 
curve of ^/r) touches the axis of abscissae, i.e. by the equations 

U^{r) = = 0 , VHr) = = 0 . 

Substituting here the expression (70.6) for the potential, we obtain the 
equations 

Z^/='x(x)/x = (4/3T^)*/*(Z-^-i)7x^ 

Z^/^[xx’{x)-x{x)]lx = -2{AIZrrYi\l+\flx\ 

Dividing each side of the second equation by the corresponding side of the 
first, we find for x the equation 

x'(*)/x(*) = -1/*, 



and we then calculate Z from the first of equations (73.2). A numerical 
calculation gives 

Z = 0-155(21-1-1)3. 


This formula determines the value of Z for which electrons with a given I 
first appear in the atom; the error is about 10 per cent. 

Very accurate values are obtained by taking the coefficient as 0 17 instead 
of 0-155: 


Z = 0-17(2/-l-l)3. 


(73.3) 


+ As in §70, we use atomic units. 
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For / = 1, 2, 3 this formula gives respectively, after rounding to the nearest 
integer, the correct values 5, 21, 58. For I = 4, formula (73.3) gives Z = 124; 
this means that g electrons should first appear only in the 124th element. 


§74. X-ray terms 

The binding energy of the inner electrons in the atom is so large that, if 
such an electron makes a transition into an outer unfilled shell (or is removed 
from the atom), the excited atom (or ion) is mechanically unstable with 
respect to ionization, which is accompanied by the reconstruction of the 
electron envelope and the formation of a stable ion. Flowever, because of the 
comparatively weak interaction between the electrons in the atom, the prob¬ 
ability of such a transition is comparatively small, so that the lifetime t of 
thel excited state is long. Hence the “width” A/t of the level (see §44) is so 
small that it is reasonable to regard the energies of an atom with an excited 
inner electron as discrete energy levels of “quasi-stationary” states of the 
atom. These levels are called X-ray terms.\ 

The X-ray terms are primarily classified according to the shell from which 
the electron is removed, or in which, as we say, a hole is formed. Where 
the electron goes has almost no effect on the energy of the atom, and hence 
is unimportant. 

The total angular momentum of the set of electrons occupying any shell 
is zero. When one electron has been removed, the shell acquires some 
angular momentum j. For the (n, /) shell, the angular momentum j can 
take the values Thus we obtain levels which might be denoted by 

2 p 3 / 2 ,..., where the value of j is added as a suffix to the 
letter giving the position of the hole. It is usual, however, to employ special 
symbols as follows: 


l5i/2 ^1/2 ^1/2 '^p3/2 3 ^ 1/2 ^ 1.'2 ^p3/2 ^^ 3/2 ^^ 5/2 

K Li Lii Liii Ml Mu Mill Mjy Mv 


The levels with n = 4, 5, 6 are similarly denoted by the letters N, O, P. 

Levels with the same n (denoted by the same capital letter) lie close together 
and at a distance from levels with a different n. The reason for this is that, 
owing to the relative nearness of the inner electrons to the nucleus, they are 
in the almost unscreened field of the nucleus, and hence their states are 
hydrogen-like; the energy is, to a first approximation, — Z-'2n- (in atomic 
units), i.e. depends only on n. If relativistic effects are taken into account, 
terms with different j are separated (cf. the discussion in §72 of the fine 
structure of the hydrogen levels), such as, for example, Li and Lu from Lm, 
and Ml and A/n from .f/iu and .V/iv. These pairs of levels are said to be 
relaticistic doublets. The separation of terms with different / and the same j 
( or instance Li and Ljj, .Wj and .V/jj) is due to the deviation of the field in 


t The name is due to the fact that transitions 
X-rays by the atom. 


between these levels cause the emission of 
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which the inner electrons move from the Coulomb field of the nucleus, 
i.e. to the taking into account of the interaction of the electron with other 
electrons. These are said to be screening doublets. The main correction 
term to the “hydrogen-like” energy of the electron results from the potential 
due to the remaining electrons in the region near the nucleus, and is pro¬ 
portional to (see (70.8)). However, since this correction does not 

depend on either n or /, it does not affect the level spacings. The principal 
correction terms in the level differences are therefore due to the interaction 
of one electron with those adjoining it. Since the distances between the inner 
electrons are r ~ 1/Z (the Bohr radius in the field of a charge Z), the energy 
of this interaction is ~ I/r Z. Taking this correction into account, we can 
write the energy of an X-ray term, to the same accuracy, as —{Z — h)^j2n^, 
where S = h{n,l) is a quantity small compared with Z, and may be regarded 
as a measure of the screening of the nuclear charge. 

Terms with two and three holes mav exist in the electron shells together 
with the X-ray terms with one hole. Since the spin-orbit interaction is 
strong for the inner electrons, the holes are subject tojj coupling. 

The width of an X-ray term is determined by the total probability of all 
possible processes by rearrangement of the electron envelope of the atom so 
as to fill the hole in question. In the heavy atoms, transitions of the hole 
from a given shell to a higher one (i.e. electron transitions in the opposite 
direction) are the most important, and are accompanied 'by the emission of 
X-ray quanta. The probability of these “radiative” transitions, and therefore 
the corresponding part of the level width, increase very rapidly with the 
atomic number (as Z^) but decrease towards higher levels for a given Z. 

For lighter atoms (and higher levels) an important or even predominant 
part is played by radiationless transitions, in which the energy liberated when 
a hole is filled by an electron from above goes to remove another inner 
electron from the atom (called the Auger effect). As a result of this process 
the atom is in a state with two holes. The probabilities of these processes and 
the corresponding contribution to the level width are independent of the 
atomic number to a first approximation wdth respect to 1 / Z (see the Problem)j-. 


PROBLEM 

Find the limiting law of dependence of the Auger width of X-ray terms on atomic number 
when the latter is sufficiently large. 

Solution. The Auger transition probability is proportional to the square of a matrix 
element of the form 

where and 4’^* 'P'z tfi® initial and final wave functions of the two electrons involved 

in the transition, and V = e^jriz is their interaction energy. When Z is sufficiently large, the 
wave functions of the inner electrons may be regarded as hydrogen-like and the screening of 
the field of the nucleus by other electrons may be neglected (the \va^'^e function of the ioniza- 

■f As an example it may be mentioned that the Auger width of the K level is about 1 eV, 
and reaches values of the order of 10 eV for higher levels. 
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tion electron is also hydrogen-like in the region within the atom which is of importance in the 
integral M). If we carry out the calculations and all quantities are expressed in Coulomb 
units (with the constant a. — Ze-\ see §36). then the only quantity in the integral M which 
depends on Z is = I'Zria, so that iW ~ l.Z, The transition probability, and therefore the 
Auger width A£ of the level, are proportional to On returning to ordinary units (the 

Coulomb unit of energy being tfi), we find that AE is independent of Z. 


§75. Multipole moments 

In classical theory, the electrical properties of a system of particles are 
described by its multipole moments of various orders, expressed in terms of 
the charges and coordinates of the particles. In the quantum theory, the 
definitions of these quantities are the same in form, but they must now be 
regarded as operators. 

The first multipole moment is the dipole moment, defined as the vector 

d= Eer, 

where the summation is over all the particles, and the suffix which numbers 
the particles is omitted for brevity. The matrix of this operator, like that of 
any polar vector (see §30), has non-zero elements only for transitions between 
states of different parity. The diagonal elements are therefore always zero. 
In other words, the mean values of the dipole moment of any system of par¬ 
ticles (e.g. an atom) in stationary states are zero.f 

The same is evidently true of all 2^-pole moments with odd /. The com¬ 
ponents of such a moment are polynomials of odd degree I in the coordinates, 
which, like the components of a polar vector, change sign on inversion of 
the coordinates. The same parity selection rule therefore applies. 

The quadrupole moment of a system is defined as the symmetrical tensor 

Qijc = Ee(3actvfc-8j*r2), (75.1) 

the sum of whose diagonal terms is zero. The determination of the values of 
these quantities in a particular state of a system (an atom, say) requires an 
averaging of the operator (75.1) over the corresponding wave function. This 
averaging is conveniently carried out in two stages (cf. §72). 

Let Qik denote the quadrupole moment operator averaged over the electron 
states with a given value of the total angular momentum J (but not of its com¬ 
ponent Mj). 

The operator thus averaged must be expressible in terms of operators of 
quantities describing the state of the atom as a whole. The only such vector 

+ To avoid misunderstanding it should be emphasized that this refers to a closed system 
of particles or to a system of particles in a centrally symmetric external electric field. For 
example, if the nuclei are regarded as “fixed”, the above statement is valid for the electrons 
in an atom, but not for those in a molecule. 

It is also assumed that there is no additional ("accidental”) degeneracy of the energy level 
other than that with respect to directions of the total angular momentum. If this is not so, 
wave functions of stationary states can be constructed which do not have any definite parity^ 
and the corresponding diagonal elements of the dipole moment need not vanish. 
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is the “vector” J. Thus the operator Qn- must have the form 

where the expression in parentheses is constructed so as to be symmetrical 
in the suffixes i and k and to vanish on contraction with respect to them; the 
significance of the coefficient Q will be explained later. The operators Ji 
must here be understood as the familiar (§§27 and 54) matrices with respect 
to states having different values of Mj. The operator J- can, of course, be 
simply replaced by its eigenvalue J(J +1). 

Since the three components of the angular momentum J cannot simul¬ 
taneously have definite values, the same is true of the components of the 
tensor Qnc. For the component Q^z, we have 


Qzz - 


30 


7 ( 27 - 1 ) 


( 7 . 


■in 


In a state with given values of p = J{J + 1) and Jz = Mj, Qzz also has a 
definite value: 


e^^=j^^:^W-i7(7+i)]- 


(75.3) 


For Mj = J (when the angular momentum is “entirely” in the a-direction), 
we have Qzz = Q\ this quantity is usually called simply the quadrupole 
moment. 

For J = 0, all the elements of the angular-momentum matrix are zero, 
and the operators (75.2) therefore also vanish. They likewise vanish identi¬ 
cally when J = \- This is easily seen by direct multiplication of the Pauli 
matrices (55.7), which are the matrices of the components of any angular 
momentum equal to 

This is no accident, but is a particular case of the general rule that the 
tensor of a 2'-pole moment (with even 1) is non-zero only for states of the 
system with total angular momentum 

7 ^ ¥■ (75.4) 

The tensor of a 2'-poIe moment is an irreducible tensor of rank I (see Fields, 
§41), and the condition (75.4) follows from the general angular-momentum 
selection rules for the matrix elements of such tensors — the condition for 
the diagonal matrix elements to be non-zero (§107). As already mentioned, 
the parity selection rules then require that / should be even. 

It should also be noted that the electric multipole moments are purely 
“orbital” quantities; their operators do not involve the spin operators. 
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Hence, if the spin-orbit interaction is negligible, so that L and 5 are separately 
conserved, the matrix elements of the multipole moments are subject to 
selection rules with respect to the quantum number L as well as J. 

PROBLEMS 

Problem 1. Find the relation between the operators of the quadrupole moment of an 
atom in states corresponding to various components of the fine structure of a level (i.e. states 
with different values of J but given values of L and S). 

Solution. In states with given values of L and S, the operator of the quadrupole moment, 
a purely orbital quantity, depends only on the operator L, and so is given by the same 
formula (75.2) with J replaced by and with a different constant Q. The operator (75.2) 
is obtained by a further averaging over the state with a given value of J\ 

30. 

= l)Su]- (1) 

It is required to find the relation between the coefficients Qj and Qt. To do so, we multiply 
equation (1) on the left by Ji and on the right by jt, sum over i and k, and take the eigen¬ 
values of the diagonal operators. We have 

where, by (31.4), 

2J.L=y(y+l)+i(t+l)-5(S+I). 

The product /( £* £( jte can be transformed by means of the formulae 


{LiLt) = ieui£(, {/(£l} = K(Im£m, 

as in §29, Problem; the result is 

/,£*£,yt=aL)--JL. 

Similarly JiJiJkJt = iP)-, 

JJkJJk = P{P-l). 

Thus we obtain from (1) the relation 

3J.L(2J.L-l)-27(y+l)f.(/.+ l ) 
(y+lK2y+3)>!.(22i-I) 


( 2 ) 


In particular, for 5 = J this formula gives 


Qj=Ql foi J=L+i, 


Qj= Ql 


[L-V%ZL+Z) 

2.(22.+1) 


for y = 2 —i. 


} 


(3) 


Problem 2. Express the quadrupole moment of an electron (charge —[el) with orbital 
angular momentum I in terms of the mean square of its distance from the centre. 

Solution. We have to average the expression 


Qrz = -|e|r»(3 cos*8-l) = -|«|r=^(3ni»-l) 

over a state with given angular momentum I and component m = /. The mean value of the 
angle factor is found immediately from the formula derived in §29. Problem (where £ must be 
replaced by /); the result is 

a_21 


Qt = |el>-‘ 


2/ + 3' 


(4) 
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The sign of this quantity is opposite to that of the electron charge, as it should be: a 
particle moving with an angular momentum in the 2 -direction is mainly near the plane 
2 = 0, and hence cos^fi < 

For an electron with a given value of j = I + i, formulae (3) give 


Qj = ie\r^2j-l)!(,2j + 2). 


(5) 


Problem 3. Determine the quadrupole moment of an atom (in the ground state) in which 
all V electrons in excess of closed shells are in equivalent states with orbital angular momen¬ 
tum 1. 

Solution. Since the total quadrupole moment of completed shells is zero, the quad¬ 
rupole moment operator of the atom is given by the sum 

= (2;-i)(2/+3) 

taken.over the v outer electrons (here we have used formula (4)). 

Let us first suppose that e ^ 2/ +1, i.e. at most half the places in the shell are occupied. 
Then, by Hund's rule (§67), the spins of all the i- electrons are parallel (so that 5 = iv). 
This means that the spin wave function of the atom is symmetrical, and the coordinate 
wave function therefore antisymmetrical, with respect to these electrons. Thus the electrons 
must all have different values of m, so that the greatest possible value of Ml (and the value 
of L, which is the same) is 

L = (A4)Bax= 2 m = M2/->'+l). 

m-i-4'+l 


The required Ql is the eigenvalue Qtz for Ml = L. We therefore have 




ekir-s 

(2/-l)(2/+3) 


I 

2 K-W+1)]. 


whence, on calci'ating the sum. 


Ql = 


2/(2/-2..+1) 

(2/-l)(2/+3) 


( 6 ) 


The final change from Ql to Qy is effected by means of formula (2). 

The case of an atom whose outer shell is more than half filled is reduced to the previous 
one by considering holes instead of electrons; the result is therefore given by the same 
formula (6) with the opposite sign (the “hole” charge being +|e|), v being now taken not as 
the number of electrons but as the number of unoccupied places in the shell. 


§76. An atom in an electric field 

If an atom is placed in an external electric field, its energy levels are altered; 
this phenomenon is known as the Stark effect. 

In an atom placed in a uniform external electric field, we have a system 
of electrons in an axially symmetric field (the field of the nucleus together 
with the external field). The total angular momentum of the atom is there¬ 
fore, strictly speaking, no longer conserved; only the projection Mj of 
the total angular momentum J on the direction of the field is conserved. 
The states with different values of Mj have different energies, i.e. the electric 
field removes the degeneracy wdth respect to directions of the angular 
momentum. The removal is, however, incomplete: the states differing only 
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in the sign of Mj are degenerate as before. For an atom in a homogeneous 
external electric field is symmetrical with respect to reflection in any plane 
passing through the axis of symmetry (i.e. the axis passing through the nucleus 
in the direction of the field; we shall take this as the j?-axis). Hence the states 
obtained from one another by such a reflection must have the same energy. 
On reflection in a plane passing through some axis, however, the angular 
momentum about this axis changes sign (the direction of a positive revolution 
about the axis becomes that of a negative one). 

We shall suppose that the electric field is so weak that the additional energy 
due to it is small compared with the distances between neighbouring energy 
levels of the atom, including the fine-structure intervals. Then, in order to 
calculate the displacement of the levels in the electric field, we can use the 
perturbation theory developed in §§38 and 39. Here the perturbation 
operator is the energy of the system of electrons in the homogeneous field S, 
and this is 

F= -d.^= -Sd^, (76.1) 

where d is the dipole moment of the system. In the zeroth approximation, 
the energy levels are degenerate (with respect to directions of the total angular 
momentum); in the present case, however, this degeneracy is unimportant, 
and in applying perturbation theory we can proceed as if we were dealing 
with non-degenerate levels. This follows from the fact that, in the matfix 
of the quantity dz (as in that of the ar-component of any vector), only the 
elements for transitions without change of Mj are not zero (see §29), and hence 
states with different values of Mj behave independently when perturbation 
theory is applied. 

The displacement of the energy levels is determined, in the first approxi¬ 
mation, by the diagonal matrix elements of the perturbation. But all the 
diagonal matrix elements of the dipole moment vanish (§75). Thus the 
splitting of the levels in an electric field is a second-order effect with respect 
to the field.f 

Being quadratic in the field, the displacement A£'„ of the level En must be 
of the form 


^En = - (76.2) 

where is a symmetrical tensor of rank two; taking the ar-axis in the 

direction of the field, we obtain 

^En = (76.3) 

The tensor is also the polarizability of the atom in the external field: 
taking the parameters A in the general formula (11.16) to be the components 
of the vector Si, and putting H = H^ — Sidi, we find that the mean value 


t The hydrogen atom forms an exception; here the Stark effect is linear in the field (see 
the next section). The atoms of other elements, when in highly excited states (and therefore 
hydrogen-like; see §68), behave like hydrogen in sufficiently strong fields. 
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of the dipole moment of the atom, induced by the field, is 


§76 


= BAEnie^i. 


Substitution of (76.2) gives 


diM = (76.4) 

The polarizability must be calculated by the usual rules of perturbation 
theory. According to the second-approximation formula (38.10), we have 


a.t(n)= 211 ' 

^ p —P ‘ 


(76.5) 


The polarizability of the atom depends on its (unperturbed) state, and in 
particular on the quantum number Mj. The latter dependence can be 
written in a general form. The values of for various values of Mj 

may be regarded as the eigenvalues of the operator 

= a„8a +Mjijic+jkji - |S,fcj2). (76.6) 

This is^the most general symmetrical tensor of rank 2 depending on the 
vector} (cf. §75). From (76.3) and (76.6) we have 

AE„ = -K2{a„+2iS„[Mj2-iy(y-t-1)]}. (76.7) 

On summation over all values of Mj, the second term in the braces 
vanishes, so that the first term is the displacement of the “centre of gravity” 
of the split level. Moreover, according to (76.7) a level with J = i remains 
unsplit, in accordance with Kramers’ theorem (§60). 

If the atom is in a non-uniform external field (which varies only slightly 
over the dimensions of the atom), there can also exist a splitting effect linear 
in the field, due to the quadrupole moment of the atom. The operator of the 
quadrupole interaction between the system and the field has the form which 
corresponds to the classical expression {Fields, §42) for the quadrupole 
energy: 

(76.8) 

CXiCXic 

where 4> is the potential of the electric field (the derivatives being understood 
to be taken at the position of the atom). 

PROBLEMS 

Problem 1. Determine the Stark splitting of the different components of a multiplet 
level as a function of J 

Solution. The problem is conveniently solved by changing the order in which the per¬ 
turbations are-applied; we first consider the Stark splitting of the level in the absence of fine 
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structure, and then bring in the spin-orbit interaction. Since the spin of the atom does not 
interact with the external electric field, the Stark splitting of a level with orbital angular 
momentum L is given by a forrnula of the sam.e form (76.2), with a tensor atk which is ex¬ 
pressed in terms of the operator L in the same way as aot in (76.6) is expressed in terms of J; 

di/c == + — 

the suffixes n being everywhere omitted. When the spin-orbit interaction is included, the 
states of the atom must be described by the total angular momentum /. The averaging of 
the operator xik over states with a given value of the angular momentum J (but not of its 
component Mj) is formally identical with the averaging carried out in §75, Problem 1. We 
thus return to formulae (76.6), (76.7), with constants a, /3 which are given in terms of the 
constants a, b by 


3J.L[2J.L-l]-2/(/-H)i(i-H) 

CL = a, B = b -^-. 

This determines the splitting as a function of J (but not of L and 5, of course; these are 
characteristics of the unsplit term on which the constants a and b also depend). 

Problem 2. Determine the splitting of a doublet level (spin 5 = J) in an arbitrary 
(not weak) electric field. 

Solution. If the splitting is not small in comparison with the interval between the 
components of the doublet, the perturbation from the electric field and the spin-orbit inter¬ 
action must be taken into account simultaneously, i.e. the perturbation operator is the sum 

P^ = AS.L-i^{a+2blL ,2 - i£(i -H1)]} 

(cf. (72.4) and Problem 1). Omitting the constant terms which do not affect the splitting, 
we can write this operator in the form 


f^=iA[S^-L-.+ SM+^S^L^ 

(see (29.11)). For each given value of iV/ = Af/the eigenvalues of this operator are determined 
by the roots of the secular equation formed from its matrix elements with respect to the 
states — \M + J. ± From formulae (27.12) we find 

h\V\M-i, iy= JW(.'V/-J)-frd’2(A/-‘yi, 

-5|F;.Vf+l, - J) = - i)-fc^2(M-(-‘)2, 

<Af-.l, .llFI.Vf-l-J, -iy = \Ay/[(L + M+\){L-M+\)\. 

Thus (see §39, Problem 1) the level displacement is 

AF = + + (1) 

where all terms which are the same for all components of the split doublet are omitted. 
This formula (with both signs of the root) applies to all levels with |iV/| ^ L — \. For 
|A7| = L — h there is only one state |.Vfz.ik/s>. and the displacement of the level is given 
simply by the corresponding diagonal matrix element, i.e., with the same choice of the 
additive constant as in (1), 


A£ = (i.-l-(-6^)(Z,-Hj)-6#2(£ + i)2 (2) 

^Phis is the same as the result obtained from formula (1) with only one sign of the root. 

Problem 3. Determine the quadrupole splitting of levels in an axially symmetric electric 
field.t 


t .A similar problem for any field is in §103, Problem 6. 
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Solution. In a field symmetrical about the 2 -axis we have d^^,cx^ = d^^idy^ = a, 
= — 2a, the remaining second derivatives being zero The quadrupole energy 
operator (76.8) is 

^ 

Replacing the operators by their eigenvalues, we obtain for the displacement of the levels 


AE = a- 


2 /( 2 /- 1 ) 


[/(/+I)-3.AV]. 


Problem 4. Calculate the polarizability of the hydrogen atom in the ground state. 
Solution. Owing to the spherical symmetry of the s state, the polarizability tensor is a 
scalar (atk = aSik), for which w>e have, according to (76.5), 


a 


- 2 e 2 


y Jfoeli. 

» Eo-Ek' 


the dipole moment of the electron is dz — ez, and E„ is the energy of the ground state. We 
define an auxiliaty operator b by 

_ m di 
ft dt’ 


where m is the electron mass. Then Zck = {imlti‘){Eo—Ek)bi,k, and 


2ime^ 


^2 2 


( 1 ) 


To calculate this quantity, we need only know the result of applying b to the wave function 

Mr)- 

According to (9.2), 

*00 = ^^00 = '-^lib-bA)4,o. 

n at n 


Denoting the function biji^ by i(r)0<, and noticing that 0o satisfies the equation Hi/ij = jE'o^oi 
where H = —/i®A/2w + t/(r), we obtain for 6(r) the differential equation 


f0oA6 + V6.V^o = IZ0O. 


By substituting b — f(r) cos 6 (where 6 is the polar angle in spherical polar coordinates and 
z = r cos 6), this becomes 


i/" 



=ir. 

00 


( 2 ) 


Its solution must satisfy the condition that/0(| is finite as r ^ 0 and as r ^ oc. 

For the ground state of the hydrogen atom, 0o = (AI\/naB^) exp( —r/oe), where aa = 
is the Bohr radius. The solution of equation (2) which satisfies the condition stated is 
/ = —iraB{fiB + \r). From formula (1) we now havet 


a 


—(rf cos* 6)00 = ^{rf)m = 
QB iGB 4 


ProblE-M 5. Calculate the polarizability of an electron in a bound s state in a potential 
well with force range a such that ok 1, with k = \i'(2nt\E^\)lh and To the electron binding 
energy. 

Solution From the condition atr 1, in calculating the matrix element ( 26)00 we can 
neglect the region within the well, and use in all space the wave function 


00 


I K e-*’’ 


f This result will be derived by a different method in §77. 
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which relates to the region outside the well. (The normalization of this function also uses the 
condition ok 1 ; see §133.) Equation (2) in Problem 4 becomes 


i/"--/' 



and its solution satisfying the boundary conditions is / = —ir“/2K. A calculation using 
formula (1) gives 

a = 


§77. A hydrogen atom in an electric field 

The levels of the. hydrogen atom, unlike those of other atoms, undergo 
a splitting proportional to the field (the linear Stark effect) in a uniform 
electric field. This is due to the occurrence of an accidental degeneracy in 
the hydrogen terms, whereby states with different I (for a given principal 
quantum number n) have the same energy. The matrix elements of the dipole 
moment for transitions between these states are not zero, and hence the secular 
equation gives a non-zero displacement of the levels, even in the first approxi¬ 
mation.! 

For purposes of calculation it is convenient to choose the unperturbed 
wave functions so that the perturbation matrix is diagonal with respect to 
each group of mutually degenerate states. It is found that this is achieved 
by quantizing the hydrogen atom in parabolic coordinates. The wave func¬ 
tions tpmn,m the stationary states of the hydrogen atom in parabolic co¬ 
ordinates are given by formulae (37.15) and (37.16). 

The perturbation operator (the energy of an electron in the field ^) is 
<^z = i the field is directed along the positive ^-axis, and the force 

on the electron along the negative 2 -axis.J We are interested in the matrix 
elements for transitions n-jn^m ->• nfrufm\ for which the energy (i.e. the prin¬ 
cipal quantum number n) is unaltered. It is easy to see that, of these, only 
the diagonal matrix elements 

J =i<g’JJJ 

0 0 0 


= K JJ A dftdpa (77.1) 

0 0 

are non-zero (we have made the substitution f = npi, tj = The matrix 

concerned is evidently diagonal with respect to the number m, while its 
diagonality with respect to the numbers follows from the orthogonality 
of the functions fmm for different m and the same m (see below)* The integra¬ 
tions over pj and pg in (77.1) are separable; the integrals obtained are calcu- 

t In the following calculations we do not take account of the fine structure of the hydrogen 
le\els. Hence the field must be, though not strong (for perturbation theory to be applicable), 
yet such that the Stark splitting is large in comparison with the fine structure. For the opposite 
case see RQT, §52, Problem. 

X In this section we use atomic units. 
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lated in §f of the Mathematical Appendices (integral (f.6)). After a simple 
calculation, we find for the corrections to the energy levels in the first approxi¬ 
mation'!' 

£( 1 ) = (77 2 ) 

or, in ordinary units, 


£(i) = \n{ni — n^\e\Sh-me~. 


The two extreme components of the split level correspond to ni = n — \, 
rz 2 = 0 and = 0, n^ — n — 1. The distance between these two extreme 
levels is, by (77,2), 

3<?w(w—1), 

i.e. the total splitting of the level by the Stark effect is approximately pro¬ 
portional to T?. It is natural that the splitting should increase with the prin¬ 
cipal quantum number: the further the electrons are from the nucleus, the 
greater the dipole moment of the atom. 

The presence of the linear effect means that, in the unperturbed state, the 
atom has a dipole moment whose mean value is 

d, = _|„(„^_„g). (77.3) 

This is in accordance with the fact that, in a state determined by parabolic 
quantum numbers, the distribution of the charges in the atom is not sym¬ 
metrical about the plane z — 0 (see §37), Thus, for > n^, the electron is 
predominantly on the side of positive z, and hence the atom has a dipole 
moment opposite to the external field (the charge on the electron being 
negative). 

In the previous section we have shown that a uniform electric field cannot 
entirely remove degeneracy: there always remains a twofold degeneracy of 
states differing in the sign of the projection of the angular momentum on the 
direction of the field (in this case, states whose projected angular momenta 
are ± m). However, we see from formula (77.2) that even this removal of 
the degeneracy does not occur in the linear Stark effect in hydrogen: the 
displacement of the levels (for given n and — riz) is independent of m and nz. 
A further removal of the degeneracy occurs in the second approximation; 
the calculation of this effect is the more interesting in that the linear Stark 
effect is altogether absent in states with n\ = m. 

To calculate the quadratic effect, it is not convenient to use ordinary 
perturbation theory, since it would be necessary to deal with infinite sums 
of complicated form. Instead we use the following slightly modified method. 

Schrodinger’s equation for the hydrogen atom in a uniform electric field 
is of the form 

{\IS+E+\lr-^z)^=Q. 


t This result was derived by K. Schwarzschild and P. Epstein (1916), using the old 
quantum theory, and by W. Pauli and E. Schrddinger (1926) using quantum mechanics. 
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Like the equation with ^ = 0, it allows separation of the variables in 
parabolic coordinates. The same substitution (37.7) as was used in §37 
gives the two equations 


Pi.+^2 = L 


which differ from (37.8) by the presence of the terms in <?. We shall regard 
the energy E in these equations as a parameter which has a definite value, 
and the quantities jSj as eigenvalues of corresponding operators; it is easy 
to see that these operators are self-conjugate. These quantities are deter¬ 
mined, by solving the equations, as functions of E and <f, and then the condi¬ 
tion ^1 + ^2 = 1 gives the energy as a function of the external field. 

For an approximate solution of equations (77.4), we regard the terms con¬ 
taining the field <? as a small perturbation. In the zeroth approximation 
(<? = 0), the equations have the familiar solutions 


fl — 


fl m('9®)> 


(77.5) 


where the functions /„ are the same as in (37.16), and instead of the energy 
we have introduced the parameter 

« = V(-2E). (77.6) 

The corresponding values of jS^, (from the equations (37.12), in which n 
must be replaced by 1/ e) are 


/Si®* = iSs'"' = ("2+ihl+i)«- (77.7) 


The functionswith different for a given e are orthogonal, as are the eigen¬ 
functions of any self-conjugate operator; we have already used this fact above 
in discussing the linear effect. In (77.5) these functions are normalized by 
the conditions 


00 00 

jA=d| = i, J/g=d, = 1. 

0 0 

The corrections to and in the first approximation are determined by 
the diagonal matrix elements of the perturbation: 


0 
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iSi<i> = J<?(6«i2+6nij?w| + ni2+6wi+31w2|+2)/£='. 

The expression for /Sj**' is obtained by replacing by and changing the 
sign. 

In the second approximation we have, by the general formulae of perturba¬ 
tion theory, 

p (2) = ^ 

The integrals appearing in the matrix elements are calculated in § f 

of the Mathematical Appendices. The only non-zero elements are 

-1 = (f)«,-!.«. = -2{2n^+\m\)V[nAn^+\m\)]le\ 

-2 = (f)„-2.n, = V[nl(n^-\)(n^+\m\){n,+\m\-l)]|e\ 

The differences occurring in the denominators are 




As a result of the calculations we have 

j3j<2) = —S^[\m\ + 2n^+l)[^^+l7{2\m\ni+2nj^+\m\+Zni)+lS]ll6€^; 

the expression for is obtained by replacing rx^ by n^. Combining the 
expressions obtained and substituting in the relation + 1> we have 

the equation 

£n-(f2„[17n*4-51K-n2)=-9m*+19J/16£»-f-|«f«K-W2)/£* = 1. 

Solving by successive approximations, we have in the second approximation 
for the energy E = — J e* the expression 

1 <o^ 

E =-i-f<^”(”i~”2)-n*[17n^—3 (j7i— nj)*—9 w2®-1-19]. C77.8) 

2«^ 16 

The second term is the already familiar linear Stark effect, and the third is 
the required quadratic effect (G. Wentzel, I, Waller and P. Epstein 1926). 
We notice that this quantity is always negative, i.e. the terms are always 
displaced downwards by the quadratic effect. The mean value of the dipole 
moment is obtained by differentiating (77.8) with respect to the field; in the 
states with ni = it is 




(77.9) 
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Thus the polarizability of the hydrogen atom in the normal state [n = \, 
OT = 0) is 9 2 (see also §76, Problem 4). 

The absolute value of the energy of the hydrogen terms falls rapidly as the 
principal quantum number n increases, while the Stark splitting is increased. 
Hence it is of interest to examine the Stark effect for highly excited levels in 
fields so strong that the splitting they cause is comparable with the energy 
of the level itself, and perturbation theory is inapplicable.-)- This can be done 
by using the fact that states with large values of n are quasi-classical. 

By the substitution 


fi = XilVi. A = XilV-n 

the equations (77.4) are brought into the form 




/ m ^—1 \ 

/ ySj m-—1 \ 


(77.10) 


(77.11) 


Each of these equations, however, is the same in form as the one-dimensional 
Schrodinger’s equation, the part of the total energy of the particle being 
taken by iE, and that of the potential energy by the functions 


jS, m*— 1 


fi, m^-l 

U,{v) = -^+ 


2t} 


(77.12) 


respectively. 

Figures 25 and 26 respectively show the approximate form of these 
functions (for m > 1). By Bohr and Sommerfeld’s quantization rule (48.2) 
we write 


J 


V{2[iE-f/,(0]} d| =(n,+i)7r, 


/ 


V{2[lE-Uf,-r^)]} d-n 




(77.13) 


t The applicability of perturbation theor. to high levels requires the perturbation to be 
small only in comparison with the energt of the level itself (the binding energy of the electron), 
and not with the mtervals between the levels. For in the quasi-classical case (which corresponds 
to highly excited states) the perturbation can be regarded as small if the force due to it is 
small in comparison with those acting on the particle in the unperturbed system- and this 
condition is equivalent to the one given above 
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where «i, ni are integers.f These equations determine implicitly the depen¬ 
dence of the parameters and on E. Together with the equation -h 1 1 
they therefore give the energies of the levels when displaced by the electric 
field. The integrals in equations (77.13) can be reduced to elliptic integrals; 
these equations can be solved only numerically. 



The Stark effect in strong fields is complicated by another phenomenon, 
the ionization of the atom by the electric field (C. Lanczos 1931). The 
potential energy Sz of an electron in the external field takes arbitrarily large 
negative values as ^ - oc. Added to the potential energy of the electron 

within the atom, it has the effect that the region of possible motion for the 
electron (whose total energy E is negative) includes, besides the region 
inside the atom, the region of large distances from the nucleus in the direction 
of the anode. These two regions are separated by a potential barrier, whose 
width diminishes as the field increases. How'ever, in quantum mechanics 
there is always a certain non-zero probability that a particle will penetrate a 
potential barrier. In the case we are considering, the emergence of the elec¬ 
tron from the region within the atom, through the barrier, is simply the 
ionization of the atom. In weak fields the probability of this ionization is 



t .A detailed investigation shows that a more exact result is obtained by writing instead 
of —1 in the expressions for L/, and L/j. The integers n,, tij are then equal to the parabolic 
quantum numbers. 
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vanishingly small. It increases exponentially with the field, however, and 
becomes considerable in fairly strong fields.f 

PROBLEMS 

Problem 1. Determine the probability (per unit time) of the ionization of a hydrogen atom 
(in the ground state) in an electric field such that 1 (in ordinary units, S ni*|e|*/^*). 

Solution.! Io parabolic coordinates there is a potential barrier “along the t) coordinate” 
(Fig. 26); the "extraction” of the electron from the atom in the direction z —oo 
corresponds to its passage into the region of large To determine the ionization probability, 
it is necessary to investigate the form of the wave function for large r) (and small f; we shall 
see below that small values of f are the important ones in the integral which determines the 
total probability current for the emerging electron). The wave fimction of the electron in the 
normal state (in the absence of the field) is 

^ ( 1 ) 

When the field is present, the dependence of ^6 on f in the region in which we are interested 
can be regarded as being the same as in (1), while to determine its dependence on rj we have 
the equation 

2‘x r 11 n 

( 2 ) 

where x = Vv4‘ (tl'® second equation (77.11) with £ = — i, m = 0, ;8j = i). Let tjo be 
some value of tj (within the barrier) such that I i)o l/<^- For t; ^ the wave function 
is quasi-classical Since, on the other hand, equation (2) has the form of the one-dimensional 
Schrodinger's equation, we can use formulae (50.2). Using as the boundary condition that 
0 must become the wave function (1) at i; = ijo. we obtain in the region outside the barrier 
the expression 


where 

P(v) 

We shall be interested only in the square 1x1*. Hence the imaginary part of the exponent is 
unimportant. Denoting by tj, the root of the equation P(tj) = 0, we have 

Ixl’ = -^*e-<exp[-2 f |/>| d7,-.,„]. (3) 

TT p * 

‘ fi- 


t This phenomenon may serve to illustrate how a small perturbation may alter the nature 
of the energy spectrum. Even a weak field S is sufficient to create a potential barrier and 
produce a region, far from the nucleus, which is in principle accessible to the electron. As a 
result, the motion of the electron becomes, strictly speaking, infinite, and hence the energy 
spectrum becomes continuous instead of discrete. Nevertheless, the formal solution obtained 
y the methods of perturbation theory has a physical significance; it gives the energy levels 
o states which are not quite but “almost" stationary*, An atom that is in such a state at some 
initial instant remains in it for a long period of time. 

However, the senes given by perturbation theory for the Stark splitting of the levels 
cannot be convergent in the strict sense, but is merely an asymptotic series: after a certain 
point in the senes (which becomes later as the perturbation is reduced in magnitude) the 
terms increase, not decrease 

t tn this problem we use atomic units. 
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In the coefficient of the eicponential we put for tj #> 1 
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Ipol ~ 


in the exponent we must keep also the next term of the expansion of 




di) 


W(\-i 


-Vc 


where ijj st l/(f. Effecting the integration and neglecting Tjpif compared with 
possible, we obtain 


Ixl’ 



e~t 

1) 


wherever 


(4) 


The total probability current through a plane perpendicular to the z-axis (i.e. the required 
ionization probability vi) is 

CO 

ry = J dp, 

0 

where p is the cylindrical radius in this plane. For large t) (and small f) we can put 


dp = d-v/(fij) * 


Substituting also for the velocity of the electron 

« V[2{ - i + 

we have 

oo 

“ = J lxi^’rV(<ri7-1) df, 


that is, finally, 


or, in ordinary units. 




(5) 


V) = (4m^e\^ISh'’) exp (— 2m“|e|'/3(ffi*). 


Problem 2. Find the probability that an electron will be removed by an electric field from 
a potential well with short-range forces, in which the electron is in a bound s state. The 
electric field is assumed weak, in the sense that ]e\S’ where k = \/(2m|E|)/fi, 

E is the binding energy of the electron in the well and m is the electron mass (Yu. N. Demkov 
and G. F. Drukarev 1964). 

Solution. As in Problem 1, for a weak electric field, large distances from the centre 
((cr > 1) are important. At these distances the wave function of the bound state of the electron 
in the well (without the field tf) has the asymptotic form 

r 

where is a dimensionless constant depending on the specific form of the well.f In parabolic 
coordinates we have r = i(f+ i?), and in the region i; > f the wave function has the form 

>}> ~ exp [ - iK(f + ij)]. (^) 

V 


por exarnple, if the radius a of the well is so small that ok 1 , then A. l/v^(2w), 
see §133. 
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In the rest of this solution the units of mass, length and time will be m, \Ik and 
respectively. 

The function (6) is a product of functions of f and rj. In the presence of an electric field, 
the dependence of on f may be taken to be the same as in (6) (cf. Problem 1). To determine 
its dependence on tj, we use .Schrodinger’s equation in parabolic coordinates. Unlike the 
case of the Coulomb field, the rapid decrease of the field of the well has the result that this 
field may be neglected at the large distances important in the problem. The separation of 
variables in Schrodinger's equation then gives again the equations (77.11), in which we must 
put E = — J, m = 0, and the separation parameters now satisfy the condition 

Pi + Pi = 0 - 

The parameter gi must be taken as } (so that the dependence ip ~ satisfies the first 

equation (77.11)—approximately for small f^); then jSj = — J, and the equation for ^ as a 
function of rj is 

Solving this in the same way as (2), we have in place of (3) 


with 


Next, instead of (4) we find 


|X|2 = l^H-<exp(-2 ? |/.|d,-i,o). 
VoP J 

n. 

Piv) = J[-i - K^]- 

(-34} 


IxP = 


V(<S'’?-I) 


exp 


and finally, instead of (5), 


or in ordinary units, 


VI = ttA-S exp (— 2)'3<?), 


te = 




exp 


2/|2k3 \ 
3m\e\S ) 


PROBLE.V 1 3. Find with exponential accuracy the probability that an electron will be removed 
from a potential well by a uniform variable electric field <f = o cos cot; it is assumed that 
the field frequency and amplitude satisfy the conditions 


huj E^, elcfo ^ h-K^'m, 

where « = \^{2m\E\)lh, and IF] is the binding energy of the electron in the well (L. V. Keldysh 
1964).t 

Solution. With the conditions stated, the removal probability w is exponentially small. 
To calculate just the exponent (not the coefficient of the exponential), it is sufficient to 
regard the motion as one-dimensional in the direction of the field (the u-axis). 

It will be convenient to describe the electric field by a vector (not scalar) potential. 


"I This may refer, for example, to the ionization of a singly charged negative ion by an 
intense light-wave; here the potential well is created bv the interaction of the electron with 
the neutral remainder of the atom. The condition /iw |e| then ensures that the field of 
the electromagnetic wave may be treated classically. 
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A^ = A= Sin uit. Then the Hamiltonian of the electron in the region outside the 

well is 


2m\ cz oj j 

see (til.3). It does not contain z. With the dimensionless variables and parameters 


hK^- 


t, r; = IkZ, 11 = 


2m<j^ 


Im ' ’ tiK 

we can write Schrodinger’s equation in the form 


hw 

nF' 


F = 


\e\vi6o 
A-V3 ’ 


Ct \(1 


iP ,1 

-(-Sin Ut 

1) U 


)V 


The boundary condition is that the solution t) with rj^O should be the same as the 

electron wave function in the well (with energy E = —1£|), unperturbed bv the wave: 


V -5- e*' as i; ->■ 0. (7) 

Since the problem is quasi-classical, we seek the solution (with exponential accuracy) in 
the form T" = exp(i5), where S(rj, r) is the classical action. Since the Hamiltonian is in¬ 
dependent ol the coordinate rj, the generalized momentum = p is conserved along the 
classical path, so that 


S = 


- J H{p, t') dj' + i]p + A, H(p, t) = 4^p + ^ sin 


(«) 


where A and tj are constants. From the significance of the action as a function of the 
coordinates (see Mechanics, §43), we must take p as the value which brings the path to the 
specified point r) at time t, i.e. regard p as a function of ij and t determined by the equation of 
motion SSjdp = constant: 


7 = 


J op 


(9) 


the constant is chosen so that rj ~ 0 for t — tq. Formulae (8) and (9) give the action as a 
function of the two constants tj and A. In order to obtain a solution satisfying the condition 
(1) we must (as in finding the general integral of the Hamilton-Jacobi equation; see the 
footnote in Mechanics, §47) regard A as a function of t„, and as a function of coordinate and 
time defined by 


dS'dro = 0. (10) 

It is evident that A{t^} — tj,; then, for i; = 0 and t = tq, we have S = t„, i.e. S = t in 
accordance with the condition (7). Equation (10) then becomes 

W(P,To)+I=0. (11) 

Equations (9) and (II) together determine the functions vofij, t) and p(tj, t), and hence (after 
substitution in (8)) the wave function Tfip, t). 

The required probability le is proportional to the current density along the a-axis. In 
the classically accessible region, this is iizlH |“. The coordinate value at which this region 
begins is given by the point where im S ceases to increase. At that point (8 im Sjorj)^ = 0, 
and since cSjcrj = p, im p = 0; from (9) and (11) it then follows that re p — 0 also. From 
this condition we find the value of t,,, and substituting p = 0 in (11) gives 
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liTD = ! sinh-‘y. y - — - 

2F 1*1^0 ’ 

the fact that the “time” is imaginary corresponds to the classical impossibility of the process. 
Finally 


U 

' exp |-2 im J.^sin2 Or' dT+ToJj, 


and T may be taken to have any real value; the imaginary part of the integral is unaffected. 
Calculation of the integral gives 

The limiting forms of the function/(y) are 


f(y) ~ h for y 1. 

« log 2y — i for y ?> 1. 

The limiting value of to as y -> 0 corresponds to the probability of removal of the particle 
from the potential well by a constant field. 

Formula (12) is applicable if the exponent is large. For this we must in any case have 
hw <$ Iffl. 
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THE DIATOMIC MOLECULE 


§78. Electron terms in the diatomic molecule 

In the theory of molecules an important part is played by the fact that the 
masses of atomic nuclei are very large compared with those of the electrons. 
Because of this difference in mass, the rates of motion of the nuclei in the 
molecule are small in comparison with the velocities of the electrons. This 
makes it possible to regard the motion of the electrons as being about fixed 
nuclei placed at given distances from one another. On determining the 
energy levels C„ for such a system, we find what are called the electron terms 
for the molecule. Unlike those for atoms, where the energy' levels were 
certain numbers, the electron terms here are not numbers but functions of 
parameters, the distances between the nuclei in the molecule. The energy 
U„ includes also the electrostatic energy of the mutual interaction of the nu¬ 
clei, so that is essentially' the total energy of the molecule for a given 
arrangement of the fixed nuclei. 

We shall begin the study of molecules by taking the simplest type, the 
diatomic molecules, which permit the most complete theoretical investigation. 
The electron terms of the diatomic molecule are functions of only one 
parameter, the distance r between the nuclei. 

One of the chief principles in tlie classification of the atomic terms was 
the classification according to the values of the total orbital angular momen¬ 
tum L. In molecules, however, there is no law of conservation of the total 
orbital angular momentum of the electrons, since the electric field of several 
nuclei is not centrally symmetric. 

In diatomic molecules, however, the field has axial symmetry about an 
axis passing through the two nuclei. Hence the projection of the orbital 
angular momentum on this axis is here conserved, and we can classify the 
electron terms of the molecules according to the values of this projection. 
The absolute value of the projected orbital angular momentum along the 
axis of the molecule is customarily denoted by the letter A; it takes the values 

0, 1, 2. The terms wth different values of A are denoted by the capital 

Greek letters corresponding to the Latin letters for the atomic terms with 
various L. Thus, for A = 0, 1, 2 we speak of E, 11 and A terms respectively; 
higher values of A usually need not be considered. 

Next, each electron state of the molecule is characterized by the total spin 
S of all the electrons in the molecule. If A is not zero, there is degeneracy 
of degree 2S -b 1 with respect to the directions of the total spin.f The number 

*!■ We here neglect the fine structure due to relativistic interactions (see §§83 and 84 below). 
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IS +1 is, as in atoms, called the multiplicity of the term, and is written as an 
index before the letter for the term; thus denotes a term with A = 1, 


S=\. 


Besides rotations through any angle about the axis, the symmetry of the 
molecule allows also a reflection in any plane passing through the axis. If 
we effect such a reflection, the energy of the molecule is unchanged. The 
state obtained from the reflection is, however, not completely identical with 
the initial state. For, on reflection in a plane passing through the axis of the 
molecule, the sign of the angular momentum (which is an axial vector) about 
this axis is changed. Thus we conclude that all electron terms with non-zero 
values of A are doubly degenerate: to each value of the energy, there corres¬ 
pond two states which differ in the direction of the projection of the orbital 
angular momentum on the axis of the molecule. In the case where A = 0 the 
state of the molecule is not changed at all on reflection, so that the S terms are 
not degenerate. The wave function of a I! term can only be multiplied by a 
constant as a result of the reflection. Since a double reflection in the same 
plane is an identity transformation, this constant is + 1. Thus we must dis¬ 
tinguish S terms whose wave functions are unaltered on reflection and those 
whose wave functions change sign. The former are denoted by and the 
latter by 

If the molecule consists of two similar atoms, a new symmetry appears, 
and with it an additional characteristic of the electron terms. A diatomic 
molecule with identical nuclei has a centre of symmetry at the point bisecting 
the line Joining the nuclei.f (We shall take this point as the oiigin.) Hence 
the Hamiltonian is invariant with respect to a simultaneous change of sign 
of the coordinates of all the electrons in the molecule (the coordinates of the 
nuclei remaining unchanged). Since the operator of this transformation! 
also commutes with the orbital angular momentum operator, we have the 
possibility of classifying terms with a given value of A according to their 
parity: the wave functions of even {g) states are unchanged when the co¬ 
ordinates of the electrons change sign, while those of odd (u) states change sign. 
The suffixes u, g indicating the parity are customarily written with the letter 
for the term: 11^, 11^, and so on. 

It is an empirical fact that the normal electron state in the great majority 
of chemically stable diatomic molecules is completely symmetrical: the 
electron wave function is invariant with respect to all symmetry transforma¬ 
tions in the molecule. The total spin 5 is zero too, in the great majority of 
cases, in the normal state. In other words, the ground term of the molecule 
is IS-, and it is if the molecule consists of two similar atoms. Exceptions 
to these rules are formed by the molecules O 2 (whose normal term is ^S.~g) 
and XO (normal term ^II). 


symtnetr>' perpendicularly bisecting the axis of the molecule. This 
suc^a 1 ^ considered separately, however, since the existence of 

axL of symmem f-™ '^e existence of a centre of symmetry and of an 

moleculeTcf^§86T^“'"‘^ inversion of the coordinates of all the particles in the 
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The Diatomic Molecule 
PROBLEM 

Effect the separation of variables in Schrodinger's equation for the electron terms of the 
ion Hj*, using elliptic coordinates. 

Solution. Schrodinger’s equation for an electron in the field of two protons at rest is 
(using atomic units) 

= 0 

\ ri Tit 

The elliptic coordinates i, r] are defined by 

f = ('i + '2)/E. r/ = (’■2 — riyji; l^f^oo. -Igjj^l, 

and the third coordinate tji is the angle of rotation about an axis passing through the two 
nuclei at a distance R apart. (See Mechanics, §48.) The Laplacian operator in these co¬ 
ordinates is 

4ra d c a-i 1 as 

= -1 —(f S — I)-1-(1 — — I ^-. 

^=^( 1 =- 1 ) 2 ) La? ^ ^ R 2 (f 2 -l)(l-TS)g ^2 

Putting 

^ = X(£)y(,)e<Aa. 


we obtain for X and F the equations 

dr dX-| / AS \ 

-[(f2-l)-]4(im242Rf + ^-_)A = 0, 

dr dPT / AS \ 

where A is the separation parameter. 

Each electron term E[R) is described by three quantum numbers: A, and two "elliptical 
quantum numbers” n^, n^ which determine the number of zeros of the functions X{() and 
F(i3). 


§79. The intersection of electron terms 

The electron terms in a diatomic molecule, as functions of the distance r 
between the nuclei, can be represented graphically by plotting the energy as 
a function of r. It is of considerable interest to examine the intersection 
of the curves representing the different terms. 

Let t/i(r), t4(r) be two different electron terms. If they intersect at some 
point, then the functions Lj and t4 will have neighbouring values near this 
point. To decide whether such an intersection can occur, it is convenient to 
put the problem as follows. Let us consider a point where the functions 
Ui(r), t/j(r) have very close but not equal values (which we denote by E^, E^), 
and examine whether or not we can make Ui and equal by displacing the 
point a short distance Sr. The energies E^ and E^ are eigenvalues of the 
Hamiltonian of the system of electrons in the field of the nuclei, which 
are at a distance from each other. If we add to the distance Cq an increment 
Sr, the Hamiltonian becomes where {^ — Sr . dlJjdr is a small cor¬ 

rection; the values of the functions U^, C4 at the point r^^ + Sr can be regarded 
as eigenvalues of the new Hamiltonian. This point of view' enables us to 
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determine the values of the terms Uj{r), U^r) at the point r^ + Sr by means of 
perturbation theory, P' being regarded as a perturbation to the operator 

The ordinary method of perturbation theory is here inapplicable, however, 
since the eigenvalues E^, of the energy in the unperturbed problem are very 
close to each other, and their difference is in general not large compared with 
the magnitude of the perturbation; the condition (38.9) is not fulfilled. Since, 
in the limit as the difference E^—E^ tends to zero, we have the case of degener¬ 
ate eigenvalues, it is natural to attempt to apply to the case of close eigenvalues 
a method similar to that developed in §39. 

Let ^ 1 , ^2 be the eigenfunctions of the unperturbed operator which 

correspond to the energies E^, E^- As an initial zero-order approximation we 
take, instead of and themselves, linear combinations of them of the form 

^ (79.1) 

Substituting this expression in the perturbed equation 

(n^+P)P=Ep, (79.2) 

we obtain 

cf,E,+P-E)P,+cf^E^+P-E)p^ = 0 . 

Multiplying this equation on the left by xpj* and ihz* in turn, and integrating, 
we have two algebraic equations: 

Since the operator P is Hermitian, the matrix elements Fn and V 22 are 
real, while V 12 = F 21 *. The compatibility condition for these equations is 



whence 


E, + V,,-E F.2 

^21 E^+V^^—E 


E = F„-f V^)±y/[l{E,-E,+ F„- F22)*+i FJ*]. (79.4) 


This formula gives the required eigenvalues of the energy in the first approxi¬ 
mation. 

If the energy values of the two terms become equal at the point r^-l-Sr 
(i.e. the terms intersect), this means that the two values of E given by formula 

(79.4) are the same. For this to happen, the expression under the radical in 

(79.4) must vanish. Since it is the sum of two squares, we obtain, as the 
condition for there to be points of intersection of the terms, the equations 


E\ ^2+Fii F 22 —0, 1^12 


= 0 . 


(79 5) 
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However, we have at our disposal only one arbitrary parameter giving the 
perturbation V', namely the magnitude Sr of the displacement. Hence the 
two equations (79.5) cannot in general be simultaneously satisfied (we sup¬ 
pose that the functions are chosen to be real, so that also is real). 

It may happen, however, that the matrix element F^ vanishes identically; 
there then remains only one equation (79.5), which can be satisfied by a suit¬ 
able choice of 8r. This happens in all cases where the two terms considered 
are of different symmetry. By symmetry we here understand all possible forms 
of symmetry; with respect to rotations about an axis, reflections in planes, 
inversion, and also with respect to interchanges of electrons. In the diatomic 
molecule this means that we may be dealing with terms of different A, differ¬ 
ent parity or multiplicity, or (for S terms) and 2“ terms. 

The validity of this statement depends on the fact that the perturbation 
operator (like the Hamiltonian itself) commutes with all the symmetry 
operators for the molecule: the operator of the angular momentum about 
the axis, the reflection and inversion operators, and the operators of inter¬ 
changes of electrons. It has been shown in §§29 and 30 that, for a scalar 
quantity whose operator commutes with the angular momentum and in¬ 
version operators, only the matrix elements for transitions between states 
of the same angular momentum and parity are non-zero. This proof remains 
valid, in essentially the same form, for the general case of an arbitrary 
symmetry operator. We shall not pause to repeat it here, especially since 
in §97 we shall give another general proof, based on group theory. 

Thus we reach the result that, in a diatomic molecule, only terms of differ¬ 
ent symmetry can intersect, while the intersection of terms of like symmetry is 
impossible (E. Wigner and J. von Neumann 1929). If, as a result of some 
approximate calculation, we obtain two intersecting terms of the same 
symmetry, they are found to move apart on calculating the next approxi¬ 
mation, as shown by the continuous lines in Fig. 27. 

We emphasize that this result not only is true for the diatomic molecule, 
but is a general theorem of quantum mechanics; it holds for any case where 
the Hamiltonian contains some parameter and its eigenvalues are consequently 
functions of that parameter. 

In the terminology of group theory (see §96), the general condition for the 



Fig. 27 
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possible intersection of terms is that the terms should belong to different 
irreducible representations of the symmetry group of the Hamiltonian of 
the system.f 

In a polyatomic molecule, the electron terms are functions of not one but 
several parameters, the distances between the various nuclei. Let s be the 
number of independent distances between the nuclei; in a molecule of N{> 2) 
atoms, this number is i = 3N—6 for an arbitrary arrangement of the nuclei. 
Each term f7„(ri, ... , r^) is, from the geometrical point of view, a surface in 
a space of r + 1 dimensions, and we can speak of the intersections of these 
surfaces in manifolds of varying numbers of dimensions, from 0 (intersection 
in a point) to r—1. The derivation given above is wholly valid, except that 
the perturbation is here determined not by one but by r parameters, the 
displacements Br^, ... , Sr^. Even with two parameters, the two equations 
(79.5) can in general be satisfied. Thus we conclude that, in polyatomic 
molecules, any two terms may intersect. If the terms are of like symmetry, 
the intersection is given by the two conditions (79.5), from which it follows 
that the number of dimensions of the manifold in which the intersection 
occurs is s — 2. If the terms are of different symmetry, on the other hand, 
there remains only one condition, and the intersection takes place in a mani¬ 
fold of j —1 dimensions. 

Thus for r = 2 the terms are represented by surfaces in a three-dimensional 
system of coordinates. The intersection of these surfaces occurs in lines 
(r-1 = 1) when the symmetry of the terms is different, and in points 
(5—2 = 0) when it is tlie same. It is easy to ascertain the form of the surfaces 
near the point of intersection in the latter case. The value of the energy near 
the points of intersection of the terms is given by formula (79.4). In this 
expression the matrix elements V^, V^, Fjg are linear functions of the dis¬ 
placements Srj, Srj, and hence are linear functions of the distances r^, r, 
themselves. Such an equation determines an elliptic cone, as we know from 
analytical geometry. Thus, near the points of intersection, the terms are 
represented by the surface of an arbitrarily situated double elliptic cone 
(Fig. 28, p. 304). 


§80. The relation between molecular and atomic terms 

As we increase the distance between the nuclei in a diatomic molecule, we 
have in the limit two isolated atoms (or ions). The question thus arises of 
the correspondence betw'een the electron terms of the molecule and the states 
of the atoms obtained by moving them apart (E. Wigner and E. Witmer 1928). 


e-xception to this rule occurs for the electron terms of the ion. These 

J ' , =>"g^>ar momentum component A and the two elliptical quantum 
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which H fF 'f nothing to prevent the intersection of terms E(R) 

vmi^etf.vi;h r^s^: rr otLto "" """ have the same 

&vmmeir\ wiin respect to rotations and reflections In realitv i_-i- 
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This relation is not one-to-one; if w’e bring together two atoms in given states, 
we may obtain a molecule in various electron states. 

Let us first suppose that the molecule consists of two different atoms. Let 
the isolated atoms be in states with orbital angular momenta L^, Lj and spins 
Si, Sj, and let ^ Lj. The projections of the angular momenta on the 
line joining the nuclei take the values M-y— —Lj, —Ly + \, , Ly and 

= —Lj, —jLj + I, ... , Lj. The absolute value of the sum My+M^ deter¬ 
mines the angular momentum A obtained on bringing the atoms together. 
On combining all possible values of My and M^, we find the following values 
for the numbers of times that we obtain the various values of A = IMj-t-Mjl: 

A = Ly+L^ twice 

Ly+Ly—l four times 


Ly Lj 
Ly-Ly-l 


2(2L2-|-1) times 
2(2L2-|- 1 ) times 


1 2(2L2-f 1 ) times 

0 2L2-I-I times. 

Remembering that all terms with A 0 are doubly degenerate, while 
those with A = 0 are not degenerate, we find that there will be 

1 term with A = Ly+L^, \ 

2 terms with A = Lj-f-Lj— 1 , I 


2L2-I-I terms with A = Lj—L, 
2L2-I-I terms with A = Ly—L^—X, 

2Z,2-t-l terms with A = 0; 
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in all, (2Lj+l)(Li + l) terms with values of A from 0 to Z^+Lj. 

The spins of the two atoms combine to form the total spin of the 

molecule in accordance with the general rule for the addition of angular 
momenta, giving the following possible values of 5: 

^ •^1+52—1, .., 1^1—52I. (80.2) 

On combining each of these values with each value of A in (80.1), we obtain 
the complete list of all possible terms in the molecule formed. 

For E terms there is also the question of sign. This is easily resolved by 
noticing that the wave functions of the molecule can be written, as r ^ 00 , 
in the form of products (or sums of products) of the wave functions of the 
two atoms. An angular momentum A = 0 can be obtained either by adding 
two non-zero angular momenta of the atoms such that — —M^, or from 
Ml — Mj = 0. We denote the wave functions of the first and second atoms 
by For M = \M\\ = \Mz\ ^ 0, we form the symmetrized 

and antisymmetrized products 

i/t- = 

A reflection in a vertical plane (i.e. one passing through the axis of the mole¬ 
cule) changes the sign of the projection of the angular momentum on the 
axis, so that are changed into iA'-' , 1 / respectively, and 

vice versa. The function is thereby unchanged, while tjj- changes sign; the 
former therefore corresponds to a E+ term and the latter to a E~ term. Thus, 
for each value of M, we obtain one E+ and one E“ term. Since M can take 
L 2 different values {M = 1, ..., Lj), we have in all Lj E+ terms and 
terms. 

If, on the other hand, Mj = = 0, the wave function of the molecule 

is of the form \fj = order to ascertain the behaviour of the func¬ 

tion on reflection in a vertical plane, we take a coordinate system with 
its origin at the centre of the first atom, and the ar-axis along the axis of the 
molecule, and we notice that a reflection in the vertical xa-plane is equivalent 
to an inversion with respect to the origin, followed by a rotation through 180° 
about the j-axis. On inversion, the function is multiplied by Pi, where 
Pi = ± 1 is the parity of the given state of the first atom. Next, the result 
of applying to the wave function the operation of an infinitely small rotation 
(and therefore that of any finite rotation) is entirely determined by the total 
orbital angular momentum of the atom. Hence it is sufficient to consider 
the particular case of an atom having one electron, with orbital angular 
mornenturn I (and a ar-component of the angular momentum wi = 0); on 
putting L in place of I in the result, we obtain the required solution for any 
atom. The angular part of the wave function of an electron with w = 0 is apart 
from a constant coefficient, P^(cos 6) (see (28.8)). A rotation through 180= 
about the j-axis is the transformation x ^ —x, y y, z —z or in 
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spherical polar coordinates, r r, 6 (p -^TT — (f>. Then cos 6 

— cos 6, and the function Pi{cos 6) is multiplied by (— l)h 
Thus we conclude that, as a result of reflection in a vertical plane, the func¬ 
tion is multiplied by ( —l)^,Ti. Similarly, is multiplied by 

(—l)^iP 2 , so that the wave function tp = is multiplied by 

(— The term is S or Z " according as this factor is 4-lor—1. 

Summarizing the results obtained, we find that, of the total number 
2 Z /2 +1 of Z terms (with every possible multiplicity), L 2 +1 terms are 
Z+and Z /2 are Z“, if (— l)^,+^,PiP 2 = +l,and vice versa ii (— l)^i'^^iPiP 2 

Let us now turn to a molecule consisting of similar atoms. The rules for 
the addition of the spins and orbital angular momenta of the atoms to form 
the total 5 and A for the molecule remain the same here as for a molecule 
composed of different atoms. The difference is that the terms may be even 
or odd. Here we must distinguish two cases, according as the combined 
atoms are in the same or different states. 

If the atoms are in different states,-)- the total number of possible terms is 
doubled in comparison -with the number when the atoms are different. For a 
reflection with respect to the origin (this being the point bisecting the axis of 
the molecule) results in an interchange of the states of the two atoms. Sym¬ 
metrizing or antisymmetrizing the wave function of the molecule with respect 
to an interchange of the states of the atoms, we obtain two terms (with the 
same A and S), of which one is even and the other odd. Thus we have al¬ 
together the same number of even and odd terms. 

If, on the other hand, both atoms are in the same state, the total number of 
states is the same as for a molecule with different atoms. An investigation 
which we shall not give here on account of its length); leads to the following 
results for the parity of these states. Let Ng, be the numbers of even and 
odd terms with given values of A and 5. Then 
if A is odd, Ng = Nu', 

if A is even and S is even (S = 0, 2, 4, ... ), Ng = Nu+l ; 
if A is even and S is odd (5 = 1, 3, 5,... ), = Ng+l. 

Finally, we must distinguish, among the Z terms, between Z-^and Z“, Here, 
if S is even, Ng+ == Nu~ -f 1 = L + \\ 
if S is odd, Nu'^ = A;“ + l = L-fl, 

where L^ = L^= L. All the Z-*- terms are of parity ( — 1)'’, and all Z“ 
terms are of parity (—l)®-*-h 

Besides the problem that we have examined of the relation between the 
molecular terms and those of the atoms obtained as r co, we may also 
propose the question of the relation between the molecular terms and those 
of the “composite atom” obtained as r ->0, i.e. when both nuclei are brought 
to a single point (for example, between the terms of the Hg molecule and those 
of the He atom). The following rules can be deduced without difficulty. 
From a term of the “composite” atom having spin S, orbital angular momen- 


f In particular, we mav be discussing the combination of a neutral and an ionized atom. 
X See E. Wigner and E. Witmer, Zeitschrift fur Physik 51, 859, 1928. 
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turn L and parity P, we can obtain, on moving the constituent atoms apart, 
molecular terms with spin S and angular momentum about the axis A = 
0, 1,..., L, with one term for each of these values of A. The parity of the 
molecular term is the same as the parity P of the atomic term for P = +1 
and u for P = —1). The molecular term with A = 0 is a term if 
(—1)^P= + 1 , and a term if (— 1)^P = —1. 

PROBLEMS 

Probi-EM 1. Determine the possible terms for the molecules Ih, N 2 , O,, Clj which can 
be obtained by combining atoms in the normal state. 

Solution. According to the rules given above, we find the following possible terms: 
Hj molecule (atoms in the ’S' state): 







Nj molecule (atoms in 

the *S state); 









Clj molecule (atoms in 

1 the ’P state): 





12- >n ifT 



’s-,. ’n„ »n„, >A„; 

0, molecule (atoms in 

the ’P state); 




2 'S+, 




»A., 



“ «» 

‘n,. 

‘n„, »A,. 


The figures in front of the symbols indicate the number of terms of the type concerned, if 
this number exceeds unity. 

Problem 2. The same as Problem 1, but for the molecules HCl, CO. 

Solution. When unlike atoms are combined, the parity of their states is important 
also. From formula (31.6) we find that the normal states of the H. O and C atoms are even, 
while that of the Cl atom is odd (see Table 3 for the electron configurations of these atoms). 
From the rules given above, we have 

HCl molecule (atoms in the ^Sg and -Pu states): 

1.32+ «n; 

CO molecule (both atoms in the ^Pg state): 

21,3.32+^ IJ.S2- ‘■3.5^_ 


§8k Valency 

The property of atoms of combining with one another to form molecules 
is described by means of the concept of valency. To each atom we ascribe 
a definite valency, and when atoms combine their valencies must be mutually 
satisfied, i.e. to each valency bond of an atom there must correspond a 
valency bond of another atom. For example, in the methane molecule 
CH4, the four valency bonds of the quadrivalent carbon atom are satisfied 
by the four univalent hydrogen atoms. In going on to give a physical inter¬ 
pretation of valency, we shall begin with the simplest example, the com¬ 
bination of two hydrogen atoms to form the molecule H^. 
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Let us consider two hydrogen atoms in the ground state (^S). When they 
approach, the resulting system may be in the molecular state ^2+^ or 
The singlet term corresponds to an antisymmetrical spin wave function, and 
the triplet term to a symmetrical function. The coordinate wave function, 
on the other hand, is symmetrical for the term and antisymmetrical for the 
term. It is evident that the ground term of the molecule can only be 
the term. For an antisymmetrical wave function ^rj, Tj) (where and tj 
are the radius vectors of the two electrons) always has nodes (since it vanishes 
for ti = Tg), and hence cannot belong to the lowest state of the system. 

A numerical calculation shows that the electron term in fact has a deep 
minimum corresponding to the formation of a stable Hg molecule. In the 
state, the energy U(r) decreases monotonically as the distance between 
the nuclei increases, corresponding to the mutual repulsion of the two hydro¬ 
gen atoinsf (Fig. 29). 



Thus, in the ground state, the total spin of the hydrogen molecule is zero, 
5 = 0. It is found that the molecules of practically all chemically stable 
compounds of elements of the principal groups have this property. Among 
inorganic molecules, exceptions are formed by the diatomic molecules Oj 
(ground state ®S) and NO (ground state *11) and the triatomic molecules 
NOj, ClOj (total spin 5 = i). Elements of the intermediate groups have 
special properties which we shall discuss below, after studying the valency 
properties of the elements of the principal groups. 

The property of atoms of combining with one another is thus related to 
their spin (W. Heitler and H. London 192/). The combination occurs in 

t Here we ignore the van der Waals attraction forces between the atoms (see §89). The 
e.xistence of these forces causes a minimum (at a greater distance) on the U{r) curve for the 
‘1. term also. This minimum, however, is very shallow in comparison with that on the L 
curve, and would not be perceptible on the scale of Fig. 29. 
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such a way that the spins of the atoms compensate one another. As a quanti¬ 
tative characteristic of the mutual combining powers of atoms, it is convenient 
to use an integer, twice the spin of the atom. This is equal to the chemical 
valency of the atom. Here it must be borne in mind that the same atom may 
have different valencies according to the state it is in. 

Let us examine, from this point of view, the elements of the principal 
groups in the periodic system. The elements of the first group (the first 
column in Table 3, the group of alkali metals) have a spin 5 = ^ in the normal 
state, and accordingly their valencies are unity. An excited state with a higher 
spin can be attained only by exciting an electron from a completed shell. 
Accordingly, these states are so high that the excited atom cannot form a stable 
molecule.^ 

The atoms of elements in the second group (the second column in Table 3, 
the group of alkaline-earth metals) have a spin 5 = 0 in the normal state. 
Hence these atoms cannot enter into chemical compounds in the normal state. 
However, comparatively close to the ground state there is an excited state 
having a configuration sp instead of in the incomplete shell, and a total 
spin 5—1. The valency of an atom in this state is 2, and this is the principal 
valency of the elements in the second group. 

The elements of the third group have an electron configuration s^p in the 
normal state, with a spin S = \. However, by exciting an electron from the 
completed i-shell, an excited state is obtained having a configuration sp'^ and a 
spin 5 = 3/2, and this state lies close to the normal one. Accordingly, the 
elements of this group are both univalent and tervalent. The first two ele¬ 
ments in the group (boron, aluminium) behave only as tervalent elements. 
The tendency to exhibit a valency 1 increases with the atomic number, and 
thallium behaves equally as a univalent and as a tervalent element (for example, 
in the compounds TlCl and TICI3). This is due to the fact that, in the first 
few elements, the binding energy in the tervalent compounds is greater than 
for the univalent compounds, and this difference exceeds the excitation energy 
of the atom. 

In the elements of the fourth group, the ground state has the configuration 
with a spin of 1, and the adjacent excited state has a configuration sp^ 
with a spin 2. The valencies 2 and 4 correspond to these states. As in the 
third group, the first two elements (carbon, silicon) exhibit mainly the higher 
valency (though the compound CO, for example, forms an exception), and 
the tendency to exhibit the lower valency increases with the atomic number. 

In the atoms of the elements of the fifth group, the ground state has the 
configuration s^p'^ with a spin 5 = 3/2, so that the corresponding valency 
is three. An excited state of higher spin can be obtained only by the transi¬ 
tion of one of the electrons into the shell with the next higher value of the 
principal quantum number. The nearest such state has the configuration 
sp^s' and a spin 5 = 5/2 (by s' we conventionally denote here an s state of an 
electron with a principal quantum number one greater than m the state j). 


f See the end of this section for the elements copper, silver and gold. 
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Although the excitation energy of this state is comparatively high, the 
excited atom can still form a stable compound. Accordingly, the elements of 
the fifth group behave as both tervalent and quinquevalent elements (thus, 
nitrogen is tervalent in NHg and quinquevalent in HNO3). 

In the sixth group of elements, the spin is 1 in the ground state (configura¬ 
tion so that the atom is bivalent. The excitation of one of the/) electrons 
leads to a state of spin 2 , while the excitation of an s electron in addition 
gives a state sp^s'p' of spin 3. In both excited states the atom can enter into 
stable molecules, and accordingly exhibits valencies of 4 and 6 . The first 
element of the sixth group (oxygen) shows only the valency 2 , while the sub¬ 
sequent elements show higher valencies also (thus, sulphur in H^S, SOj, SO 3 
is respectively bivalent, quadrivalent and sexivalent). 

In the seventh group (the halogen group), the atoms are univalent in the 
ground state (configuration spin 5 = ^). They can, how’ever, enter into 
stable compounds when they are in excited states having configurations 
s'^p'^s', s^p^s'p', sp^s'p'^ with spins 3/2, 5/2, 7/2 and valencies 3, 5, 7 respec¬ 
tively. The first element in the group (fluorine) is alv/ays univalent, but the 
subsequent elements also exhibit the higher valencies (thus, chlorine in HCl, 
HCIO2, HCIO3, HCIO4 is respectively univalent, tervalent, quinquevalent 
and septivalent). 

Finally, the atoms of the elements in the group of inert gases have com¬ 
pletely filled shells in their ground states (so that the spin S' = 0), and their 
excitation energies are high. Accordingly, the valency is zero, and these 
elements are chemically inactive.f 

The follow'ing general remark should be made concerning all these discus¬ 
sions. The assertion that an atom enters into a molecule with a valency per¬ 
taining to an excited state does not mean that, on moving the atoms apart to 
large distances, we necessarily obtain an excited atom. It means only that the 
distribution of the electron density in the molecule is such that, near the 
nucleus of the atom in question, it is close to that in the isolated and excited 
atom; but the limit to which the electron distribution tends as the distance 
between the nuclei is increased may correspond to non-excited atoms. 

When atoms combine to form a molecule, the completed electron shells in 
the atoms are not much changed. The distribution of the electron density 
in the incomplete shells, on the other hand, may be considerably altered. In 
the most clearly defined cases of what is called heteropolar binding, all the 
valency electrons pass over from their own atoms to other atoms, so that we 


t Some of them nevertheless form stable compounds with fluorine and oxygen. These 
valencies may be due to a transfer of electrons from the outermost complete shell to t e 
incomplete / or d states, whose energies are comparatively near. 

There is also an attraction which occurs in the interaction of an inert gas atorn wit an 
excited atom of the same element. This is due to the doubling in the number o possi e 
states obtained on bringing together two atoms, if these atoms are of the same element but 

1 of the excitation from one atom to the other here 


in different states (see § 80 ) 
replaces the exchange interaction 
Hea is an example of such a molecule 
composed of two similar atoms (for instance, Ha 


The transition (- 

hich brings about the ordinary valency. The molecule 
The same tvpe of bond occurs in molecular ions 
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may say that the molecule consists of ions with charges equal (in units of e) 
to the valency. The elements of the first group are electropositive: in hetero- 
polar compounds they lose electrons, forming positive ions. As we pass to 
the subsequent groups the electropositive character of the elements becomes 
gradually less marked and changes into electronegative character, which is 
present to the greatest extent in the elements of the seventh group. Regard¬ 
ing heteropolarity the same remark should be made as was made above con¬ 
cerning excited atoms in the molecule. If a molecule is heteropolar, this does 
not mean that, on moving the atoms apart, we necessarily obtain two ions. 
Thus, from the molecule CsF we should in fact obtain the ions Cs+ and F-, 
but the molecule NaF gives in the limit the neutral atoms Na and F (since 
the affinity of fluorine for an electron is greater than the ionization potential 
of caesium but less than that of sodium). 

In the opposite limiting case of what is called homopolar binding, the atoms 
in the molecule remain neutral on the average. Homopolar molecules, un¬ 
like heteropolar ones, have no appreciable dipole moment. The difference 
between the heteropolar and homopolar types is purely quantitative, and any 
intermediate case may occur. 

Let us now turn to the elements of the intermediate groups. Those of 
the palladium and platinum groups are very similar to the elements of the 
principal groups as regards their valency properties. The only difference is 
that, owing to the comparatively deep position of the d electrons inside the 
atom, they interact only slightly with the other atoms in the molecule. As a 
result, “unsaturated" compounds, whose molecules have non-zero spin 
(though in practice not exceeding |), are often found among the compounds 
of these elements. Each of the elements can exhibit various valencies, and 
these may differ by unity, and not only by two as with the elements of the 
principal groups (where the change in valency is due to the excitation of some 
electron whose spin is compensated, so that the spins of two electrons are 
simultaneously released). 

The elements of the rare-earth group are characterized by the presence of an 
incomplete / shell. The / electrons lie much deeper than the d electrons, 
and therefore take no part in the valency. Thus the valency of the rare- 
earth elements is determined only by the s and p electrons in the incomplete 
shells.! However, it must be borne in mind that, when the atom is excited, 
/ electrons may pass into j and p states, thereby increasing the valency by 
one. Hence the rare-earth elements too exhibit valencies differing by unity 
(in practice they are all tervalent and quadrivalent). 

The elements of the actinium group occupy a unique position. Actinium 
and thorium have no / electrons, and their valencies involve d electrons. 
In their chemical properties they are therefore analogous to elements of the 
palladium and platinum groups, not to the rare earths. The uranium atom in 
the normal state contains / electrons, but in its compounds it too has no f 

t The d electrons which are found in the incomplete shells of the atoms of some rare-earth 
elements are unimportant, since these atoms in practice always form compounds in excited 
states where there are no d electrons. 
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electrons. Finally, the atoms of the elements neptunium, plutonium, 
americium and curium contain/electrons in compounds also, but the electrons 
which participate in their valencies are again 5 and d electrons. In this sense 
they are homologues of uranium. The maximum possible number of “un¬ 
paired” 5 and d electrons is one and five respectively, and so the maximum 
valency of elements in the actinium group is six, whereas the maximum 
valency of the rare-earth elements (with s and p electrons participating in 
the valency) is 1 + 3 =4. 

The elements of the iron group occupy, as regards their valency properties, 
a position intermediate between the rare-earth elements and those of the palla¬ 
dium and platinum groups. In their atoms, the d electrons lie comparatively 
deep, and in many compounds take no part in the valency bonds. In these 
compounds, therefore, the elements of the iron group behave like rare-earth 
elements. Such compounds include those of ionic type (for instance FeClj, 
FeClg), in which the metal atom enters as a simple cation. Like the rare- 
earth elements, the elements of the iron group can show very various valencies 
in these compounds. 

Another type of compound of the iron-group elements is formed by what 
are called complex compounds. These are characterized by the fact that the 
atom of the intermediate element enters into the molecule not as a simple 
ion, but as part of a complex ion (for instance the ion MnO^" in KMnO^, or 
the ion Fe(CN) 5 ^“ in K 4 Fe(CN) 6 ). In these complex ions, the atoms are 
closer together than in simple ionic compounds, and in them the d electrons 
take part in the valency bond. Accordingly, the elements of the iron group 
behave in complex compounds like those of the palladium and platinum groups. 

Finally, it must be mentioned that the elements copper, silver and gold, 
which in §73 we placed among the principal groups, behave as intermediate 
elements in some of their compounds. These elements can exhibit valencies 
of more than one, on account of a transition of an electron from a d shell to a 
p shell of nearly the same energy (for example, from 3<f to Ap in copper). In 
such compounds the atoms have an incomplete d shell, and hence behave as 
intermediate elements: copper like the elements of the iron group, and silver 
and gold like those of the palladium and platinum groups. 


PROBLEM 

Determine the electron terms of the molecular ion Hz'*' obtained when a hydrogen atom in 
the normal state combines with an H+ ion, for distances R between the nuclei large compared 
with the Bohr radius (L. Landau 1961; C. Herring 1961).t 

Solution. This problem is analogous in form to §50, Problem 3: instead of two 
one-dimensional potential wells we have here two three-dimensional wells (round the two 
nuclei) with axial symmetry about the line joining the nuclei. The level J Ec = —i (the ground 
level of the hydrogen atom) is split into two levels t4(f?) and TJ^tR) (the terms and 


■f" For the corresponding problem of the H* molecule, see L. P. Gor'kov and L. P. Pitaevskii, 
Soviet Physics Doklady 8, 788, 1964; C. Herring and M. Flicker, P/i^-rico/ Revietc 134, A362, 
1964 (the second of these papers corrects an error of calculation in the first). 

J Here we are using atomic units. 
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2 lu+), corresponding to the electron wave functions 


yJL 
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which are symmetrical and antisymmetrical about the plane * = 0 which bisects the line 
joining the nuclei (which are at 0, 0)). Here 0o(*, y, 2 ) is the wave function of the 

electron in one of the potential wells. Exactly as in §50, Problem 3, we find 


fiff.ii(P)—Eo 


+ 



dtpo 

^ 0 —— dy dr. 


(1) 


where the integration is over the plane x = O.t 

The function ijjo (corresponding to motion around nucleus 1, say, at x = ^R) is sought 
in the form 


H = 



(2) 


where a is a slowly varying function (for a hydrogen atom, a = 1). The function <jio must 
satisfy Schrodinger’s equation 



(3) 


where ri, ra are the distances of the electron from nuclei 1 and 2. In this equation the total 
energy of the electron is Eo — IIR, since Eo itself includes the energy 1/i? of the Coulomb 
repulsion of the nuclei. 

Since the function 0o decreases rapidly away from the x-axis, only the region where y 
and 2 are small compared with R is important in the integral (1). For y,z<^ R, substitution 
of (2) in (3) gives 

da a a 

— +-= 0 ; 

dx R 


here we have neglected the second derivatives of the slowly varying function a and put 
r, + The solution of this equation which becomes unity as x -^iR (i.e. in the 

neighbourhood of nucleus 1) is 


Formula (1) now gives 


2R 

a = -exp 

P+2x 


G-)- 


4 * 

j.n —Fo = +— f ■ 

ire J 


2 tt 7 i dri 




The amount of the splitting isj 

U,-U = -4i^e-F-h 


(4) 


At sufficiently large distances this expression decreases exponentially and becomes less 
than the effect in the second approximation with respect to the dipole interaction of the H 
atom and the H* ion. Since the polarizability of the hydrogen atom in the normal state is 
9/2 (see (77.9)), and the field of the H'* ion is S = IjR^, the corresponding interaction energy 


t Note that the effect sought is therefore determined by the range of distances at which the 
electron interacts in the same way with both nuclei 

+ The corresponding result for the molecule, according to the papers quoted above, is 

Ug-Lu^ - l-64/?s/2e-2R 
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IS —9!AR*, and when this is taken into account we have 


§82 


2 9 

— — + ~Re~^ -. (5) 

e 4/J^ 

The second term becomes comparable with the first when R = 10'8. It may also be noted 
that the term Uu has a minimum of — 5-8 x 10“® atomic unit( —T6 x 10“^ eV) when J? = 12-6.t 


§82. Vibrational and rotational structures of singlet terms in the 
diatomic molecule 

As has been pointed out at the beginning of this chapter, the great differ¬ 
ence in the masses of the nuclei and the electrons makes it possible to divide 
the problem of determining the energy levels of a molecule into two parts. 
We first determine the energy levels of the system of electrons, for nuclei at 
rest, as functions of the distance between the nuclei (the electron terms). 
We can then consider the motion of the nuclei for a given electron state; this 
amounts to regarding the nuclei as particles interacting with one another in 
accordance with the law U„(r), where Un is the corresponding electron term. 
The motion of the molecule is composed of its translational displacement as a 
whole, together with the motion of the nuclei about their centre of mass. The 
translational motion is, of course, without interest, and we can regard the 
centre of mass as fixed. 

For convenience of discussion, let us first consider the electron terms in 
which the total spin S of the molecule is zero (the singlet terms). The 
problem of the relative motion of two particles (the nuclei) which interact 
according to the law U{r) reduces to that of the motion of a single particle 
of mass M (the reduced mass of the two particles) in a centrally symmetric 
field U{r). By U{r) we mean the energy of the electron term considered. 
The problem of motion in a centrally symmetric field U(r), however, 
reduces in turn to that of a one-dimensional motion in a field where the 
effective energy is equal to the sum of U{r) and the centrifugal energy. 

We denote by K the total angular momentum of the molecule, composed 
of the orbital angular momentum L of the electrons and the angular momen¬ 
tum of the rotation of the nuclei. Then the operator of the centrifugal energy 
of the nuclei is 

5(r)(R-L)^ 

where we have introduced the notation 

B{t) = (82.1) 

which is customary in the theory of diatomic molecules. Averaging this 
quantity over the electron state (for a given r), we obtain the centrifugal 

t This minimum, which is due to van der Waals forces, is very shallow compared with 
that of the term Ue(R) which corresponds to the normal state of the stable ion Hs + : the 
latter minimum is —0-60 atomic unit ( 16-3 eV), at R = 2-0. 


317 


§82 Vibrational and rotational structures of singlet terms 

energy as a function of r, which must appear in the effective potential energy 
Uffr). Thus 

UkIt) = 17(r)+B(r)(K-L)“, (82.2) 

where the line denotes the average mentioned. 

Let us carry out the averaging for a state in which the molecule has a 
definite value of the square of the total angular momentum K- = K[K+ 1) 
(where K is integral) and a definite value of the component of the electron 
angular momentum along the axis of the molecule (the 5r-axis) Lj = A. 
Expanding the parenthesis in (82.2), we have 

UK{r) = U{r) + B{r)K(K + 1) - 2B{r) L. K + B{r)U. (82.3) 

The last term depends only on the electron state and does not contain the 
quantum number K\ it may be simply included in the energy U{r). We shall 
show that the same is true of the term preceding it. 

If the component of the angular momentum along an axis has a definite 
value, the mean value of the angular momentum vector is also along that axis; 
see the end of §27. If n denotes a unit vector along the 2 -axis, we therefore 
haveL = An. In classical mechanics, the angular momentum of rotation of a 
system of two particles, such as nuclei, is r x p, where r = rn is the radius 
vector between the two particles and p the momentum of their relative 
motion. This quantity is perpendicular to n. In quantum mechanics, 
the same will be true of the operator of the angular momentum of rotation 
of the nuclei: (K —L).n = 0, or K.n = L.n, Since the operators are equal, 
so of course are their eigenvalues, and, since n.L = = A, we have 


K . n = A. (82.4) 

Thus, in the term before the last in (82.3), L.K = n.KA = A-, and is 

independent of K. Redefining the function U{r), we can finally write the 
effective potential energy as 

UK{r) ^ U{r) + B{r)K{K+l). (82.5) 

From the equation it follows that, for a given value of A, the 

qliantum number K can take only values 

K ^A. (82.6) 

On solving the one-dimensional Schrodinger’s equation with the potential 
energy (82.5), we obtain a series of energy levels. We arbitrarily number these 
levels (for each given K) in order of increasing energy, using a number 
» = 0, 1, 2, ... ; V = 0 corresponds to the lowest level. Thus the motion 
of the nuclei causes a splitting of each electron term into a series of levels 
characterized by the values of the two quantum numbers K and f. 
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The number of these levels (for a given electron term) may be either finite 
or infinite. If the electron state is such that, as r ^ co, the molecule becomes 
two isolated neutral atoms, then as r -> oo the potential energ}' U{r) (and 
therefore U 2 ^{r)) tends to a constant limiting value U{od) (the sum of the 
energies of the two isolated atoms) more rapidly than l/r tends to zero (see 
§89). The number of levels in such a field is finite (see §18), though in actual 
molecules it is very large. The levels are so distributed that, for any given 
value of K, there is a definite number of levels (with different values of v), 
while the number of levels with the same K diminishes as K increases, until 
a value of K is reached for which there are no levels at all. 

If, on the other hand, as r -> oc the molecule disintegrates into two ions, 
at large distances U(r)—U{co) becomes the energ}' of the attraction of the 
ions according to Coulomb’s law' (~ l/r). In such a field there is an infinite 
number of levels, w'hich become closer and closer as we approach the limiting 
value U{cc). We may remark that, for the majority of molecules, the previous 
case is found in the normal state; only a comparatively small number of mole¬ 
cules become pairs of ions w'hen their nuclei are moved apart. 

The dependence of the energy levels on the quantum numbers cannot be 
completely calculated in a general form. Such a calculation is possible only 
for low excited levels which lie not too far above the ground level.-j- Small 
values of the quantum numbers K and v correspond to these levels. It is 
with such levels that we are in fact usually concerned in the study of molecular 
spectra, and hence they are of particular interest. 

The motion of the nuclei in slightly excited states can be regarded as small 
vibrations about the equilibrium position. Accordingly w'e can expand U{r) 
in a series of powers of ^ = r—r^, where is the value of r for w'hich U{r) 
has a minimum. Since t/'(rj = 0, we have as far as terms of the second 
order 


where Ue = f-'(rf), and we is the frequencv of the vibrations. 

In the second term in (82.5)—the centrifugal energy—it is sufficient to 
put r = r^, since it already contains the small quantity f^(X’+l). Thus we 
have 


UK{r) = U,+BMK+l)+iM^,^e, (82.7) 

where — h^jlMr^ = h^j2I is what is called the rotational constant 
(7 = Mre‘^ is the moment of inertia of the molecule). 

The first two terms in (82.7) are constants, w'hile the third corresponds 
to a one-dimensional harmonic oscillator. Hence we can at once w'rite down 
the required energy levels: 

E = U,+BMK+V)+fi^ciP+i)- (82-8) 


t W'e refer always to levels beloncini; to the same electron term 
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Thus, in the approximation considered, the energy levels are composed of 
three independent parts; 


E = E.^+E,+E,. (82.9) 

The first term, Egi = Lf, is the electron energy (including the energy of the 
Coulomb interaction of the nuclei for r = rfj-, the second term is 

E,=BJC{K+\) (82.10) 

the rotational energy from the rotation of the molecule,and the third term 

E, = (82.11) 

is the energy of the vibrations of the nuclei within the molecule. The number 
V denumerates, by definition, the levels with a given K in order of increasing 
energy; it is called the vibrational quantum number. 

For a given form of the potential energy curve U{f), the frequency is 
inversely proportional to ^M. Hence the intervals between the 

vibrational levels are proportional to Ijy'M. The intervals AF, between 
the rotational levels contain in the denominator the moment of inertia I, and 
are therefore proportional to 1/M. The intervals AF^; between the electron 
levels, however, are independent of M, like the levels themselves. Since mfM 
{m being the electron mass) is a small parameter in the theory of diatomic 
molecules, we see that 

AF., > AF,, > AE,. ( 82 . 12 ) 

This shows the rather unusual distribution of the energy levels of the mole¬ 
cule, The vibrational motion of the nuclei splits the electron terms into 
levels lying comparatively close together. These levels, in turn, exhibit a fine 
splitting due to the rotational motion of the molecule. J 

In subsequent approximations, the separation of the energy into indepen¬ 
dent vibrational and rotational parts is impossible; rotational-vibrational 
terms appear, which contain both K and v. On calculating the successive 


t The wave function describing the rotation of a diatomic molecule (without spin) is 
essentially the same as that of a symmetrical top (§103). Unlike the top, the molecule has a 
rotation described by only two angles {y. = if>, = 8), which define the direction of its 
axis. The rotational wav e function differs from (103.8) by the absence of the factor y/i^Tr) 
and in the notation for the quantum numbers. Since, by (82.4), the number A is equal to the 
component of the total angular momentum K along the axis of the molecule (the ^-axis in 
§103), we must replace /, A/ and k by iC, A/ and A (here M = Kz), Thus 


•P.M. S) = .« 0 . 0 ), 


J .As .jn example, 
molecules: 


we 


give the values of Ut, ficue and 



H. 

N, 

-Ve 

4-7 

7-5 

hoje 

0-54 

0-29 

lO^'XBe 

7-6 

0-25 


Be (in electron-volts) for a few 

O, 

5-2 

0-20 

0-18 
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approximations, we should obtain the levels £ as an expansion in powers of the 
quantum numbers K and v. 

We shall calculate here the next approximation after (82.8). To do this, 
we must continue the expansion of f/(r) in powers of | up to terms of the 
fourth order (cf. the problem of an anharmonic oscillator in §38). Similarly, 
the expansion of the centrifugal energy is extended as far as the terms in p. 
We then obtain 

UK{r) = 

(82.13) 

Let us now calculate the correction to the eigenvalues (82.8), regarding the 
last four terms in (82.13) as the perturbation operator. Here it is sufficient, 
for the terms in and to take the first approximation of perturbation 
theory, but for those in f and we must calculate the second approximation, 
since the diagonal matrix elements of f and vanish identically. All the 
matrix elements needed for the calculation are derived in §23 and in §38, 
Problem 3. As a result, we obtain an expression which is usually written in 
the form 


E = E.,+^,(t;+i)-*.fta..(t;+i)*+£vA:(i^+l)-Z).A:*(A+l)*, (82.14; 


where 



= B,- 


(82.15) 

The constants 

jBj, ttg, are related to the constants 

appearing in (82.13) 

by 

B, - H’izi. 

D, - 


n ^ 1 

r ah jl j 

'l « = -D(±^ 



MB, 

J 2hu),\Mo>, 

/ L2 J' 


The terms independent of v and K are included in fg,. 


(82.16) 


PROBLEM 

Determine the accuracy of the approximation which gives the separation of the electron 
and nuclear motions in a diatomic molecule. 

Solution. The total Hamiltonian of the molecule may be written H = Tr + Heh where 
Tr = p^IlM is the operator of the kinetic energy of the relative motion of the nuclei 
(p = —ihdldr\ r is the radius vector joining the nuclei; M is the reduced mass). The 
Hamiltonian Hd includes the operators of the kinetic energy of the electrons, the potential 
energ>' of their Coulomb interaction with one another and w'ith the nuclei, and the energy 
of the Coulomb interaction of the nuclei.f The solution of Schrodinger’s equation 

~ 

is sought in the form 

>•), ( 2 ) 

t The Hamiltonian & relates to a frame of reference in which the centre of mass of the 
whole molecule is at rest (P„ + Pe = 0, where P, is the total momentum of the two nuclei, and 
Pc that of the electrons). We do not, however, include in it the term corresponding to the 
kinetic energy of the motion of the centre of mass ■+■ ^^^ 2 ) = Pe^/2(iV<fi+7^2)- This 

term is certainly small, in the ratio mIM, compared with the kinetic energy of the electrons. 
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where the functions r) are orthonormalized solutions of the equation 

r) = r), (3) 

q denoting the set of electron coordinates; Umir) are the eigenvalues of the Hamiltonian 
which depend on r as a parameter. Substituting (2) in (1), multiplying by (ji„*(q, r) and 
integrating over g, we obtain 



where 


1 

• P. 




and pnm = ]<l>n*p<i>mdq-, (p“)nm are the matrix elements with respect to the electron wave 
functions; the diagonal element p„n is zero, by symmetry. 

The electron functions 4>ti vary appreciably only over atomic distances, and their differentia¬ 
tion with respect to r therefore does not introduce the large parameter M/m (where m is the 
electron mass). The quantity V"nn is consequently small in comparison with Un{r), in the 
ratio mjM, and may be omitted. If the terms on the right of (4) are regarded as a small 
perturbation, then in the zero-order approximation the functions xn(R) are given by the 
solutions of the equation 




= E 


nvX»c* 


(5) 


which describes the motion of the nuclei in the field Un{r) (the v being the quantum numbers 
for this motion). The condition for perturbation theory to be applicable is 


l^/lt‘|I M//( + \Env~Etnv\’ 


The right-hand side of this inequality is the difference of the energies of different electron 
terms; these quantities are of order zero with respect to the smallness parameter m/M. The 
left-hand side contains the matrix elements with respect to the nuclear wave functions. The 
term in H"nra^contains the factor m/M and is certainly small. In the matrix element of V'nm, 
the operator p, acting on the function xmir, multiplies it by a quantity of the order of the 
momentum of the nuclei. If the nuclei execute small oscillations, their momentum 
~ since the frequency cue is itself inversely proportional to VM, the matrix 

element (nv'\V'nm\mv is of the order (mjMy*. 


§83. Multiplet terms. Case a 

Let us now turn to the question of the classification of molecular levels with 
non-zero spin S. In the zero-order approximation, when relativistic effects 
are entirely neglected, the energy of the molecule, like that of any system of 
particles, is independent of the direction of the spin (the spin is “free”), and 
this results in a (2S-t-l)-fold degeneracy of the levels. When relativistic 
effects are taken into account, however, the degenerate levels are split, and 
the energy consequently becomes a function of the projection of the spin on 
the axis of the molecule. We shall refer to relativistic interactions in mole¬ 
cules as the spin-axis interaction. The chief part in this is played (as in the 
case of atoms) by the interaction of the spins with the orbital motion of the 
electrons.t 


+ Besides the spin orbit .ind spin-spin interactions there is also an interaction of the spin 
and orbital motion of the electrons with the rotation of the molecule. This part of the inter- 

(ser§84) only for terms with spin S = 4 
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The nature and classification of molecular levels depend markedly on the 
relative parts played by the interaction of the spin with the orbital motion, 
on the one hand, and the rotation of the molecule, on the other. The part 
played by the latter is characterized by the distances between adjacent rota¬ 
tional levels. Accordingly, we have to consider two limiting cases. In one, 
the energy of the spin-axis interaction is large compared with the energy 
differences between the rotational levels, while in the other it is small. The 
first case is usually called case (or coupling type) a, and the second is called 
case b (F. Hund 1933). 

Case a is the one most often found. An exception is formed by the S 
terms, where case b chiefly occurs, since the effect of the spin-axis interaction 
is very small for these termsf (see below). For other terms, case b is some¬ 
times found in the lightest molecules, since the spin-axis interaction is here 
comparatively weak, while the distances between the rotational levels are 
large (the moment of inertia being small). 

Of course, cases intermediate between a and b are also possible. It must 
also be borne in mind that the same electron state may pass continuously 
from case a to case b as the rotational quantum number changes. This is due 
to the fact that the distances between adjacent rotational levels increase with 
the rotational quantum number, and hence, when this is large, the distances 
may become large compared with the energy of the spin-axis coupling (case 
b), even if case a is found for the lower rotational levels. 

In case a, the classification of the levels is in principle little different from 
that of the terms with zero spin. We first consider, the electron terms for 
nuclei at rest, i.e. we neglect rotation entirely; besides the projection A of the 
orbital angular momentum of the electrons, we must now take into account the 
projection of the total spin on the axis of the molecule. This projection is 
denoted byj S; it takes the values 5, S- 1, ..., -S'. We arbitrarily regard 
2 as positive when the projection of the spin is in the same direction as 
that of the orbital angular momentum about the axis (w'e recall that A denotes 
the absolute value of the latter). The quantities A and 2 combine to give 
the total angular momentum of the electrons about the axis of the molecule: 

Q=A-b2; (83.1) 

this takes the values A-i-S, A+S—1,..., A—S. Thus the electron term 
with orbital angular momentum A is split into 2S -b 1 terms with different 
values of Q; this splitting, as with atomic terms, is called the fine structure 
or multiplet splitting of the electron levels. The value of Q is usually indicated 
as a suffix to the symbol for the term: thus, for A = 1, 5 = i we obtain the 
terms ^Ui/ 2 , ^IIs/s. 

When the motion of the nuclei is taken into account, vibrational and rota¬ 
tional structures appear in each of these terms. The various rotational levels 
are characterized by the values of the quantum number J, which gives the 

t A special case is the normal electron term of the molecule O. (the term =Z). For this we 
have a type of coupling intermediate between a and b (see §84, Problem 3). 

t Not to be confused with the symbol for terms with A = 0. 
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total angular momentum of the molecule, including the orbital and spin 
angular momenta of the electrons and the angular momentum of the rotation 
of the nuclei.t This number takes all integral values from |n| upwards: 

J > (83.2) 

which is an obvious generalization of (82.6). 

Let us now derive quantitative formulae to determine the molecular levels 
in case a. First of all, we consider the fine structure of an electron term. 
In discussing the fine structure of atomic terms in §72, we used formula 
(72.4), according to which the mean value of the spin-orbit interaction is 
proportional to the projection of the total spin of the atom on the orbital 
angular momentum vector. Similarly, the spin-axis interaction in a diatomic 
molecule (averaged over electron states for a given distance r between the 
nuclei) is proportional to the projection L of the total spin of the molecule on 
its axis, so that we can write the split electron term in the form 

U{r)+A{r)i:, 

where U{r) is the energy of the original (unsplit) term, and A(r) is some func¬ 
tion of r ; this function depends on the original term (and in particular on A), 
but not on 2. Since one usually uses the quantum number H and not 2, 
it is more convenient to put AQ. in place of .42; these expressions differ by 
AA, which can be included in U(r), Thus we have for an electron term the 
expression 

U(r)+A{r)n. (83.3) 

We may notice that the components of the split term are equidistant from 
one another: the distance between adjacent components (with values of fl 
differing by unity) is A(r), independent of Q. 

It is easy to see from general considerations that the value of A for 2 terms 
is zero. To show this, we perform the operation of changing the sign of the 
time. The energy must then remain unchanged, but the state of the mole¬ 
cule changes in that the direction of the orbital and spin angular momenta 
about the axis is reversed. In the energy .4(r)2, the sign of 2 is changed, and 
if the energy remains unchanged A{r) must change sign. If A 9 ^ 0, we can 
draw no conclusions regarding the value of A{r), since this depends on the 
orbital angular momentum, which itself changes sign. If A = 0, however, 
we'c^ say that A{r) is certainly unchanged, and consequently it must vanish 
identically. Thus, for the 2 terms, the spin-orbit interaction causes no split¬ 
ting in the first approximation; splitting (proportional to 2 ^) would occur 
only on taking account of this interaction in the second approximation or the 
spin-spin interaction in the first approximation, and would be relatively 
small. This is the reason for the fact, already mentioned, that case b usually 
occurs for 2 terms. 


angular momentum of the molecule 


without allowance for its spin. In case a there 


momentum IC is not even approximately conserved. 


IS no quantum number K, since the angular 
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When the multiplet splitting has been determined, we can take account of 
the rotation of the molecule as a perturbation, just as in the derivation given 
at the beginning of §82. The angular momentum of the rotation of the nuclei 
is obtained from the total angular momentum by subtracting the orbital 
angular momentum and spin of the electrons. Hence the operator of the 
centrifugal energy now has the form 

Averaging this quantity with respect to the electron state and adding to 
(83.3), we obtain the required effective potential energy Uj{r): 


Uj{r) = ?7(r)+^(r)D+B(r)a-L-S)^ 


= L/(r)+^(r)i:!+B(r)[r-2J.(L+S)+L*+2L. S+S^]. 

The eigenvalue of is /(/ + 1). Next, by the same argument as in §82, we 
have 

L = nA, S = nS, (83.4) 

and also (j—L—§). n = 0, whence we have for the eigenvalues 

J.n = (L+S).n = A+r = fi. (83.5) 

Substituting these values, we find 

Uj{r) = Uir)+A{r)n+B{r)[JU+l)-2n^+U+ZL^+'s^. 

The averaging with respect to the electron state is effected by means of the 
wave functions of the zero-order')' approximation. In this approximation, 
however, the magnitude of the spin is conserved, and hence S® = S(5+l). 
The wave function is the product of the spin and coordinate functions; hence 
the averaging of the angular momenta L and S takes place independently, and 
we obtain 


L. S = An. S = AS. 

Finally, the mean value of the squared orbital angular momentum L* is 
independent of the spin, and is some function of r characterizing the given 
(unsplit) electron term. All the terms w'hich are functions of r but indepen¬ 
dent of J and S can be included in U{r), while the term proportional to S 
(or, what is the same thing, to fi) can be included in the expression .i4(r)n. 
Thus we have for the effective potential energy the formula 

Uj{r) = U(r)+A{r)n+B{r)[J(J+\)-2n^]. (83.6) 

t That is,, the zero-order approximation with respect to both the effect of the rotation of 
the molecule and the spin-axis interaction. 
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The energy levels of the molecule can be obtained from this by the same 
method as in §82 when using the formula (82.5). Expanding U{r) and A(r) 
in series of powers of and retaining the terms up to and including the 
second order in the expansion of f/(r), but only the terms of zero order in the 
second and third terms, we obtain the energy levels in the form 

E = (83.7) 

where Ag = A(rg) and Eg are constants characterizing the given (unsplit) 
electron term. On continuing the expansion to higher terms, we obtain a 
series of terms in higher powers of the quantum numbers, but we shall not 
pause to write these out here. 


§84. Multiplet terms. Case b 

Let us now turn to case b. Here the effect of the rotation of the molecule 
predominates over the multiplet splitting. Hence we must first consider the 
effect of rotation, neglecting the spin-axis interaction, and then the latter 
must be taken into account as a perturbation. 

In a molecule with “free” spin, not only the total angular momentum J 
but also the sum K of the orbital angular momentum of the electrons and the 
angular momentum of the nuclei are conserved; the latter is related to J by 

J =K+S. (84.1) 

The quantum number K distinguishes different states of a rotating molecule 
with free spin that are obtained from a given electron term. The effective 

potential energy Uj.{r) in a state with a given value of K is evidently deter¬ 

mined by the same formula (82.5) as for terms with 5 = 0: 

UK{r) = U{r)+B{r)K{K-\-\), (84.2) 

where K takes the values A, A + 1, .... 

When the spin-axis interaction is included, there is a splitting of each 
term into 25+1 terms in general (or 2A:+1 if < 5), which differ in the 
value of the total angular momentum-f J. According to the general rule for 
the addition of angular momenta, the number J takes (for a given K\ values 

from A:+5 to |^-5|: 


|A:-5| <7 < K+S. (84.3) 

To calculate the energy of the splitting (in the first approximation of per¬ 
turbation theory), we must determine the mean value of the operator of the 
spin-axis interaction energy for the state in the zero-order approximation 
(with respect to this interaction). In the case considered, this means averag¬ 
ing with respect to both the electron state and the rotation of the molecule 
(for a given r). The result of the first averaging is an operator of the form 


+ In case b, the projection n . S of the spin on the axis of the molecule does not have 
definite values, so that there is no quantum number £ (or O). 
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A{r)n . S, which is proportional to the projection n . S of the spin operator 
on the axis of the molecule. Next we average this operator with respect 
to the rotation of the molecule, taking the direction of the spin vector 
to be arbitrary; then n . S = n . S. The mean value n is a vector which, 
from considerations of symmetry, must have the same direction as the 
“vector” K, the only vector which characterizes the rotation of the molecule. 
Thus we can write 


n = constant x R. 

The coefficient of proportionality is easily determined by multiplying both 
sides of this equation by R; noting that the eigenvalues of n . K and K® are 
respectively A (see (82.4)) and K{K+ 1), we find 


n.S = aK.SIK(K+1). 

Finally, the eigenvalue of the product K . S, according to the general formula 
(31.3), is 

K. S = i[J(J+l)-K{K+l)-S{S+l)]. (84.4) 

As a result, we arrive at the following expression for the required mean 
value of the energy of the spin-axis interaction: 

A{r)AUU+ \)-S(S+i)-K(K+ 1)]I2K{K+ 1) 

= A{r)A[(J-5)0+S+ l)]l2K(K+l)-kA{T)A. 

This expression must be added to the energy (84.2). The term \A{r)A, being 
independent of K and J, can be included in U{t), so that we have finally for 
the effective potential energy the expression 

UkIt) = U{r)+B{r)K{K^-\)+A{r)AU-S){J+S+\)j2K{K+\). (84.5) 

An expansion in powers of f = r—r^ gives, in the usual manner, an expres¬ 
sion for the energy levels of the molecule in case b : 

E = [/,+^we(t)+i)+£eK(A:4-l)+^eA(7-5)(;+5+l)/2/C(A:+l). (84.6) 

As has been pointed out in the previous section, the spin-orbit interaction 
for S terms does not give a multiplet splitting in the first approximation, and 
to determine the fine structure we must take into account the spin-spin 
interaction, whose operator is quadratic with respect to the spins of the elec¬ 
trons. We are at present interested not in this operator itself, but in the result 
of averaging it with respect to the electron state of the molecule, as w'as done 
for the operator of the spin-orbit interaction. It is evident from considera¬ 
tions of symmetry that the required averaged operator must be proportonal 
to the squared projection of the total spin of the molecule on the axis, i.e. 
it can be written in the form 


a(r) (§. n)*. 


(84.7) 
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where a{r) is again some function of the distance r, characterizing the given 
electron state. Symmetry allows also a term proportional to S®, but this is 
immaterial since the absolute value of the spin is just a constant. We shall 
not pause here to derive the lengthy general formula for the splitting due to 
the operator (84.7); in Problem 1 of this section we give the derivation of the 
formula for triplet S terms. 

The doublet S terms form a special case. According to Kramers’ theorem 
(§60), the double degeneracy in a system of particles with total spin 5 = ^ 
certainly persists, even when the internal relativistic interactions in the system 
are fully allowed for. Hence the terms remain unsplit, even when we 
take account of both the spin-orbit and the spin-spin interaction, and in any 
approximation. 

The splitting is obtained here only by taking into account the relativistic 
interaction of the spin with the rotation of the molecule; this effect is very 
small. The averaged operator of this interaction must evidently be of the 
form yR . S, and its eigenvalues are determined by the formula (84.4), in 
which we must put S = J — As a result, we obtain for the 

terms the formula 

E = U,+ nc,,{v+i)+B.K{K+l)±h'{K+i)\ (84.8) 

a constant — Jy is included in U^. 


PROBLEMS 

Problem 1. Determine the multiplet splitting of a ’E term in case b (H. A. Kramers 1929V 

Solution. The required splitting is determined by the operator (84.7), which must be 
averaged with respect to the rotation of the molecule. We write it in the form a,fnnit5(5it, 
where a, = a(ro). Since the vector S is conserved, only the products runic need be averaged. 
According to the formula derived in §29, Problem, we have 

- KiEic+liicEi 

ni'it =-+ ... ; 

(2a:-ix2a:+3) 

here we have not written out the terms proportional to whose contribution to the energy 
is independent of J and therefore does not cause any splitting of the type under consideration. 
Thus the splitting is given by the operator 




Since S commutes with R, 


SiStK.Kt = SiKtSiKi, = (S . K)V 


where the eigenvalue S . K is given by (84,4). We also have 

SiSfcKicKi = SiSkKiKt + iSiSicejcitKi 

= (S . K.)--HS,S,c-Si-Si);einKi 
= (S . 'K.y^-i-leaieu^Sjn^, 

= (S . K): + S .K. 
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The values/ = K,K±\ correspond to the three components Ek of t' e triplet (S = 1). 
For the intervals between these components we find 

A‘+l K 

- Ta = - is- = 

Problem 2. Determine the energy of a doublet term (with As^O) for cases intermediate 
between a and b (E. Hill and J. H. van Vleck 1928). 

Solution. Since the rotational energy and the energy of the spin-axis interaction are 
supposed of the same order of magnitude, they must be considered together in perturbation 
theory, so that the perturbation operator is of the formf 

r = B,ft=+.T,n.S 

As wave functions in the zero-order approximation it is convenient to use those of states in 
which the angular momenta K and J have definite values (i.e. those of case b). Since S = i 
for a doublet term, the quantum number K, for a given J, can take the values K = J 
To construct the secular equation, w-e must calculate the matrix elements (nSKJ\V\nSK'jy 
(n denoting the assembly of quantum numbers de^^ing the electron term), where K,K' take 
the above values. The matrix of the operator K* is diagonal; the diagonal elements are 
K(K+l). The matrix elements of n. S are calculated from the general formula (109.5), in 
which we must put = S,/ = AT; the reduced matrix elements of n are given by (87.4). 
Calculation gives the secular equation 


I B.(;+i)c/+3)--4.A'(2;-bi)-£<'' A,viu+i)‘-^nKy+') i ^ 

Solving this equation and adding £<•) to the unperturbed energ>', we have 

E = U,+hc^.{z+l)+BJU+\)±V[BXl+lf-A.B,A+lAn- 

a constant iB, is included in Vt. The inequalitj' At BtJ corresponds to case a, and the 
opposite one to case b. 

Problem 3. Determine the intervals between the components of a triplet level in a 
case intermediate between a and b. 

Solution. As in Problem 2, the rotational energy and the energy of the spin-spin inter¬ 
action are considered together in the perturbation theory. The perturbation operator is of 
the form 

P = B.R*+aJin.&r. 

As wave functions in the zero-order approximation we use those of case b. The matrix elements 
</f|n. S|K’'> (we omit all suffixes with respect to which the matrix is diagonal) are again 
calculated from (109.5) and (87.4), this time with A = 0, 5 = 1. The non-zero elements are 
of the form 


<;in . Si;- 1 ) = VIU+ my+ 1)]. <7ln ■ si7+1> = VUIi.V+ 1)]- 

For a given J, the number K can take the values K = J, For the matrix elements 

<A’| V\K'y we find 

<Mij> = Bj(;+i)+ae. <j-nv!j-i> = B^;-i)7+«c(;+i)/(2;+i). 

<7+i|F)7+i> = B,(7+i)(7+2)+aJ/(27+i). 

<7-i|F|7+i> = <7+i|F|7-i> = o,V[7(7+i)/(27+J)]- 

■j* The averaging with respect to vibrations must be done before that with respect to 
rotation. Hence, restricting ourselves to the first terms of the expansions in we have 
replaced the functions B{r) and 74(r},by the values Be and and the unperturbed energy 
levels are = C/e + ^£"e(t’ + 4). 
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We see that there are no transitions between states with K = J and those with K — y±l. 
Hence one of the levels is simply = (,J\V\J'). The other two (E^, E^) are obtained by 
solving the quadratic secular equation formed from the matrix elements for transitions 
between states J±\- Since we are here interested only in the relative position of the com¬ 
ponents of the triplet, we subtract the constant Xe from all three energies Ei, E^, E,. As a 
result we obtain 


Ei = BeJ(J+l). 

£ 2,3 = ±V[Be\2J+\y-=^,Be + W‘l 


In case b (a small), by considering three levels with the same K and different J (J — K, 
■K±l), we again obtain the formulae of Problem 1. 


§85. Multiple! terms. Cases c and d 

Besides cases of a and b coupling and those intermediate between them, 
there are also other types of coupling. These originate as follows. The 
occurrence of the quantum number A is due ultimately to the electric interac¬ 
tion of the two atoms in the molecule, which results in the axial symmetry 
of the problem of determining the electron terms (this interaction in the 
molecule is called the coupling between the orbital angular momentum and 
the axis). The distances between terms with different values of A give a 
measure of the magnitude of this interaction. Previously we have tacitly 
supposed this interaction so strong that these distances are large both com¬ 
pared with the intervals in the multiple! splitting and compared with those 
in the rotational structure of the terms. There are, however, opposite cases 
where the interaction of the orbital angular momentum with the axis is com¬ 
parable with or even small compared with the other effects; in such cases, of 
course, we cannot in any approximation speak of a conservation of the pro¬ 
jection of the orbital angular momentum on the axis, so that the number A 
is no longer meaningful. 

If the coupling of the orbital angular momentum with the axis is small 
in comparison with the spin-orbit coupling, we say that we have case c. It 
is found in molecules which contain an atom of a rare-earth element. These 
atoms are characterized by the presence of / electrons with uncompensated 
angular momenta; their interaction with the axis of the molecule is weakened 
by the deep position of the / electrons in the atom. Cases intermediate be¬ 
tween the a and c types of coupling are found in molecules consisting of 
hea'vv atoms. 

If the coupling of the orbital angular momentum with the axis is small 
compared with the intervals in the rotational structure, we say that we have 
case d. This case is found for high rotational levels (with large J) in some elec¬ 
tron terms of the lightest molecules (H 2 , He 2 ). These terms are characterized 
by the presence in the molecule of a highly excited electron, whose interaction 
with the remaining electrons (or, as we say, with the “core” of the mole¬ 
cule) is so weak that its orbital angular momentum is not quantized along the 
axis of the molecule (whereas the “core” has a definite angular momen¬ 
tum Acore about the axis). 
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As the distance r between the nuclei increases, the interaction between the 
atoms is diminished, and finally becomes small compared with the spin-orbit 
interaction within the atoms. Hence, if we consider the electron terms for 
fairly large r, we shall have case c. This must be borne in mind when 
ascertaining the relation between the electron terms of the molecule and the 
states of the atoms obtained as r co. In §80 we have alread\ discussed this 
relation, neglecting the spin-orbit interaction. When the fine structure of 
the terms is included, there arises also the question of the relation between 
the values J, and of the total angular momenta of the isolated atoms and 
the values of the quantum number O for the molecule. We shall give the 
results here, without reiterating arguments which are entirely similar to those 
of §80. 

If the molecule consists of different atoms, the possible values off |Q, 
obtained on combining atoms with angular momenta J^, > /,) are 

given by the same table (80.1), in which we must put /j, in place of Lj, Lj, 
and |Q| in place of A. The only difference is that, for half-integral Ji+ J^, 
the smallest value of |0| is not zero as shown in the table, but h For integral 
on the other hand, there are 27 s, -fl terms with Q = o', for which (as 
for Z terms when the fine structure is neglected) we have to decide the 
question of sign. IfJi and 72 are each half-integral, the number 272+1 is 
even, and there are equal numbers of terms, which we shall denote by 0 "^ 
and 0 ~. If 7 i and 72 are both integral, however, then 72+1 terms are 0+ and 
J2 are 0 “ (if ( — 1 Y' *-^^PiP2 = 1 ) or zice versa (if (— 1 ^ ■ ^'^>PiP2 = — 1 ). 

If the molecule consists of similar atoms in different states, the resulting 
molecular states are the same as in the case of different atoms, the only 
difference being that the total number of terms is doubled, with each term 
appearing once as an even and once as an odd term. 

Finally, if the molecule consists of similar atoms in the same state (with 
angular momenta 7i = 7s — /)> total number of states is the same as in 
the case of different atoms, while their distribution in parity is such that, 
if 7 is integral and Q is even, Ng — 
if 7 is integral and Q is odd, Ng = 
if 7 is half-integral and Q is even, N^ = Ng] 
if 7 is half-integral and Q is odd, N^, — Ng + 1. 

All the 0+ terms are even and all the 0~ terms odd. 

As the nuclei approach, a coupling of type c usually passes into one of 
type aX- Here the following interesting circumstance may arise. As already 
mentioned, the term with A = 0 belongs to case b, and as regards the classi¬ 
fication of case a this means that multiplet levels with different values of H 
(and the same A = 0) have the same energy; but such levels can occur on 
the approach of atoms which are in different fine-structure states. 


t In adding the two total angular momenta Ji,Ji of the atoms to form the resultant angular 
momentum H, the sign of H is clearly immaterial. 

|| I The correspondence between the classification of terms of types a and c cannot be 
derived in a general form. Its derivation necessitates a consideration of the actual potential 
energy curves, taking into account the rule that levels of like symmetry cannot intersect (§79). 
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Thus it may happen that the same molecular term corresponds to different 
pairs of atomic fine-structure states. A similar situation may occur for terms 
with Q = 0 which, on the approach of the nuclei, become a molecular term 
with A # 0 (and therefore S = —A). Such levels are doubly degenerate, 
since in case a the same energy corresponds to the terms 0"^ and 0“ 
(which may arise from different pairs of atomic states).f 


§86. Symmetry of molecular terms 

In §78 we have already examined some symmetry properties of the terms 
of a diatomic molecule. These properties characterized the behaviour of the 
wave functions in transformations which leave the coordinates of the nuclei 
unaltered. Thus the symmetry of the molecule with respect to reflection in 
a plane passing through its axis brings about the difference between S+ and 
S~ terms; the symmetry with respect to a change in sign of the coordinatesj 
of all the electrons (for molecules composed of like atoms) gives rise to the 
classification of terms into even and odd. These symmetry properties char¬ 
acterize the electron terms, and are the same for all rotational levels belonging 
to the same electron term. 

The states of the molecule, like those of any system of particles (see §30), 
are characterized by their behaviour with respect to inversion, i.e. a simul¬ 
taneous change in sign of the coordinates of all the electrons and the nuclei. 
For this reason, all the terms for the molecule can be divided into positive 
(whose wave functions are unaltered when the sign of the coordinates of the 
electrons and nuclei is reversed) and negative (whose wave functions change 
sign on inversion). 1 

For A 0, each term is doubly degenerate, on account of the two possible 
directions of the angular momentum about the axis of the molecule. As a 
result of inversion, the angular momentum itself does not change sign, but 
the direction of the axis of the molecule is reversed (since the atoms change 
places), and hence the direction of the angular momentum A relative to the 
molecule is reversed. Hence two wave functions belonging to the same 
energy level are transformed into each other, and from them we can always 
form a linear combination that is invariant with respect to inversion and one 
that changes sign under this transformation. Thus we obtain for each term 
two states, of which one is positive and the other negative. In practice, 
every term with A # 0 is split, however (see §88), and so these two states 
correspond to different values of the energy. 

The S terms require special consideration to determine their sign. First 


t We here neglect what is called A-doubling (see §88) 

J The origin is supposed to be taken on the axis of the molecule, and half-way between the 
two nuclei 

We retain the customary terminology. It is unfortunate, however, since in the case of 
an atom the behaviour of the terms with respect to the operation of inversion is referred to as 
parity and not sign. 

The sign of which we are here speaking must not be confused with the + and — which are 
added as indices to Z terms. 
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of all, it is clear that the spin bears no relation to the sign of the term; the 
inversion operation changes only the coordinates of the particles, leaving 
the spin part of the wave function unaltered. Hence all the components of 
the multiplet structure of any given term have the same sign. In other words, 
the sign of the term depends only on K, and not on J.\ 

The wave function of the molecule is the product of the electron and 
nuclear wave functions. It has been shown in §82 that, in a 1 state, the motion 
of the nuclei Is equivalent to that of a single particle, of orbital angular 
momentum K, in a centrally symmetric field U{r). Hence vve can say that, 
when the sign of the coordinates is changed, the nuclear wave function is 
multiplied by ( — 1)^ (see (30.7)). 

The electron wave function characterizes the electron term, and to ascertain 
its behaviour under inversion we must consider it in a system of coordinates 
rigidly connected to the nuclei and rotating with them. Let x, y, s be a sys¬ 
tem of coordinates fixed in space, and ^ a rotating system of coordinates 
in tvhich the molecule is fixed. The direction of the axes of f, rj, ^ is defined 
so that the ^-axis coincides with the axis of the molecule from (say) nucleus 
1 to nucleus 2, and the relative position of the positive directions of the axes 
of t], ^ is the same as in the system x, y, z (i.e. if the system x, y, z is left- 
handed, the system ^ is so too). As a result of the inversion operation, 
the direction of the axes of x, y, z is reversed, and the system changes from 
left-handed to right-handed. The system rj, I must also become right- 
handed, but the ^-axis, being rigidly connected to the nuclei, retains its 
former direction. Hence the direction of either one of the axes of rj must 
he reversed. Thus the operation of inversion in the fixed system of co¬ 
ordinates is equivalent in the moving system to a reflection in a plane passing 
through the axis of the molecule. Under such a reflection, however, the 
electron wave function of a term is unaltered, while that of a term 
changes sign. 

Thus the sign of the rotational components of a 11+ term is determined by 
the factor ( — 1)^; all the levels with even K are positive, while those with 
odd K are negative. For a S“ term, the sign of the rotational levels is deter¬ 
mined by the factor (— 1)-^+; all levels with even K are negative, while those 
with odd K are positive. 

If the molecule consists of similar atoms,| its Hamiltonian is also invariant 
with respect to an interchange of the coordinates of the two nuclei. A term 
is said to be symmetric with respect to the nuclei if its wave function is un¬ 
altered when they are interchanged and antisymmetric if its wav'e function 
changes sign. The symmetry with respect to the nuclei is closely related to 
the parity and sign of the term. An interchange of the coordinates of the 
nuclei is equivalent to a change in sign of the coordinates of all the particles 
(electrons and nuclei), followed by a change in sign of the coordinates of the 
electrons only. Hence it follows that, if the term is even and positive (or 

^ t recall that case b usually holds for Z terms, and so it is necessary to use the quantum 
numbers K and J. 

J The two atoms must be not only of the same element, but also of the same isotope. 



§86 Symmetry of molecular terms 333 

odd and negative), it is symmetric with respect to the nuclei. If, on the other 
hand, it is even and negative (or odd and positive), then it is antisymmetric 
with respect to the nuclei. 

At the end of §62 we have established a general theorem that the coordinate 
wave function of a system of two identical particles is symmetrical when the 
total spin of the system is even, and antisymmetrical when it is odd. If we 
apply this result to the two nuclei of a molecule composed of similar atoms, 
we find that the symmetry of a term is related to the parity of the total spin 
I obtained by adding the spins i of the two nuclei. The term is symmetric 
when / is even, and antisymmetric when / is odd.f In particular, if the nuclei 
have no spin (i = 0), I is zero also; hence the molecule has no antisymmetric 
terms. We see that the nuclear spin has an important indirect influence on 
the molecular terms, although its direct influence (the hyperfine structure of 
the terms) is quite unimportant. 

When the spin of the levels is taken into account, an aaditional degeneracy 
of the levels results. Again in §62, we have calculated the number of states 
with even and odd values of I that are obtained on adding two spins i. Thus, 
when i is half-integral, the number of states with even I is f(2i-l-l), and with 
odd I is (t + l)(2i-|-l). From what was said above, we conclude that the 
ratio of the degrees ga of the degeneracyj of symmetric and antisymmetric 
terms for terms with half-integral i is 

=#+l). (86.1) 

For integral i, we similarly find that this ratio is 

gsiga (86.2) 

We have seen that the sign of the rotational components of a S+ term is 
determined by the number (—1)^. Hence, for example, the rotational com¬ 
ponents of a S+p term for even K are positive, and therefore symmetric, while 
for odd K they are negative and consequently antisymmetric. Bearing in 
mind the results obtained above, we conclude that the nuclear statistical 
weights of the rotational components of a level with successive values 
of K take alternate values, in the ratios (86.1) or (86.2). A similar situa¬ 
tion is found for Z+„, and levels. In particular, for i = 0 the 
statistical weights of levels with even K for and terms, and of levels 
with odd K for 2+^ and terms, are zero. In other words, in the electron 
states S+„, there are no rotational states with even K, and in 2+^, 2“^ 
states there are none with odd K. 

Because of the extremely weak interaction of the nuclear spins with the 
electrons, the probability of a change in I is very small, even in collisions of 


t Recalling the relation between the parity, sign and symmetry of terms, we conclude that. 

^ levels are even and the negative levels 

odd, and vice versa when / ts odd ® 

metric and antisymmetric levels. ® ssym 
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molecules. Hence molecules differing in the parity of 7, and accordingly 
having only symmetric or only antisymmetric terms, behave almost .as differ¬ 
ent forms of matter. Such, for instance, are orthohydrogen and parahydro- 
gen; in the molecule of the former, the spins i = ^ of the two nuclei are 
parallel (7 = 1), while in that of the latter they are antiparallel (7 = 0). 


§87. Matrix elements for the diatomic molecule 

In this section we shall give some general formulae for the matrix elements 
of physical quantities in a diatomic molecule. Let us first consider the matrix 
elements for transitions between states with zero spin. 

Let A be some vector physical quantity for a molecule with fixed nuclei, 
such as its electric or magnetic dipole moment. Let us first consider this 
quantity in coordinates f, tj, ^ that rotate with the molecule, the C-axis being 
along the axis of the molecule. The angular momentum of the molecule 
relative to this system (i.e. the electron angular momentum L) is not con¬ 
served completely, but its ^-component is conserved. The selection rules 
for the quantum number = A therefore remain valid (and they are the 
same as for M in §29). Thus the non-zero matrix elements of the vector are 

<w'A|^{|nA>, in'K\A^ + iA^\n, A-\y, 
in', A-\\A^-iA,J\nAy, 

where n numbers the electron terms for the given A. 

If both the terms are E terms, we must also bear in mind the selection 
rule arising from the symmetry with respect to reflection in a plane passing 
through the axis of the molecule. In such a reflection, the ^-component of an 
ordinary (polar) vector is unchanged, while that of an axial vector changes 
sign. Hence we conclude that, for a polar vector, A^ has non-zero matrix 
elements only for the transitions E+ S+ and E- -> E“, and for an axial 
vector only for E+ ->E“. We need not discuss the components A^, A,^, 
since for these no transitions without change of A are possible. 

If the molecule consists of similar atoms, there is also a selection rule 
regarding parity. The components of a polar vector change sign under 
inversion. Hence its matrix elements are non-zero only for transitions 
between states of different parity (the reverse is true for an axial vector). In 
particular, all the diagonal matrix elements of the components of a polar 
vector vanish identically. 

The question of the relation betw'een the matrix elements (87.1) and those 
of the same vector in a fixed coordinate system x, y, z is solved by the general 
formulae derived in §110 below for any axially symmetric physical system. 

After separating the dependence (the same for any vector) on the quantum 
number Mk (the ^-component of the total angular momentum K of the 
molecule), we are left with the reduced matrix elements (n'K'A'\\A\\TiKAy. 
Theirrelationtothematrixelements(87.1)isgivenby(110.7) with/: = k' =1 
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(corresponding to a vector) and the appropriate change in the quantum- 
number notation; from (82.4), .V is equal to the ^-component of the total 
angular momentum K. Using the relation (107.1) between the components 
of a spherical tensor of rank one and the Cartesian components of a vector, 
and the values of the Sj-symbols from Table 9 (§106), we obtain the following 
expressions for the matrix elements diagonal with respect to A: 


in'KiVA\}nKi\y = A /^^±L <„'ALq l„A>, 
\Ik{K+1) ' ^ 

in', K-l, A||.4||ni^A> = i j P-^^ in'A\A,\nAy, 

\ ^ 

and for those not diagonal with respect to A, 
in'KA\\A\\nK, A-l> 

in'KA\\A^^n, K-\, A-l> 

- ■r(^+A)(jc+A-i)']i/g 


(87.2) 


in', 1, All^ljwi^, A-l> 


in'AlAf + iA,,\n, A - 1>, 


. I 
I ■ 


(A^-A)(/C-A-H)-|Vg 


4A 


■J 


in'A\Ai. + iA„\n, A-\y. 


(87.3) 


The remaining non-zero elements are found from these by means of the 
Hermitian property of the reduced matrix elements: 


<wAA||^!|w'A'A'> = inK'A'\A\\nKAy, 


and of the matrix elements in the coordinates t}, 


inA\Af-iA„\n'A'y = in’A'\A ^ + iA,\n Ay*, 
<wA|^.|n'A'> = in'A'\A^\nAy*. 


The following are the particular formulae for the matrix elements of the 
vector A = n, a unit vector along the axis of the molecule. In this case 
we have simply A, = A„ ^ 0, A, = 1, and in the coordinates (, -n, i only 
the diagonal elements non-zero. <nAM,l„A> = 1. The reduced matrix 
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elements are diagonal in all suffixes except K, and if only this suffix is written 
we have 

(H. Honl and F. London 1925). For A = 0, these formulae give 

</C||«||/C> = 0. iK- l|ln||ii:> = WK, 

which agree, as we should expect, with the matrix elements for a unit vector 
in motion in a centrally symmetric field; see (29.14). 

Let us now see how the formulae we have obtained should be modified 
for transitions between states with non-zero spin. Flere it is important to 
know whether the states belong to case a or to case b. 

If both states belong to case a, the formulae are changed essentially only 
as regards notation. The quantum numbers K and Mu do not exist, and 
instead we have the total angular momentum J and its projection Mj on the 
^-axis. There are also the additional numbers 5 and Q = A-l-2, so that 
the reduced matrix elements are 

<w7'5'Q'A'||^||n75nA>. 

Let A be any orbital vector (i.e. one which does not depend on the spin). 
Its operator commutes with the spin operator S, so that its matrix is diagonal 
with respect to the quantum numbers S and = Z; the quantum number 
Q = A + Z therefore changes together with A (i.e. Q'-Q = A'-A). 
Formulae (87.2)-(87.4) are changed only in that the matrix elements have 
further suffixes, and in the other factors K and A are to be replaced by J and 
Q. For example, the first formula (87.2) becomes 

<«7QA||^||«/QA> = Q<«'QA|^j|«QA> 

(the diagonal suffix S being omitted). 

Now, let A = S. Since the spin operator commutes with the orbital 
angular momentum, and also with the Hamiltonian, its matrix is diagonal 
with respect to n and A, but not with respect to S' and Z (or Q). The matrix 
elements of the components A^, A^, A^ for transitions S, H ->■ S', Z' are 
given by formulae (27.13), with 5' and Z in place of L and M. The change 
to the coordinates x, y, z is then made by means of formulae (87.2) and (87.3), 
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with J and Q in place of K and A. Thus we have, for instance, 
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<C/Q|15i|7,Q-l> 


[' 


(2/ +i)(7+n)(y-Q+i) - 

4 /( 7 + 1 ) J 


1/2 


X <Q|5,+f5JQ-l> 


~ (27+i)(7+0)(7-^+^)(-g+s)(-g-^ + in 

47(7+1) 


(the diagonal suffixes n, S and A being omitted). 

Next, let both states belong to case b, and let A be an orbital vector. The 
calculation of the matrix elements is performed in two stages. First we 
consider the rotating molecule without taking into account the addition of 
S and K; the matrix elements are diagonal with respect to the number S, 
and are determined by the same formulae (87.2), (87.3). In the second stage, 
the angular momentum K is added to 5 to give the total angular momentum 
7, and the new matrix elements are obtained by the general formulae (109.3), 
with Kt S, J in place of ji, j 2 , J. For example, the elements diagonal with 
respect to J, K and A are first 


<n’JKAmnJKAy 


= {-l)KrJ+Srl(2J+l 


>17 



<n'X'A||^||ri/:A> 


and then, with the 6y-symbol from Table 10 (§108) and the reduced matrix 
element from (87.2), finally 


(n'JKA\\A\\nJKAy 



2K{K+l) 


(n' A\A^\nAy. 


The calculation of the matrix elements for transitions between states of 
which one belongs to case a and the other to case b is carried out similarly. 
We shall not pause to discuss it here. 


PROBLEMS 

Problem 1. Determine the Stark splitting of the terms for a diatomic molecule having 
a constant dipole moment, in the case where the term belongs to case a. 

Solution. The energy of a dipole d in an electric field S is — d . <§’. From considera¬ 
tions of symmetry it is evident that the dipole moment of a diatomic molecule is directed 
along Its axis; d - da, where d is a constant. Taking the direction of the field as the a-axis 
we obtain the perturbation operator in the form —dn,^. 
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Determining the diagonal matrix elements of tiz in accordance with the formulae derived 
above, we find that in case a the splitting of tne levels is given bv the formulai* 

\E ^ 

Problem 2. The same as Problem 1, but for the case where the term belongs to case b 
(and A 0). 

Solution, By the same method we have 

A£ = IdMj ]) — S[S-^ 1) + K{K+ 1) 

2K{K+l)J{J+\) 

Problem 3. The same as Problem 2, but for a ’£ term. 

Solution. For A = 0 the linear effect is absent, and we must go to the second approxi¬ 
mation of perturbation theory. In the summation in the general formula (38.10), it is sufficient 
to retain only those terms which correspond to transitions between rotational components of 
the electron term concerned; for other terms the energy differences in the denominators are 
large. Thus we find 

( Eit-Ex-t Ek~Ek^i i’ 


where Ek = BK(K + l). A simple calculation gives 


B 2K(K-e\)(2K-\)(2K-^i) 


§88. A-doubling 

The double degeneracy of the terms with A # 0 (§78) is in fact only 
approximate. It occurs only so long as we neglect the effect of the rotation 
of the molecule on the electron state (and also the higher approximations with 
respect to the spin-orbit interaction), as we have done throughout the above 
theory. When the interaction between the electron state and the rotation is 
taken into account, a term with A ^ 0 is split into two levels close together. 
This phenomenon is called A-doubling (E. Hill and J. H. van Vleck, and 
R. de L. Kronig, 1928). 

To consider this effect quantitatively, we again begin with the singlet 
terms (5 = 0). We have calculated (in §82) the energy of the rotational 
levels in the first approximation of perturbation theory, determining the 
diagonal matrix elements (i.e. the mean value) of the operator 

B(r)(g-L)*. 

To calculate the subsequent approximations, we must consider the elements 
of this operator that are not diagonal with respect to A. The operators K® 
and L® are diagonal with respect to A, so that we need consider only the oper¬ 
ator 2RK. L. 

+ It may seem that there is here a contradiction of the general assertion that there is no 
linear Stark effect (§76). In fact, of course, there is no contradiction, since the presence of a 
linear Stark effect is here due to the double degeneracy of the levels with fi 5 ^ 0; the formula 
obtained is therefore applicable provided that the energy of the Stark splitting is large com¬ 
pared with that of what is called the A-doubliug (§ 88 ). 
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The calculation of the matrix elements of R. L is conveniently effected 
by means of the general formula (29.12), in which we must put A = K, 
B = L; the parts of L and M are taken by K and M^, while in place of n we 
must put n. A, where n denotes the assembly of quantum numbers (other 
than A) which determine the electron term. Since the matrix of the vector 
K, which is conserved, is diagonal with respect to w. A, while that of the 
vector L contains non-diagonal elements only for transitions in which A 
changes by unity (cf. what was said in §87 concerning an arbitrary vector A), 
we find, using formulae (87.3), 


{ti'AKMkIK . L]n, A - 1, KMk} 

= Un'A\Lf + iL^\n, A- 1> V[(i^+A)(/i:+ 1 -A)]. (88.1) 

There are no non-zero matrix elements corresponding to any greater change 
in A. 

The perturbing effect of the matrix elements with A -> A —1 can cause 
the appearance of an energy difference between states with ±A only in the 
2Ath approximation of perturbation theory. Accordingly, the effect is pro¬ 
portional to i.e. to (rnjMy^, where M is the mass of the nuclei and m 
that of the electron. For A > 1, this quantity is so small that it is of no 
interest. Thus the A-doubling effect is of importance only for 11 terms 
(A = 1), which are considered below. 

For A = 1 we must go to the second approximation. The ''orrections to 
the eigenvalues of the energy can be determined from the general formula 
(38.10). In the denominators of the terms in the sum occurring in this equa¬ 
tion we have energy differences, of the form In these 

differences, the terms containing K cancel, since, for a given distance r be¬ 
tween the nuclei, the rotational energy is the same quantity, B(r)iC(iC-l-l), 
for all the terms. Hence the dependence on K of the required splitting AE 
is entirely determined by the squared matrix elements in the numerators. 
Among these are the squared elements for transitions in which A changes 
from 1 to 0 and from 0 to —1; these both give, by (88.1), the same depen¬ 
dence on K, and we find that the splitting of the ^11 term is of the form 

AiF = constant xA'(A-|-1), (88.2) 

where the constant is of the order of magnitude of e, e being the order of 
magnitude of the differences between neighbouring electron terms. 

Let us pass now to terms with non-zero spin (^O and ^11 terms; higher 
values of S are not found in practice). If the term belongs to case b, the 
multiplet splitting has no effect on the A-doubling of the rotational levels, 
which is determined as before by formula (88.2). 

In case a, however, the effect of the spin is important. Here each electron 
term is characterized by the number Q as well as A. If we simply replace 
A by A, then Q = A-)- S is changed, so that we obtain an entirely different 
term. The states with A, Q and —A, — Q are mutually degenerate. This 
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degeneracy can here be removed not only by the effect, considered above, of 
the interaction between the orbital angular momentum and the rotation of 
the molecule, but also by the effect of the spm-orbit interaction. The con¬ 
servation of the projection fi of the total angular momentum on the axis of 
the molecule is (if the nuclei are fixed) an exact conservation law, and so 
cannot be destroyed by the spin-orbit interaction; the latter can, however, 
change A and S (i.e. there are matrix elements for the corresponding transi¬ 
tions) in such a w'ay that Q. remains unchanged. This effect, alone or in 
combination with the orbit-rotation interaction (which alters A but not S), 
may cause A-doubling. 

Let us first consider the terms. For the “Ei^g term (A= 1, £ = —i, 
Q = ^), the splitting is obtained on taking into account simultaneously the 
spin-orbit and orbit-rotation interactions, each in the first approximation. 
For the former gives the transition A=l, L = —i-^A=0, and 

then the latter converts the state A = 0, li = 4 into A = — 1, L = i, which 
differs from the initial state by the signs of A and Q being reversed. The mat¬ 
rix elements of the spin-orbit interaction are independent of the rotational 
quantum number J, while the dependence of those for the orbit-rotation 
interaction is determined by formula (88.1). in which (under the radical) 
we must replace K and A by 7 and Q. Thus we have for the A-doubling 
of a ^Ej/j term the expression 

AFi/j = constant X (7+^), (88.3) 

where the constant is of the order of ABje. For a ^Eg/^ term, on the other 
hand, the splitting can be found only in higher approximations, so that in 
practice = 0. 

Finally, let us consider ®E terms. For a ^Eg term (A = 1, S = — 1), the 
splitting is obtained on taking into account the spin-orbit interaction in the 
second approximation (because of the transitions A = 1, E = —1 ->-A = 0, 
2 = 0-5-A=—1, 2=1). Accordingly, the A-doubling in this case is 
entirely independent of J : 

AEg = constaiit ~ A^je. (88.4) 

For a ^Ei term, 2 = 0, and so the spin has no effect on the splitting; hence 
we again have a formula like (88.2), but with K replaced by J : 

AEj = constant xj(l+l). (88.5) 

For a ®Ej term, higher approximations are needed, so that we can suppose 
AEj = 0. 

One of the levels of the doublet resulting from A-doubling is always posi¬ 
tive. and the other negative; we have already discussed this in §86. An 
investigation of the wave functions of the molecule enables us to establish 
the regularities of the alternation of positive and negative levels. Here we 
shall give only the results of the investigation.■}■ It is found that if, for some 

f This may be found in E. Wigner and E. Witmer, Zeitschrift fiir Physik 51, 859, 1928. 
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value of J, the positive level is below the negative one, then in the doublet 
for y+1 the order is opposite, the positive level being above the negative 
one, and so on; the order varies alternately as the total angular momentum 
takes successive values. We are speaking here of case a terms; for case b, the 
same holds for successive values of the angular momentum K. 

PROBLEM 

Determine the A-splitting for a * A term. 

Solution. Here the effect appears in the fourth approximation of perturbation theory. 
Its dependence on K is determined by the products of the four matrix elements (88.1) for 
transitions :vith change of A -*-0, O-*- —1, —1 -*■ —2. This gives 

= constant x(A-1 )A(K4-1)(A:+2). 
where the constant is of order of 

§89. The interaction of atoms at large distances 

Let us consider two atoms which are at a great distance from each other 
(relative to their size), and determine the energy of their interaction. In 
other words, we shall discuss the determination of the form of the electron 
terms when the distance between the nuclei is large. 

To solve this problem we apply perturbation theory, regarding the two 
isolated atoms as the unperturbed system, and the potential energy of their 
electrical interaction as the perturbation operator. As we know (see Fields, 
§§41,42), the electrical interaction of two systems of charges at a large distance 
r apart can be expanded in powers of l,r, and successive terms of this expan¬ 
sion correspond to the interaction of the total charges, dipole moments, 
quadrupole moments, etc., of the two systems. For neutral atoms, the total 
charges are zero. The expansion here begins with the dipole-dipole inter¬ 
action (~1 r^)\ then follow the dipole-quadrupole terms (~1/H), the 
quadrupole-quadrupole (and dipole-octupole) terms (~1 ir^), and so on. 

Let us first suppose that both atoms are in the 5 state. Then it is easily 
seen that there is no interaction between the atoms in the first approximation 
of perturbation theory. The energy of the interaction of the atoms is there 
determined as the diagonal matrix element of the perturbation operator, 
calculated with respect to the unperturbed wave functions of the system 
(expressed in terms of products of the wave functions for the two atoms).f 
In S states, however, the diagonal matrix elements, i.e. the mean values of 
the dipole, quadrupole, etc., moments, are zero; this follows immediately, 
since the distribution of charge density in the atoms is spherically symmetri¬ 
cal. Hence each term of the expansion of the perturbation operator in powers 
of Ijr is zero in the first approximation of perturbation theory. J 

t Here we neglect the exchange effects, which decrease exponentially with increasing 
distance; cf. §62, Problem 1, and §81, Problem. 

t This, of course, does not imply that the mean value of the interaction energy of the atoms 
IS precisely zero. It diminishes exponentially with distance, i.e, more rapidly than every 
finite pow'er ot 1,'r, and hence each term of the expansion vanishes. This occurs because the 
expansion of the interaction operator in terms of the multipole moments involves the assump¬ 
tion that the charges of the two atoms are at a large distance r apart, whereas in quantum 
mechanics the electron density distribution has finite (though exponentially small) values 
even at large distances. 
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In the second approximation it is sufficient to restrict ourselves to the dipole 
interaction in the perturbation operator, since this decreases least rapidly 
as r increases, i.e. to the term 

V = [di. d2 —3(di. n)(d2. n)]/^^, (89.1) 

w'here n is a unit vector in the direction joining the two atoms. Since the 
non-diagonal matrix elements of the dipole moment are in general different 
from zero, we obtain in the second approximation of perturbation theory a 
non-vanishing result which, being quadratic in F, is proportional to 1/r®. 
The correction in the second approximation to the lowest eigenvalue is 
always negative (§38). Hence we obtain for the interaction energy of atoms 
in their normal states an expression of the form 

U(r) = —constant/r®, (89.2) 

where the constant is positive-)- (F. London 1928). 

Thus two atoms in normal 5 states, at a great distance apart, attract each 
other with a force ( — dUjdr) which is inversely proportional to the seventh 
power of the distance. The attractive forces between atoms at large distances 
are usually called van der Waals forces. These forces cause the appearance 
of minima on the potential energy curves of the electron terms even for 
atoms which do not form a stable molecule. These depressions, however, 
are very shallow (being only tenths or even hundredths of an electron-volt 
in depth) and lie at distances several times greater than the distances between 
atoms in stable molecules. 

If only one of the atoms is in the 5 state, the same result (89.2) is obtained 
for the interaction energ)', since, for the first approximation to vanish, it is 
sufficient for the dipole (etc.) moment of only one atom to be zero. The 
constant in the numerator of (89.2) here depends, not only on the states of 
the two atoms, but also on their mutual orientation, i.e. on the value Q of the 
projection of the angular momentum on the axis joining the atoms. 

If both atoms have non-zero orbital and total angular momenta, however, 
the situation is changed. The mean value of the dipole moment is zero in 
every state of the atom (§75). The mean values of the quadrupole moment in 
states with L 0 or J are not zero, however. Hence the quadrupole- 

quadrupole term in the perturbation operator gives a non-zero result even 
in the first approximation, and the interaction energy of the atoms diminishes 
as the fifth, not the sixth, power of the distance: 

U{r) = constant/r®. (89 3) 

Here the constant may be either positive or negative, i.e. we may have either 
attraction or repulsion. As in the previous case, this constant depends not 

t As examples, the value of the constant (in atomic units) for two atoms of hydrogen is 
6.5, of heliurri 1.5, of argon 68, of krypton 130. 
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only on the states of the atoms, but also on the state of the system formed 
by the two atoms. 

A special case is the interaction of two similar atoms in different states. 
The unperturbed system (the two isolated atoms) has here an additional de¬ 
generacy due to the possibility of interchanging the states of the atoms. 
Accordingly, the correction in the first approximation will be given by the 
secular equation, in which the non-diagonal matrix elements of the perturba¬ 
tion appear as well as the diagonal ones. If the states of the two atoms have 
different parities, and angular momenta L differing by ± 1 or 0 but not both 
zero (the same restriction being placed on J), then the non-diagonal matrix 
elements of the dipole moment for transitions between these states are in 
general not zero. Hence an effect in the first approximation is obtained from 
the dipole term in the perturbation operator. Thus the interaction energy 
of the atoms is here proportional to 1/r®; 

U{r) = constant/H, (89.4) 

where the constant may have either sign. 

Usually, however, what is of interest is the interaction of the atoms averaged 
over all possible orientations of their angular momenta (this formulation 
corresponds, for instance, to the interaction of atoms in a gas). With this 
averaging, the mean values of all multipole moments vanish, and so do all 
effects, linear in these moments in the first approximation of perturbation 
theory, in the interaction of the atoms. Hence the averaged interaction 
forces between atoms at large distances always follow the law (89.2).f 

Let us further consider the kindred question of the interaction between an 
atom and an ion. In the first approximation of perturbation theory, this 
interaction is given by the mean value of the operator (76.8), the energy of the 
quadrupole in the Coulomb field of the ion. Since the potential of this field is 
0 ~ 1/r, the atom-ion interaction energy is proportional to 1 This 
effect exists, however, only if the atom has a mean quadrupole moment. 
Even then, it vanishes on averaging over all directions of the angular momen¬ 
tum J. 

The next interaction in order of powers of 1/r, which is always non-zero, 
IS that in the second order of perturbation theory with respect to the dipole 
operator (76.1). Since the_ ion field strength is ~l/r^, the energy of this 
interaction is proportional to 1;H. It can be expressed in terms of the 
polarizability z of the atom (in the 5 state) by 

IJ = —<xe~l2r*. (89.5) 

If the atom is in its ground state, this energy (like all corrections to the 

i' This la\v, derived on the basis of the non-relativistic theory, is valid only so long as the 
retardation of electromagnetic interactions is unimportant. For this to be so, the distance r 
between the atoms must be small compared with c/w„„. where are the frequencies of 
transitions between the ground state and the excited states of the atom. See RQT. §85, for the 
interaction of atoms when the retardation is taken into account. 
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ground-state energy) is negative, i.e. there is an attraction between the atom 
and the ion.-)- 


PROBLEM 

Derive a formula giving the van der Waals forces in terms of the matrix elements of dipole 
moments for two like atoms in S states 

Solution The answer is obtained b>' applying the general formula (38.10) of perturbation 
theory to the operator (89.1), On account of the isotropy of the atoms in the 5 state it is 
evident a priori that, on summation over all intermediate states, the squared matrix elements 
of the three components of each of the vectors di and ds give equal contributions, while the 
terms which contain products of different components give zero. The result is 

V(r) = 6 y <>ild,|0>^<>iV,i0>g 

^ ‘ r^£;. £„ + £„,-2£o ’ 

where Ets and En are the unperturbed values of the energies of the ground state and excited 
states of the atom. Since by hypothesis L = 0 in the ground state, the matrix elements 
(dz)(i7i are non-zero only for transitions to P states (L = 1). Using formulae (29.7), we bring 
t7(r) to the final form 

U(r) = 2 y <ni::d::00>g<«-l|id|:00>i 

3r^^. £ni + £„.i-2£oo ’ 

where in the suffixes tiL of the energy levels and the reduced matrix elements the second 
suffix gives the value of L and the first represents the assembly of the remaining quantum 
numbers which determine the energy level. 


§90. Pre-dissociation 

A basic premise of the theory of diatomic molecules as given in this chapter 
is the assumption that the wave function of the molecule falls into the product 
of an electron wave function (depending on the distance between the nuclei 
as a parameter) and a wave function for the motion of the nuclei. This sup¬ 
position amounts to neglecting, in the exact Hamiltonian of the molecule, 
certain small terms corresponding to the interaction of the nuclear and 
electron motions. 

When these terms are taken into account and perturbation theory is applied, 
transitions between different electron states appear. Physically, the transi¬ 
tions between states of which at least one belongs to the continuous spectrum 
are of particular importance. 

Figure 30 shows curves for the potential energy of two electron terms 
(more precisely, the effective potential energy Uj in some given rotational 
states of the molecule). The energy E' (the lower dashed line in Fig. 30) is 
the energy of some vibrational level of a stable molecule in the electron 
state 2. In state 1, this energy lies in the range of the continuous spectrum. 
In other words, in passing from state 2 to state 1 the molecule automatically 

t A similar attraction occurs between an atom and an electron at large distances. This 
attraction is the reason for the ability of the atom to form a negative ion by attachment of an 
electron (with binding energy from'a fraction of an electron-volt to several electron-volts). 
Not all atoms possess this property, however, since, in a field which decreases at large distances 
as l/r‘ (or l,'r=), the number of levels (corresponding to bound states of the electron) is 
always finite and, in particular cases, may be zero. 
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disintegrates; this phenomenon is called pre-dissociation.^ As a result of 
pre-dissociation, the state of the discrete spectrum corresponding to curve 
2 has in reality a finite lifetime. This means that the discrete energy level 
is broadened, i.e. acquires a certain width (see the end of §44). 



If, on the other hand, the total energy E lies above the dissociation limit 
in both states (the upper dashed line in Fig. 30), the transition from one 
state to the other corresponds to what is called a collision of the second kind. 
Thus the transition i 2 signifies the collision of two atoms, as a result of 
which the atoms are left in excited states, and separate with diminished 
kinetic energy (for r -> oo, curve 1 passes below curve 2; the difference 
112 ( 00 )—Ui{co) is the excitation energy of the atoms). 

Because of the large masses of the nuclei their motion is quasi-classical. 
The problem of determining the probability of the transitions under considera¬ 
tion is therefore of the kind discussed in §52. From the general considera¬ 
tions given there we can say that the transition probability will be mainly 
determined by the point at which the transition could occur classically.^ 
Since the total energy of the system of two atoms (the molecule) is conserved 
in the transition, the condition for it to be “classically possible” is that the 
effective potential energies.should be equal: Uj\(r) = Uj 2 {r). On account 
of the conservation of the total angular momentum of the molecule also, the 
centrifugal energies are the same in the two states, and so this condition 
means that the potential energies are equal: 

Ui{r) = Uzir), (90.1) 

the angular momentum not being involved at all. 

If equation (90.1) has no real roots in the classically accessible region 
(where E > Uji, Uj 2 ), the transition probability according to §52 is expo- 

+ Curve 1 may have no minimum at all if it corresponds to purely repulsive forces between 
the atoms. 

X Or else by the point r = 0 at which the potential energy becomes infinite. 
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nentially small.-f- Transitions occur with an appreciable probability only if 
the potential energy curves intersect in the classicallv accessible region 
(as shown in Fig. 30). Then the e.xponent in formula (52.1) is zero (and this 
formula is therefore, of course, invalid); accordinglv, the transition probability 
is determined by a non-exponential expression which will be derived below. 
The condition (90.1) can then be interpreted as follows. If the potential (and 
total) energies are the same, so are the linear momenta. Hence the condition 
(90.1) may also be written in the form 


’ i ~ ''2> Pi — 


(90.2) 


where p is the momentum of the relativ’e radial motion of the nuclei, and the 
suffixes 1 and 2 refer to the two electron states. Thus we can say that the 
distance between the nuclei and their relative momentum remain unchanged 
at the instant when the transition occurs (this is called Franck and Condon's 
principle'). Physically, this is due to the fact that the electron velocities are 
large compared with those of the nuclei, and “during an electron transition” 
the nuclei cannot noticeably change their position or velocity. 

It is not difficult to establish the selection rules for the transitions in ques¬ 
tion. First of all, there are two obvious exact rules. The total angular 
momentum J and the sign of the term (positive or negative; see §86) cannot 
change in a transition. This follows at once from the fact that the conserva¬ 
tion of the total angular momentum and of the behaviour of the wave function 
under inversion of the coordinate system are exact laws for any (closed) 
system of particles. 

Next, the rule which forbids (for molecules composed of similar atoms) 
transitions between states of unlike parity is very nearly accurate. For the 
parity of the state is uniquely determined by the nuclear spin and the sign of 
the term. The conservation of the sign of the term is an exact law, however, 
while the nuclear spin is very nearly conserved by virtue of the weakness of 
its interaction with the electrons. 

The requirement that there should be a point of intersection of the potential 
energy curves means that the terms must be of different symmetry (see §79). 
Let us consider transitions occurring in the first approximation of perturba¬ 
tion theory; the probability of transitions which occur only in higher approxi¬ 
mations is relatively small. First of all, we notice that the terms in the 
Hamiltonian which lead to the transitions in question are just those which 
cause the A-doubling of the levels. Among these terms are, firstly, terms 
lepresenting the spin-orbit interaction. They are the product of two axial 
vectors, of which one is of spin character (i.e. is composed of the operators 
of the electron spins), and the other is of coordinate character; we emphasize, 


+ A peculiar situation must occur in the case of a transition involving a molecular term 
which can arise from two different pairs of atomic states (see the end of §85), i.e. when Ae 
* potential energy curve is. as it were, split into two branches with increasing distant. In this 
case the transition probability is considerably greater; an example is given by A. I. Voronin 
and E. E. Nikitin, Optics and Spectroscopy 25, 450, 1969. 
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however, that these vectors are not simply the vectors S and L. Hence they 
have non-zero matrix elements for transitions in which S and A change by 
0, +1. The case where AS' and AA are both zero (and A ^ 0) must be 
omitted, since the symmetry of the term would then be unchanged in the 
transition. The transition between two S terms is possible if one of them is 
a Ii+ term and the other a 'L~ term; an axial vector has non-zero matrix 
elements only for transitions between S+ and (see §87). 

The term in the Hamiltonian which corresponds to the interaction between 
the rotation of the molecule and its orbital angular momentum is proportional 
to J . L. Its matrix elements are non-zero for transitions with AA = ± 1 
without change of spin (only the {-component of the vector, i.e. Lj, has ele¬ 
ments with AA = 0, but is diagonal with respect to the electron states). 

As well as the terms we have considered, there is also a perturbation due 
to the fact that the operator of the kinetic energy of the nuclei (i.e. the operator 
of differentiation with respect to the coordinates of the nuclei) acts, not only 
on the wave function of the nuclei, but also on the electron function, which 
depends on r as a parameter. The corresponding terms in the Hamiltonian 
are of the same symmetry as the unperturbed Hamiltonian. Hence they can 
lead only to transitions between electron terms of like symmetry, the prob¬ 
ability of which is negligible in view of the non-intersection of these terms. 

Let us go on to the actual calculation of the transition probability. For 
definiteness, we shall consider a collision of the second kind. According to 
the general formula (43.1), the required probability is given by the expression 

2‘7f 1 ^ 

J Xnuc.2*r^('')Xnuc.l . (90-3) 

w'here Xnuc ~ ^4‘nuc i'Pnuc being the wave function of the radial motion of the 
nuclei) and V{r) is the perturbing energy; we have taken, as the quantity uf in 
(43.1), the energy E and integrated with respect to it. The final wave func¬ 
tion Xnuc ,2 must be normalized by the delta function of energy. The quasi- 
classical function (47.5), thus normalized, is 

The normalizing factor is determined by the rule given at the end of §21. 
The wave function of the initial state can be written in the form 

Xnuci = — J Pi I • (^0.5) 

It is normalized so that the current density is unity in each of the two travelling 
waves into which the stationary wave (90.S) can be resolved; and w, are 
the velocities of the relative radial motion of the nuclei. On substituting 
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these functions in (90.3), we obtain the dimensionless transition probability 
tv. It can be regarded as the transition probability for the nuclei to pass 
twice the point r = (the point of intersection of the levels). It must be 
borne in mind that the wave function (90.5) corresponds, in a certain sense, 
to a double passage through this point, since it contains both the incident and 
the reflected travelling waves. 

The matrix element of V(r), calculated with respect to the functions 
(90.4), (90.5), contains in the integrand a product of cosines, which can be 
written in terms of the cosines of the sum and difference of the arguments. 
On integrating near the point r = ro, only the second cosine is important, 
so that 


tv 


r 




V{r) dr 2 


The integral rapidly converges as we move away from the point of intersec¬ 
tion. Hence we can expand the argument of the cosine in powers off = r—r^ 
and integrate over f from — oo to -h co (replacing the slowly varying coeffi¬ 
cient of the cosine by its value at r = r^. Bearing in mind that, at the point 
of intersection, py = p 2 , we find 

J Pi d'— J Pi d'- 


where is the value of the difference of the integrals at the point r = rp. 
The derivative of the momentum can be expressed in terms of the force 
F = — dI7/dr: differentiating the equation-f {7i = p^jl/x + U^ (where 
pi is the reduced mass of the nuclei), we have dpJdr—Vz dpjdr = Fj—Fj. 
Thus 

r r p F 

J Pi d''-J Pi dr K -f^ 


where v is the common value of Vi and at the point of intersection. The 
integration is effected by means of the well-known formula 


00 

J cos(a-hjSf2) df = J-cos{a.+hr), 


and as a result we have 




/So \ 

— co.=(-+i.). 


hv\F. 


(90.6) 


The quantity Solh is large and varies rapidly with the energy E. Hence, 
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on averaging over even a small interval of energy, the squared cosine can be 
replaced by its mean value. As a result we obtain the formula 

w = 4^V^lhv\F^-Fi\ (90.7) 

(L. Landau 1932). All the quantities on the right-hand side of the equation 
are taken at the point of intersection of the potential-energy curves. 

In the application to pre-dissociation, we are interested in the probability 
of the disintegration of the molecule in unit time. In this time, the nuclei 
in their vibrations pass 2{iuj2Tr) times through the point r = tq. Hence the 
required pre-dissociation probability is obtained by multiplying w (the 
probability for a double passage) by oj/Ztt, i.e. it is 

lV^oslhv\F^-Fi\. ( 90 . 8 ) 

The following remark must be made concerning these calculations. In 
speaking of the intersection of terms, we have had in mind the eigenvalues 
of the “unperturbed” Hamiltonian of the electron motion in the molecule; 
in this, the terms V which lead to the transitions concerned are not taken into 
account. If we include these terms in the Hamiltonian, the intersection of 
the terms becomes impossible, and the curves move apart slightly, as shown 
in Fig. 31. This follows from the results of §79 when regarded from a slightly 
different point of view. 



Let Uj-y{r) and Uj 2 {r) be two eigenvalues of the operator (in which r 
is regarded as a parameter). In the region near the point where the curves 
intersect, to determine the eigenvalues U{r') of the perturbed 
operator fJo-f-F" we must use the method given in §79, as a result of which 
we obtain the formula 


L6.a(r) = i{Uji + Ljo, + l\i+V,o) ± VlkiUji - L]jo+l\i - ¥22)-+ Lia^], 
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where all quantities are functions of r; the function Ut,{r) (with the upper 
sign in the formula) corresponds to the upper continuous curve (1—2) in 
Fig. 31, and UJij) to the lower one (2' —1). The matrix elements Vn and 
V 22 may be included in the definition of the functions Uji and Uj 2 respec¬ 
tively; Fi 2 will be denoted by V(r) simply. Then the above formula becomes 

UbAr) = kiUji + Uj 2 ) ± iV[(t/ji- t/j2)2 + 4F2]. (90.9) 

The interval between the two levels is now 

AO/= V[(t/ji-t/j2)- + 4F2]. (90.10) 

Thus, if there are transitions between the two states {V 0), the intersection 
of the levels disappears. The minimum distance between the curves occurs 
at r = ro, where Uji = Ujo : 

(A0/)_ = 21F(ro)|. (90.11) 

Near this point, we can expand the difference Uji — Ujz in powers of the 
small difference ^ = r —ro. putting 


Uji-Uj 2 = C/ 1 -C /2 « ^(F 2 -Fi), 


where F = —(dF/dr)r^. Then 

AC/= V[{F2-Fif e~ + ^V^ro)]. (90.12) 

For the validity of formulae (90.11) and (90.12), which have been derived 
by consideration of only two states, it is necessary that (AC/)m,n should be 
small in comparison with the distance of the other terms. For the validity 
of (90.7) as the transition probability we must satisfy the condition (90.19) 
below, which in general is a more stringent one. If the latter condition Is not 
satisfied, it is still permissible to consider only two terms, but ordinary 
perturbation theory is not available for the calculation of the transition 
probability. In that case, a more general treatment is needed. 

If we consider only the neighbourhood of the point of intersection and 
treat the motion of the nuclei quasi-classically, we can replace the velocity 
operator of the nuclei in the Hamiltonian of the system by a constant v, and 
the coordinate r by a function of time satisfying the classical equation drjdt = 
t), i.e. f = r —ro = The problem of calculating the transition probability 
then reduces to that of solving the wave equation for the electron wave 
functions with a Hamiltonian explicitly dependent on the time: 

ihdWIdt = [i?o(f) + (90.13) 

Let 4ja and tpb be the wave functions of the electron states corresponding to 
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(^0+^^)'Ao,6 = f^'a,b{^)4>a.b, 

in which / is a parameter. The solution of equation (90.13) is sought in the 
form 


T = a{t)4>a + b{t)^b. (90.14) 

If the equation is solved with the boundary condition a = 1, 6 = 0 as 
t ^ — CO, then |6(od)|2 gives the probability that the molecule enters the 
state representing a transition from curve a to curve b, as the nuclei 
pass through the point r = tq. Similarly, |a(oo)|2 = 1— |i(co)|2 is the 
probability that the molecule remains on the curve a. A transition from 
curve a to curve 6 in a twofold passage through the point ro (as the nuclei 
approach and then recede) can occur in two ways: a ^b ^b (with the 
transition 1 T as they approach and the molecule remaining on the curve 
\'2 as they recede), or a a b (with 1 ^ 2' as they approach and 2' 2 

as they recede). Hence the required probability for such a transition is 

zc = 2|6(oo)|2[l-|6(co)|2], (90.15) 

where we have used the fact that the transition probability in a passage 
through the point r = ro is of course independent of the direction of motion. 

The value of b( x) can be found by the method described in §53, without 
making direct use of (90-13).f To do so, we note that the curves of Ua(t) and 
ljb(0 intersect at the imaginary points 

= ±fTo. (90.16) 

IF2-FiIv 


For large negative t, the coefficient a(t) in (90.14) has a form that is “quasi- 
classical with respect to time”; 


a(t) = exp 



Ua(t) dt 


Let us now move from the left half of the real axis in the plane of the complex 
variable t to the right half along a contour on which the “quasi-classicality” 


f In ^53 the process was assumed to be entirely adiabatic, and accordingly its probability 
was found to be e.xponentially small. In the present case, however, this condition may be 
violated 'v^n the nuclei are in the immediate neighbourhood of the point r„, if their velocity 
c IS not sufficiently small. However, it is clear from the analysis in §§52 and 53 that only the 
adiabaticity for large jf], and the possibility of considering just two levels in the system are 
important as regards the applicability of the method itself. 
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condition is always satisfied; since Ua < Ub< the path used must be in the 
upper half-plane, passing round the point (cf. §53). The function a{t) 
then becomes b{t), with 



where ti may be taken to be any point on the real axis, for instance ti = 0. 
According to (90.12) we have 

^U = V[(^2-Ti)2r-2/2 + 4F2], (90.17) 

and the required integral, with the substitution t = fr, becomes 


i f V[4F2-(F2-Fi)2t’2r2] dr = i-HYL- 

J t;|F2-Til 


Thus w’e have the following final expression for the transition probability: 


w = 2 exp I — 


27tF2 


fe|F2-Fi|/L 


1 - 


exp - 


277^2 


^rlF2 — Fil 


(90.18) 


(C. Zener 1932). We see that the transition probability becomes small in two 
limiting cases. For F2 > fe|F 2 —Fij it is exponentially small (the adiabatic 
case), and for 


F2«fe|F2-Fi| (90.19) 

formula (90.18) becomes (90.7). From (90.17) we see that t | F|/|F 2 -Filt; 
is the “passage time” for the nuclei through the point of intersection; the 
corresponding frequency clIj ~ 1,V. Hence the attainment of the tw'O limiting 
cases mentioned is determined by the relation between and the charac¬ 
teristic energy ] V\ of the problem. 

Finally, let us consider the phenomenon, akin to pre-dissociation, of what 
are called perturbations in the spectra of diatomic molecules. If tw'o discrete 
H molecular levels E-y and corresponding to tw'o intersecting electron terms 
are close together, the possibility of a transition betw'een the tw'o electron 
states results in a displacement of the levels. According to the general 
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formula (79.4) of perturbation theory, we have for the displaced levels the 
expression 

i(£^i+^2)± (90.20) 


where f^i 2 .nuc is matrix element of the perturbation for the transi¬ 
tion between the molecular states 1 and 2; the matrix elements b^unuc 
^ 22 ,nuc ttiust, of course, be included in Ei and £ 2 - From this formula we see 
that the two levels are moved apart, being displaced in opposite directions 
(the higher level is raised and the other lowered). The amount of the dis¬ 
placement is the greater, the smaller the difference \E■^^—E 2 \. 

The matrix element is calculated in exactly the same way as for 

determining the probability of a collision of the second kind. The only 
difference is that the wave functions Xnuc 1 Xnuc 2 belong to the discrete 
spectrum, and hence must be normalized to unity. .According to (48.3) we 
have 




and similarly for Xnuc. 2 - A, comparison with formulae (90.3) to (90.5) 
shows that the matrix element Fi2.nuc bere considered is related to the 
transition probability zo for a twofold passage through the point of inter¬ 
section by 

l*^12.nucl’ = tv(hoiJ2rr){hu,2l'^TT). (90.21) 


PROBLEMS 

Problem 1. Determine the total cross-section for collisions of the second kind, as a 
function of the kinetic energy E of the colliding atoms, for transitions pertaining to the spin- 
orbit interaction (L. D. Landau 1932). 

Solution. On account of the quasi-classical motion of the nuclei, we can introduce the 
concept of the impact parameter p (the distance at which the nuclei would pass if there were 
no interaction between them) and define the cross-section da as the product of the “target 
area 27Tp dp and the transition probability vj{p) per collision (cf. Mechanics, §18). The total 
cross-section a is obtained by integrating with respect to p. 

For spin—orbit interaction, the matrix element Vir) is independent of the angular momen¬ 
tum M of the colliding atoms. We write the velocity v at the point r — Tq, where the curves 
intersect, in the form 

Here U is the common value of Ui and U 2 at the point of intersection, /x is the reduced mass 
of the atoms, and the angular momentum M — /xpuco, where t-'oo is the relative velocity of the 
atorns at infinity. The zero of energy is chosen so that the interaction energy of the atoms in 
the initial state is zero at infinity; then E ~ Substituting this expression in (90.7), 

we find 


do = 2ttp dp. to 


pdp 

v12(£- ■ 
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The integration with respect to p must be taken from zero up to the value for which the 
velocity v vanishes. As a result we have 

4v/(2pV^k’V ViE-U) 

E 

Problem 2. The same as Problem 1, but for transitions pertaining to the interaction be¬ 
tween the rotation of the molecule and its orbital angular momentum (L. D. Landau 1932). 

Solution. The matrix element V is of the form V(r) = MD/i±r^, where D[r) is the matrix 
element of the electron orbital angular momentum. By the same method as in Problem 1 we 
obtain 


16^/271=1)2 

3hV,AF,-Fi\ F ■ 

Problem 3. Determine the transition probability for energies E close to the value Uj 
of the potential energy at the point of intersection. 

Solution. For small values of E—Vj, formula (90.7) is inapplicable, since the velocity 
V of the nuclei cannot be regarded as constant near the point of intersection, and hence it 
cannot be taken outside the integral as it was in deriving (90.7). 

Near the point of intersection we replace the curves of Vji, Uji by the straight lines 

L’ji = Uj-Fji^, t/j 2 = Uj-Fjii, ( = r-ro. 


The wave functions Xouc.! 2 nd Xnuc.! in this region are wave functions of one-dimensional 
motion in a homogeneous field (§24). The calculations are conveniently effected by means 
of wave functions in the momentum representation. The wave function normalized by the 
delta function of energy is of the form (see §24, Problem) 


: ' ■ exp —[(£- Uj)p-p>/6t .]', 

■v/(27TfilFj,|) (hFji I 


while the wave function normalized to unii current density in the incident and reflected waves 
is obtained by multiplying by •\/(2rA): 


I 

V'lF.iil 


InFj. > 


On integrating, the perturbing energy (matrix element) V may again be taken outside the 
integral, replacing it by its value at the point of intersection; 




Ap\. 


As a result we obtain 


4,tF=(2p)=.'= 


fi‘'\Fj^Fj^^i\Fj^-Fj^ri= 





wnere ^*(^) is the Airy function (see §b of the Mathematical Appendices). For large E—Uj, 
this formula reduces to (90.7). 

Problem 4. Determine the probability of charge exchange in a distant slow (relative 
velocity collision between a hydrogen atom and a hydrogen ion (proton) (O. B. Firsov 

1951).t 

Solution. We shall regard the system H + H* as a molecular hydrogen ion (see §81, 
^ Problem). Charge exchange consists in the transfer of the electron from a state tpi localized 


•f In this problem, atomic units are used. 
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at the first nucleus to a state 4‘i near the second nucleus. These are not stationary states, even 
when the nuclei are at rest. The stationary states are 






Their energies are Ug,n(R) as functions of the distance R between the nuclei. When the 
nuclei are in a given slow motion (which we regard as classical), these energies are slowly 
varying functions of the time, and the time dependence of the wave functions is given by the 
factors “quasi-classical with respect to time” 

exp (-1 J Uy^u(t) di); 


cf. §53. The superposition of the two states that is equal to when / = — oo is 





When t -»o3, this function is a linear combination, of the form + and the probability 
of charge exchange is tu = Icoj®. A simple calculation gives 


CO 

w = sin-7), V - f (b'u-t'j) d'. 


In a collision with large impact parameters p (which are important at a sufficiently low 
velocity v), the motion of the nuclei may be assumed to take place in a straight line, with R ~ 
V(p^+vV). The difference U^-Ug for /?>1 is given by formula (4) in §81, Problem. Then 


V 


CD 



vW-p-) 


d/e. 


For p>l, the important range of values of R in the integral is that near the lower limit; 
putting R = p(l -f-x), we obtain 



0 


= 2v(27r) 
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THE THEORY OF SYMMETRY 


§91. Symmetry transformations 

The classification of terms in the polyatomic molecule is fundamentally 
related to its symmetry, as in the diatomic molecule. Hence we shall begin 
by examining the types of symmetry which a molecule can have. 

The symmetry of a body is determined by the assembly of all those re¬ 
arrangements after which the body is unaltered; these rearrangements are 
called symmetry transformations. Any possible symmetry transformation can 
be represented as a combination of one or more of the three fundamental 
types of transformation. These three essentially different types are; the 
rotation of the body through a definite angle about some axis, the reflection 
of it in some plane, and the parallel displacement of the body over some 
distance. Of these, the last evidently is applicable only to an infinite medium 
(a crystal lattice). A body of finite dimensions (in particular, a molecule) 
can be symmetrical only with respect to rotations and reflections. 

If the body is unaltered on rotation through an angle 2TTjn about some 
axis, then that axis is said to be an axis of symmetry of the nth order. The 
number n can take any integral value; n = 2, 3, .... The value n = 1 
corresponds to a rotation through an angle of Ztt or, what is the same thing, 
of 0, i.e. it corresponds to an identical transformation. We shall symbolically 
denote by C„ the operation of rotation through an angle iTrjn about a given 
axis. Repeating this operation two, three, ... times, we obtain rotations 
through angles 2(27T/n), 3(27T/7t), ..., which also leave the body unaltered; 
these rotations may be denoted by C„*, C„®,.... It is obvious that, if p 
divides n, 

C„P = C„/,. (91.1) 

In particular, performing the rotation n times, we return to the initial position, 
i.e. we effect an identical transformation. The latter is customarily denoted 
by E, so that we can write 

C„« = E (91.2) 

If the body is left unaltered by a reflection in some plane, this plane is said 
to be a plane of symmetry. We shall denote by the symbol c the operation 
of reflection in a plane. It is evident that a double reflection in the same 
^ plane is the identical transformation; 

a"! = E . 


(91.3) 
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A simultaneous application of the two transformations (rotation and 
reflection) gives what are called the rotary-reflection axes. A body has a 
rotary-reflection axis of the «th order if it is, left unaltered by a rotation 
through an angle 277 /n about this axis, followed by a reflection in a plane 
perpendicular to the axis (Fig. 32). It is easy to see that this is a new form 



of symmetry only when n is even. For, if n is odd, an n-fold repetition of the 
rotary-reflection transformation would be equivalent to a simple reflection 
in a plane perpendicular to the axis (since the angle of rotation is 2tt, while 
an odd number of reflections in the same plane amounts to a simple reflection). 
Repeating this transformation a further n times, we have as a result that the 
rotary-reflection axis reduces to the simultaneous presence of an axis of 
symmetry of the nth order and an independent plane of symmetry perpen¬ 
dicular to this axis. If, however, n is even, an n-fold repetition of the rotary- 
reflection transformation returns the body to its initial position. 

We denote the rotary-reflection transformation by the symbol Sn- 
Denoting by a reflection in a plane perpendicular to a given axis, we can 
put, by definition, 

= CnCft = CrftC„; (91.4) 

the order in which the operations C„ and < 7 ^ are performed clearly does not 
affect the result. 

An important particular case is a rotary-reflection axis of the second 
order. It is easy to see that a rotation through an angle 77, followed by a 
reflection in a plane perpendicular to the axis of rotation, is the inversion 
transformation, whereby a point P of the body is carried into another point 
F , lying on the continuation of the line which joins P to the intersection O 
of the axis and the plane, and such that the distances OP and OP' are the same. 
A body symmetrical with respect to this transformation is said to have a 
centre of symmetry. We shall denote the operation of inversion by I, so that 
we have 

7 = 52= CjCft. (91.5) 

It is also evident that /cr^ = C^, IC^ = ct*; in other words, an axis of the 
second order, a plane of symmetry perpendicular to it and a centre of sym- 
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metry at their point of intersection are mutually dependent; if any two of 
these elements are present, the third is automatically present also. 

We shall now give var'ous purely geometrical properties of rotations and 
reflections which it is useful to bear in mind in studying the symmetry of 
bodies. 

A product of two rotations about axes intersecting at some point is a 
rotation about some third axis also passing through that point. A product 
of two reflections in intersecting planes is equivalent to a rotation; the axis 
of this rotation is evidently the line of intersection of the planes, while 
the angle of rotation is easily seen, by a simple geometrical construction, to 
be twice the angle between the tw'o planes. If we denote a rotation through 
an angle ^ about an axis by C(^), and reflections in two planes passing through 
that axis by the symbolsf and ct\., the above statement can be written as 

= C(24>), (91.6) 

where ^ is the angle between the two planes. It must be noted that the order 
in which the two reflections are performed is not immaterial. The trans¬ 
formation gives a rotation in the direction from the plane of <t'„ to 

that of on interchanging the factors we have a rotation in the oppo¬ 
site direction. Multiplying equation (91.6) on the left by a^, we obtain 

c\ = c*C(2^); ^ (91.7) 

in other words, the operation of rotation, followed by reflection in a plane 
passing through the axis, is equivalent to a reflection in another plane 
intersecting the first at half the angle of rotation. In particular, it follows 
from this that an axis of symmetry of the second order and two mutually 
perpendicular planes of symmetry passing through it are mutually dependent; 
if two of them are present, so is the third. 

We shall show that the product of rotations through an angle tt about two 
axes intersecting at an angle <f> {Oa and Ob in Fig. 33) is a rotation through 
an angle Z<f> about an axis perpendicular to the first two (PP' in Fig. 33). 


p 



t The suffix V customarily denotes a reflection in a plane passing through a given axis (a 
“vertical” plane), and the suffix h a reflection in a plane perpendicular to the axis (a 
“horizontal” plane). 
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For it is obvious that the resulting transformation is also a rotation; after 
the first rotation (about Oa) the point Pis carried into P', and after the second 
(about Ob) it returns to its original position. This means that the line PP' 
remains fixed, and is therefore an axis of rotation. To determine the angle 
of rotation, it is sufficient to note that, in the first rotation, the axis Oa 
remains fixed, while after the second it takes the position Oa', which makes 
an angle 2(f> with Oa. In the same way we can see that, when the order of the 
two transformations is reversed, we obtain a rotation in the opposite direction. 

Although the result of two successive transformations in general depends 
on the order in which they are performed, in some cases the order of opera¬ 
tions is immaterial; the transformations commute. This is so for the following 
transformations: 

(1) Two rotations about the same axis. 

(2) Two reflections in mutually perpendicular planes (equivalent to a 
rotation through tt about their line of intersection). 

(3) Two rotations through tt about mutually perpendicular axes (equivalent 
to a rotation through -n about the third perpendicular axis). 

(4) .A rotation and a reflection in a plane perpendicular to the axis of 
rotation. 

(5) Any rotation or reflection and an inversion with respect to a point 
lying on the axis of rotation or in the plane of reflection; this follows 
from (1) and (4). 

§92. Transformation groups 

The set of all the symmetry transformations for a given body is called its 
sym?netry transformation group (or simply its symmetry group). Hitherto we 
have spoken of these transformations as geometrical rearrangements of the 
body. However, in quantum-mechanical applications it is more convenient 
to regard symmetry transformations as transformations of the coordinates 
which leave the Hamiltonian of the system in question invariant. It is obvious 
that, if the system is left unaltered by some rotation or reflection, the cor¬ 
responding transformation of the coordinates does not change its Schrodin- 
ger’s equation. Thus we shall speak of a transformation group with respect to 
which a given Schrodinger’s equation is invariant.f 

t This point of view enables us to include in our considerations not only the rotation and 
reflection groups discussed here, but also other types of transformation which leave Schrodin- 
ger*s equation unaltered. These include the interchange of the coordinates of identical 
particles forming part of the system considered (a molecule or atom). The set of all possible 
permutations of identical particles in a given system is called its permutation group (we have 
already met these permutations in §63). The general properties of groups given below apply 
to permutation groups also; we shall not pause to study this type of group in more detail here. 

The following remark should be made concerning the notation which we use in this 
chapter. Symmetry transformations are essentially operators just like those which we con¬ 
sider all through the book. They ought, therefore, to be denoted by letters with circumflexes. 
We do not do this, in view of the generally accepted notation, and because this omission 
cannot lead to misunderstandings in the present chapter. For the same reason we denote the 
identical transformation by the customary symbol E, and not by 1. which would correspond 
to the notation in the other chapters. Lastly, the inversion operator is denoted in this chapter 
by I, instead of P as in §30, although the latter is customary in recent literature on quantum 
mechanics. 
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Symmetry groups are conveniently studied with the help of the general 
mathematical techniques of what is called gi'oup theory, the fundamentals of 
which we shall explain below. At first w-e shall consider groups, each of which 
contains a finite number of transformations (known finite groups). Each of 
the transformations forming a group is said to be an element of the group. 

Symmetry groups have the following important properties. Each group < 
contains the identical transformation E (called the unit element of the group). 
The elements of a group can be multiplied by one another; by the product 
of two (or more) transformations we mean the result of applying them in 
succession. It is obvious that the product of any two elements of a group is 
also an element of that group. For the multiplication of elements we have 
the associative law (AB)C = A{BC), where A, B, C are elements of a group. 
There is evidently no general commutative law; in general, AB ^ BA. 
For each element A of a group there is in the same group an inverse element 
A~^ (the inveise transformation), such that AA~^ = E. In some cases an 
element may be its own inverse; in particular, E~^ = E. It is evident that 
mutually inverse elements A and A~^ commute. 

The element inverse to the product AB of two elements is 

(^JS)-i = B-M-i, 

and similarly for the product of a greater number of elements; this is easily 
seen by effecting the multiplication and using the associative law. 

If all the elements of a group commute, the group is said to be Abelian. 

A particular case of Abelian groups is formed by what are called cyclic groups. 
By a cyclic group W’e mean a group, all of whose elements can be obtained by 
raising one of them to successive powers, i.e. a group consisting of the 
elements 

A, A\ A^,... ,A^ = E, 

where n is some integer. 

Let G be some group.f If we can separate from it some set of elements 
H such that the latter is itself a group, then the group H is called a sub-group 
of the group G. A given element of a group may appear in several of its 
sub-groups. 

By taking any element A of a group and raising it to successive powers, 
we finally obtain the unit element (since the total number of elements in the 
group is finite). If n is the smallest number for which A" = E, then n is 
called the order of the element A, and the set of elements A, A\ ..., A” = E 
is called the period of A. The period is denoted by {A ); it is itself a group, i.e. 
it is a sub-group of the original group, and is cyclic. 

In order to find whether a given set of elements of a group is a sub-group 
of it, it is sufficient to find whether, on multiplying any two of its elements, 
we obtain another element of the set. For in that case we have, together with 
* each element A, all its powers, including A’'~^ (where n is the order of A), 


f We shall denote groups by bold italic lettex^. 
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which is the inverse of A (since ^4"“^ A = A’' = E)] and there will obviously 
be a unit element. 

The total number of elements in a group is called its order. It is easy 
to see that the order of a sub-group is a factor of the order of the whole group. 
To show this, let us consider a sub-group H of a group G, and let be 
some element of G which does not belong to H. Multiplying all the elements 
of H (on the right, say) by Gi. we obtain a set (or complex, as it is called) 
of elements, denoted by HG^. All the elements of this complex clearly belong 
to the group G. However, none of them belongs to H; for, if for any two 
elements Hj, belonging to H we had H^Gi = it would follow that 
i.e. Gi would also belong to the sub-group H, which is 
contrary to hypothesis. Similarly we can show that, if G^ is an element of G 
not belonging to H or to HG^, none of the elements of the complex HG^ 
will belong to H or to HG^^. Continuing this process, we finally exhaust 
all the elements contained in the finite group G. Thus all the elements are 
divided among the complexes (called the cosets of H in G) 

H, HG„ HG^, ...,HG„, 

each of which contains h elements, h being the order of the sub-group H. 
Hence it follows that the order g of the group G is ^ = hm, and this proves 
the theorem. The integer m = gjh is called the index of the sub-group H 
in the group G. 

If the order of a group is a prime number, it follows at once from the 
above that the group has no sub-groups (except itself and E). The converse 
theorem is also valid: a group having no sub-groups is of prime order and in 
addition must be cyclic (since otherwise it would contain elements whose 
period would form a sub-group). 

We shall now introduce the important concept of conjugate elements. Two 
elements A and B are said to be conjugate if 

A = CBC-i, 

where C is also an element of the group; multiplying this equation on the 
right by C and on the left by C“^, we have the converse equation B = C~^AC. 
An important property of conjugate elements is that, if A is conjugate to B, 
and B to C, then A is conjugate tp C; for, if B = P~^AP, C = Q~^BQ 
(P and Q being elements of the group), it follows that C = (PQ)~^A(PQ). 
For this reason we can speak of sets of conjugate elements of a group. 
Such sets are called classes of conjugate elements, or simply classes, of the 
group. Each class is completely determined by any one element A of it; 
for, given A, we obtain the whole class by forming the products GTG-i, 
where G is successively every element of the group (of course, this may 
give each element of the class several times). Thus we can divide the whole 
group into classes; each element of the group can clearlv appear in only 
one class. The unit element of the group is a class bv itself, since for every 
element of the group GBG-i = E. If the group is Abelian, each of its 
elements is a class by itself; since all the elements, bv definition, commute 
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each element is conjugate only to itself. We emphasize that a class of a group 
(not being E) is not a sub-group of it; this is evident from the fact that it 
does not contain a unit element. 

All the elements of a given class are of the same order. For, if n is the 
order of the element A (so that A” — E), then for a conjugate element 
B = CAC-^ we have {CAC^^Y = CA”C-^= E. 

Let H be a sub-group of G, and an element of G not belonging to H. 
It is easy to see that the set of elements GjFfGi^^has all the properties of a 
group,' i.e. it also is a sub-group of the group G. The sub-groups H and 
are said to be conjugate', each element of one is conjugate to one 
element of the other. By giving G^ various values, vve obtain a series of 
conjugate sub-groups, which may partly coincide. It may happen that all 
the sub-groups conjugate to H are H itself. In this case H is called a normal 
divisor or invariant sub-group of the group G. Thus, for example, every 
sub-group of an Abelian group is clearly a normal divisor of it. 

Let us consider a group A with n elements A, A', A", ..., and a group 
B with m elements B, B', B", ..., and suppose that all the elements of A 
(apart from the unit E) are different from those of B but commute with 
them. If we multiply every element of group A by ever}’ element of group B, 
we obtain a set of nm elements, which also form a group. For, for any two 
elements of this set we have AB . A'B' = AA '. BB' = A"B", i.e. another 
element of the set. The group of order nm thus obtained is denoted by 
AxB, and is called the direct product of the groups A and B. 

Finally, we shall introduce the concept of the isomorphism of groups. 
Two groups A and B of the same order are said to be isomorphous if we can 
establish a one-to-one correspondence between their elements, such that, if 
the element B corresponds to the element A, and B' to A', then B" = BB' 
corresponds to A" = AA'. Two such groups, considered in the abstract, 
clearly have identical properties, though the actual meaning of their elements 
may be different. 


§93. Point groups 

Transformations which appear in the symmetry group of a body of finite 
dimensions (in particular, a molecule) must be such that at least one point of 
the body remains fixed when any of these transformations is applied. In 
other words, all axes and planes of symmetr}’ of a molecule must have at least 
one common point of intersection. For a successive rotation of the body 
about two non-intersecting axes or a reflection in two non-intersecting planes 
results in a translation of the Tody, which obviously cannot then be left 
unaltered. Symmetry groups having the above property are called point groups. 

Before going on to construct the possible types of point group, we shall 
explain a simple geometrical procedure whereby the elements of a group may 
^ be easily divided into classes. Let Oa be some axis, and let the element A 
of the group be a rotation through a definite angle about this axis. Next, let G 
be a transformation (rotation or reflection) in the same group, which on being 
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applied to the same axis Oa carries it to the position Ob. We shall show that 
the element B = GAG~''- then corresponds to a rotation about the axis Ob 
through the same angle as that of the rotation about Oa to which the element 
A corresponds. For, let us consider the effect of the transformation GAG~^ 
on the axis Ob itself. The transformation G~^ inverse to G carries the axis 
Ob to the position Oa, so that the subsequent rotation A leaves it in this 
position; finally, G carries it back to its initial position. Thus the axis Ob 
remains fixed, so that is a rotation about this axis. Since A and B belong 
to the same class, their orders are the same; this means that they effect 
rotations through the same angle. 

Thus we reach the result that two rotations through the same angle belong 
to the sarne class if there is, among the elements of the group, a transformation 
whereby one axis of rotation can be carried into the other. In exactly the same 
way, we can show that two reflections in different planes belong to the same 
class if some transformation in the group carries one plane into the other. 
The axes or planes of symmetry whose directions can be carried into each 
other are said to be equivalent. 

Some additional comments are necessary in the case where both rotations 
are about the same axis. The element inverse to the rotation {k = 
1, 2, ..., « —1) about an axis of symmetry of the nth order is the element 
i.e. a rotation through an angle {n—kjZTrjn in the same 
direction or, what is the same thing, a rotation through an angle Zknjn in 
the opposite direction. If, among the transformations in the group, there is 
a rotation through an angle n about a perpendicular axis (this rotation reverses 
the direction of the axis under consideration), then, by the general rule 
proved above, the rotations C„* and belong to the same class. A 

reflection in a plane perpendicular to the axis also reverses its direction; 
however, it must be borne in mind that the reflection also changes the direction 
of rotation. Hence the existence of o-^ does not render and conju¬ 
gate. A reflection in a plane passing through the axis, on the other hand, 
does not change the direction of the axis, but changes the direction of rota¬ 
tion, and therefore = a„C„*c7„, so that and belong to the same 
class if such a plane of symmetry exists. If rotations about an axis through the 
same angle in opposite directions are conjugate, we shall call it bilateral. 

The determination of the classes of a point group is often facilitated by the 
following rule. Let G be some group not containing the inversion I, and Cf 
a group consisting of the two elements I and E. Then the direct product 
G X is a group containing twice as many elements as G ; half of them are the 
same as the elements of the group G, while the remainder are obtained by 
multiplying the latter by I. Since I commutes with any other transformation 
of a point group, it is clear that the group GxC^ contains twice as many 
classes as G; to each class A of the group G there correspond the two classes 
A and Al in the group G x C^. In particular, the inversion I always forms 
a class by itself. 

Let us now go on to enumerate all possible point groups. We shall con¬ 
struct these by starting from the simplest ones and adding new elements of 
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symmetry. We shall denote point groups by bold italic Latin letters with 
appropriate suffixes. 

I. groups 

The simplest type o.f symmetry has a single axis of symmetry of the wth 
order. The group C,,j is the group of rotations about an axis of the wth order. 
This group is evidently cyclic. Each of its n elements forms a class by itself. 
The group Cj contains only the identical transformation E, and corresponds 
to the absence of any symmetr}'. 

II. ■S' 2 „ groups 

The group S^n is the group of rotary reflections about a rotary-reflection 
axis of even order 2n. It contains 2n elements and is evidently cyclic. In 
particular, the group contains only two elements, E and /; it is also denoted 
by C^. We may note also that, if the order of a group is a number of the form 
2n = 4^+2, inversion is among its elements; it is clear that 
= Cj = /. Such a group can be written as a direct product 
xCp, it is also denoted by C^p+i i- 

III- ^nh groups 

These groups are obtained by adding to an axis of symmetry of the nth 
order a plane of symmetry perpendicular to it. The group contains 
2n elements: n rotations of the group Cn and ii rotary-reflection trans¬ 
formations k= \,2, ..., n (including the reflection — Of). 

All the elements of the group commute, i.e. it is Abelian; the number of 
classes is the same as the number of elements. If n is even [n = 2p), the group 
contains a centre cf symmetry (since C^p'r’of^ = = I). The simplest 

group, C^f^, contains only two elements, E and it is also denoted by Cj. 

IV. Cpp groups 

If we add to an axis of symmetry of the «th order a plane of symmetry 
passing through it, this automatically gives another n — 1 planes intersecting 
along the axis at angles of tt/w, as follows at once from the geometrical 
theoremf (91.7). The group Cnv thus obtained therefore contains 2ti 
elements; n rotations about the axis of the nth order, and n reflections op in 
vertical planes. Figure 34 shows, as an example, the systems of axes and 
planes of symmetry for the groups and C^p. 

To determine the classes, we notice that, because of the presence of planes 
of symmetry passing through the axis, the latter is bilateral. The actual 
distribution of the elements among the classes depends on whether n is 
even or odd. 

If n is odd {n = 2p + \\ successive rotations C^p+i carry each of the 
planes successively into each of the other 2p planes, so that all the planes of 

t In a finite group, there cannot be two planes of symmetry intersecting at an angle which 
is not a rational fraction of In. If there were two such planes, it would follow that there were 
*an infinite number of other planes of symmetry, intersecting along the same line and obtained 
by reflecting one plane in the other ad infinitum In other words, if there are two such planes, 
there must be complete axial symmetry. 
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symmetry are equivalent, and the reflections in them belong to a single class. 
Among rotations about the axis there are 2p operations apart from the identity, 
and these are conjugate in pairs, forming p classes each of two elements 
(Cjp+i* and Cjp+i-*, k= 1,2, ... ,p); moreover, E forms an extra class. 
Thus there are/)+ 2 classes altogether. 



Fio. 34 

If, on the other hand, n is even (n == 2p), only every alternate plane can 
be interchanged by successive rotations Cjp; two adjacent planes caimot be 
carried into each other. Thus there are two sets of p equivalent planes, and 
accordingly two classes of p elements (reflections) each. Of the rotations 
about the axis, = E and Cjp^ = each form a class by themselves, 
while the remaining 2p—2 rotations are conjugate in pairs and give another 
p — \ classes, each of two elements. The group Cjp „ thus nas />+3 classes 
altogether. 


V. /)„ groups 

If we add to an axis of symmetry of the nth order an axis of the second 
order perpendicular to it, this involves the appearance of a further n —1 
such axes, so that there are altogether n horizontal axes of the second order, 
intersecting at angles rr/n. The resulting group D„ contains 2n elements: 
n rotations about an axis of the nth order, and n rotations through an angle 
TT about horizontal axes (we shall denote the latter by U^, reserving the notation 
Q for a rotation through an angle n about a vertical axis). Fig. 34 shows, as 
an example, the systems of axes for the groups Dg and D^. 

In an exactly similar manner to case IV, we may verify that the axis of the 
nth order is bilateral, while the horizontal axes of the second order are all 
equivalent if n is odd, or form two non-equivalent sets if n is even. Con¬ 
sequently, the group has the following/>-p3 classes: E, 2 classes each of 
p rotations U^, the rotation Cj, and p—\ classes each of two rotations about 
vertical ajds. The group D^p+j, on the other hand, has p+2 classes: 
^ rotations C/j, and p classes each of two rotations about the vertical 

a.xis. 


An important particular case is the group D,. Its system of axes is 

composed of three mutually perpendicular axes of the second order This 
group IS also denoted by V. 
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VI. I>r.h groups 

If we add to the system of axes of a group a horizontal plane of sym¬ 
metry passing through the n axes of the second order, n vertical planes 
automatically appear, each of which passes through the vertical axis and one 
of the horizontal axes. The group thus obtained contains An elements; 
besides the 2n elements of the group D^, it contains also n reflections 
and n rotary-reflection transformations Ctfoh- Figure 35 shows the system 
of axes and planes for the group 



Fig. 35 

The reflection Of, commutes with all the other elements of the group; 
hence we can write as the direct product = D^xC^, where C, is 
the group consisting of the two elements E and For even n the inversion 
operation is among the elements of the group, and we can also write 

^2p.h — 

Hence it follows that the number of classes in the group is twice the 
number in the group D„. Half of them are the same as those of the group 
(rotations about axes), while the remainder are obtained by multiplying 
these by The reflections in vertical planes all belong to a single class 
(if n is odd) or form two classes (if n is even). The rotary-reflection trans¬ 
formations and are conjugate in pairs. 

VII. groups 

There is another way of adding planes of symmetry to the system of axes 
of the group D^. This is to draw vertical planes through the axis of the «th 
order, midway between each adjacent pair of horizontal axes of the second 
order. The adding of one such plane again involves the appearance of another 
(« —1) planes. The system of axes and planes of symmetry thus obtained 
determines the groupZ)jj(j. Figure 35 shows the axes and planes for the groups 
and 

The group contains An elements. To the 2n elements of the group 
are added n reflections in the vertical planes (denoted by the diago- 
*nal” planes) and n transformations of the form G = U^cr^. In order to 
ascertain the nature of these latter, we notice that the rotation C/j can, by 
(91.6), be written in the form U^, = where is a reflection in the verti- 
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cal plane passing through the corresponding axis of the second order. Then 
G = ^ (the transformations cr^ alone are not, of course, among 

the elements of the group). Since the planes of the reflections and 
intersect along an axis of the nth order, forming an angle (2)^ + l) 77 /' 2 n, 
where k = 1, ... , (n—1) (since here the angle between adjacent planes is 
■njln), it follows that, by (91.6), we have Thus we find that 

G = i.e. these elements are rotary-reflection trans¬ 

formations about the vertical axis, which is consequently not a simple axis 
of symmetry of the nth order, but a rotary-reflection axis of the 2nth order. 

The diagonal planes reflect two adjacent horizontal axes of the second 
order into each other; hence, in the groups under consideration, all axes of 
the second order are equivalent (for both even and odd n). Similarly, all 
diagonal planes are equivalent. The rotary-reflection transformations 
and are conjugate in pairs.f 

Applying these considerations to the group D^p we find that it contains 
the following 2^-t-3 classes; E, the rotation about the axis of the nth 
order, (p —1) classes each of two conjugate rotations about the same axis, 
one class of the 2p rotations one class of 2p reflections a^, and p classes 
each of two rotary-reflection transformations. 

For odd n (= 2p + \), inversion is among the elements of the group; this 
is seen from the fact that, in this case, one of the horizontal axes is perpen¬ 
dicular to a vertical plane. Hence we can write D^p^i ^ X Q, 

so that the group D 2 P +1 ^ contains 2p+^ classes, which are obtained at 
once from the p+2 classes of the group D^p^y. 

VIII. The group T [the tetrahedron group) 

The system of axes of this group is the system of axes of symmetry of a 
tetrahedron. It can be obtained by adding to the system of axes of the group 
V four oblique axes of the third order, rotations about which carry the three 
axes of the second order into one another. This system of ax^s is conveniently 
represented by showing the three axes of the second order as passing through 
the centres of opposite faces of a cube, and those of the third order as the 
spatial diagonals of the cube. Figure 36 shows the position of these a.xes in a 
cube and in a tetrahedron (one axis of each type is shown). 


Cl 



Fig. 36 


t For we have 
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The three axes of the second order are mutually equivalent. The axes of 
the third order are also equivalent, since they are carried into one another by 
the rotations Cj, but they are not bilateral axes. Hence it follows that the 
twelve elements in the group T are divided into four classes: E, the three 
rotations Cj, the four rotations Q and the four rotations 

IX. The group T ^ 

This group contains all the symmetry transformations of the tetrahedron. 
Its system of axes and planes can be obtained by adding to the axes of the 
group T planes of symmetry, each of which passes through one axis of the 


C3 



second order and two of the third order. The axes of the second order thereby 
become rotary-reflection axes of the fourth order (as in the case of the group 
D 2 (j). This system is conveniently represented by showing the three rotary- 
reflection axes as passing through the centres of opposite faces of a cube, the 
four axes of the third order as its spatial diagonals, and the six planes of 
symmetry as passing through each pair of opposite edges (Fig. 37 shows one 
of each kind of axis and one plane). 

Since the planes of symmetry are vertical with respect to the axes of t e 
third order, the latter are bilateral axes. All the axes and planes of a given 
kind are equivalent. Hence the 24 elements of this group are divide into 
^ the following five classes: E, eight rotations C 3 and six reflections in 
planes, six rotary-reflection transformations ^4 and and three rotations 

C3=S,^. 






Point groups 


369 


§93 


X. The group 

This group is obtained from T by adding a centre of symmetry: Tf^ 
= TxCf. As a result, three mutually perpendicular planes of symmetry 
appear, passing through each pair of axes of the second order, and the axes of 
the third order become rotary-reflection axes of the sixth order (Fig. 38 
shows one of each kind of axis and one plane). 



5 

Fig- 38 


The group contains 24 elements divided among eight classes, which are 
obtained at once from those of the group T. 


XL The group O {the octahedron group) 

The system of axes of this group is the system of axes of symmetry of a 
cube: three axes of the fourth order pass through the centres of opposite 


C3 
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Fig. 39 


faces, four axes of the third order through opposite corners, and six axes of the 
second order through the midpoints of opposite edges (Fig. 39). 

It is easy to see that all the axes of a given order are equivalent, and each 
of them is bilateral. Hence the 24 elements are divided among the following 
five classes: E, eight rotations C 3 and C^, six rotations Q and C^, three 
rotations Q® and six rotations Cj. 

XII. The group 

This IS the gro up of all symmetry transformations of the cube.f It is 

t The groups T, T,i, T/,, O, On are called cubic groups. 
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obtained by adding to the group O a centre of symmetry': O;, = OxC^. 
The axes of the third order in the group O are thereby converted into rotary- 
reflection axes of the sixth order (the spatial diagonals of the cube); in 
addition, another six planes of symmetry appear, passing through each pair 
of opposite edges, and three planes parallel to the faces of the cube (Fig. 
40). The group contains 48 elements divided among ten classes, which 



Fig. 40 

can be at once obtained from those of the group O; five classes are the same 
as those of the group O, while the remainder are: I, eight rotary-reflection 
transformations Se and Se®, six rotary-reflection transformations C 4 orft, 
about axes of the fourth order, three reflections in planes horizontal 
with respect to the axes of the fourth order, and six reflections in planes 
vertical wdth respect to these axes. 

XIII, XIV. The groups V, [the icosahedron groups) 

These groups occur only exceptionally in Nature as symmetry groups of 
molecules. Hence we shall here only mention that F is a group of 60 rotations 
about the axes of symmetry of the icosahedron (a regular solid with twenty 
triangular faces) or of the pentagonal dodecahedron (a regular solid with 
twelve pentagonal faces); there are six axes of the fifth order, ten of the 
third and fifteen of the second. The group F^ is obtained by adding a centre 
of symmetry: F^ = FxCj, and is the complete group of symmetry trans¬ 
formations of the above-mentioned polyhedra. 

This ex hausts all possible types of point group containing a finite number 
of elements. In addition, we must consider what are called continuous point 
groups, which contain an infinite number of elements. This we shall do in 
§98. 

§94. Representations of groups 

Let us consider any symmetry group, and let be some one-valued func¬ 
tion of the coordinates in the configuration space of the physical sy^em 
concerned. Under the transformation of the coordinate system which 
corresponds to an element G of the group, this function is changed into 
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some other function. On performing in turn all the g transformations 
in the group {g being the order of the group), we in general obtain^ different 
functions from fi. For certain however, some of these functions 
may be linearly dependent. As a result we obtain some number/(< ^) of 
linearly independent functions (/(j, ..., ipf, which are transformed into 

linear combinations of one another under the transformations belonging to 
the group in question. In other words, as a result of the transformation G, 
each of the functions {i = 1, 2, 3, ... ,f) is changed into a linear combina¬ 
tion of the form 

where the are constants depending on the transformation G. The array 
of these constants is called the matrix of the transformation.f 

In this connection it is convenient to regard the elements G of the group 
as operators acting on the functions so that we can write 

G0, = 5:g,A: (94.1) 

the functions tpt can always be chosen so as to be orthonormal. Then the 
concept of the matrix of the transformation is the same as that of the matrix 
of the operator, in the form defined in §11: 

G.fc = J dq. (94.2) 

To the product of two elements G and H of the group there corresponds 
the matrix obtained from the matrices of G and H by the ordinary rule 
of matrix multiplication (11.12): 

= (94.3) 

The set of matrices of all the elements in a group is called a representation 
of the group. The functions ..., with respect to which these matrices 
are defined are called the basis of the representation. The number/of these 
functions gives what is called the dimension of the representation. 

Let us consider the integrals d^. Since the integration is taken 

over all space, it is evident that the values of the integrals are unchanged by 
any rotation or reflection of the coordinate system. That is, the symmetry 
transformations do not destroy the orthonormality of the base functions, 
and therefore the operators 0 are unitary (see §12).| Accordingly, the 
matrices which represent the elements of a group in a representation with 
an orthonormalized basis are also unitary. 

t Since the functions (J; are assumed one-valued, a definite matrix corresponds to each 
element of the group. 

t In this argument it is important that the integrals are either equal to zero (for i^k) or 
definitely not zero (for i = because the integrand |0ij® is positive. 
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Suppose that we perform on the system of functions </ii,..., iff the linear 
unitary transformation 

4>'i (94.4) 

This gives a new system of functions ifj\,if’/, which are also orthonormal 
(see §12).‘t' If we now take, as the basis of the representation, the functions 
ip'i, we obtain a new representation of the same dimension. Such representa¬ 
tions, obtained from one another by a linear transformation of their base 
functions, are said to be equivalent ; it is evident that they are not essentially 
different. 

The matrices of equivalent representations can be simply expressed in terms 
of one another. According to (12.7), the matrix of the operator 0 in the new 
representation is the matrix of the operator 

G' =^-^GS (94.5) 

in the old representation. 

The sum of the diagonal elements (i.e. the trace) of the matrix representing 
an element G of a group is called its character -, we shall denote it by x{G). 
It is a very important result that the characters of the matrices of equivalent 
representations are the same (see (12.11)). This circumstance gives par¬ 
ticular importance to the description of group representations by stating 
their characters; it enables us to distinguish at once the fundamentally 
different representations from those which are equivalent. Henceforward 
we shall regard as different representations only those which are not 
equivalent. 

If we take 5 in (94.5) to be that element of the group which relates the 
conjugate elements G and G', we have the result that, in any given represen¬ 
tation of a group, the characters of the matrices representing elements of the 
same class are the same. 

The identical transformation corresponds to the unit element E of the 
group. Hence the matrix representing the latter is diagonal in every represen¬ 
tation, and the diagonal elements are unity. The character 
sequently just the dimension of the representation: 

m =/• (94.6) 

Let us consider some representation of dimension /. It may happen that, 
as a result of a suitable linear transformation (94.4), the base functions 
divide into sets of /i,/2,... functions (/i+/2 + — == /)» iti such a way that, 
when any element of the group acts on them, the functions in each set are 
transformed only into combinations of themselves, and do not involve 
functions from other sets. In such a case the representation in question is 
said to be reducible. 

If, on the other hand, the number of base functions that are transformed 
only into combinations of themselves cannot be reduced by any linear trans¬ 
formation of them, the representation which they give is said to be irreducible. 

f From (12.12), the unitarity of the transformations implies that the sum of the squared 
moduli of the base functions is invariant. 
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Any reducible representation can, as we say, be decomposed into irreducible 
ones. This means that, by the appropriate linear transformation, the base 
functions divide into several sets, of which each is transformed by some 
irreducible representation when the elements of the group act on it. Here 
it may be found that several different sets transform by the same irreducible 
representation; in such a case this irreducible representation is said to be 
contained so many times in the reducible one. 

Irreducible representations are an important characteristic of a group, and 
play a fundamental part in all quantum-mechanical applications of group 
theory. We shall give the chief properties of irreducible representations, j" 

It may be shown that the number of different irreducible representations 
of a group is equal to the number r of classes in the group. We shall distin¬ 
guish the characters of the various irreducible representations by indices; 
the characters of the matrices of the element G in the representations are 
.... 

The matrix elements of irreducible representations satisfy a number of ortho¬ 
gonality relations. First of all, for two different irreducible representations 
the relations 

S = 0 (94.7) 

hold, where a and ^ (a # refer to the two irreducible representations, and the 
summation is taken over all the elements of the group. For any irreducible 
representation the relations 

(94.8) 

Ja 

hold, i.e. only the sums of the squared moduli of the matrix elements are not 
zero; 

The relations (94.7), (94.8) can be combined in the form 

S G(“),,G<^,„* = (94.9) 

Ja 

In particular, we can obtain from this an important orthogonality relation 
for the characters of the representations. Summing both sides of equation 
(94.9) over equal values of the suffixes i, k and /, m, we have 

Sx<“>(G)x<^(G)* (94.10) 

For a = ;S we have 

glx'“'(G)|>‘ =^. 


t The proof of these properties may be found in any textbook on group theory 
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i.e. the sum of the squared moduli of the characters of an irreducible represen¬ 
tation is equal to the order of the group. We may notice that this relation 
can be used as a criterion of the irreducibility of a representation; for a 
reducible representation, this sum is always greater than g (for instance, it is 
ng if the representation contains n different irreducible parts). 

It also follows from (94.10) that the equality of the characters of two 
irreducible representations is not only a necessary but also a sufficient con¬ 
dition for them to be equivalent. 

Since the characters of elements of the same class are equal, the sum 
(94.10) actually contains only r independent terms, and can be written in 
the form 

5:^cx<“>(Qx<«(C)*=^s„^, (94.11) 

where the summation is over the r classes of the group (arbitrarily denoted 
by C) and gc is the number of elements in class C. 

Since the number of irreducible representations is equal to the number of 
classes, the quantities f^c = Vigclg)x^’‘KC) form a square matrix of r^ 
quantities. 

The orthogonality relations for the first suffix, 

S/ac/^C* = ^ 0 , 

then automatically give those for the second suffix, 

^facfaC* = See- 

a 


Hence, besides (94.11), we have 

2 x(“)(C)xW(C’')* = {glgc)^cc: (94.12) 

a 

Among the irreducible representations of any group there is always a 
trivial one, given by a single base function invariant under all the transforma¬ 
tions in the group.' This one-dimensional representation is called the unit 
representation-, in it, all characters are unity. If one of the representations 
in the orthogonality relation (94.10) or (94.11) is the unit representation, 
the other is such that 


2 X<“>(Q = = 0, 


(94.13) 


i.e. the sum of the characters of all the elements of the group is zero for 

every irreducible representation. . 

The relation (94.10) enables any reducible representation to be very easily 
decomposed into irreducible ones if the characters of both are known Let 
X(G) be the characters of some reducible representation of dimension /, 
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and let the numbers ... , a**"* indicate how many times the cor¬ 

responding irreducible representations are contained in it, so that 

=/. (94.14) 

where are the dimensions of the irreducible representations. Then the 

characters x(G) can be written 

x(G) = (94.15) 

^ -1 ' ' 

Multiplying this equation by and summing over all G, we have by 

(94.10) 

a<“)=-Ex(G)x<“>(G)*. (94.16) 

g ® 

Let us cortsider a representation of dimension f = g, given by the^ g 
functions Cip, ip being some genera! function of the coordinates (so that 
all the g functions Oip obtained from it are linearly independent); such a 
representation is said to be regular. It is clear that none of the matrices of 
this representation will contain any diagonal elements, with the exception of 
the matrix corresponding to the unit element; hence x(G) = 0 for G 9 ^ E, 
while x(-E') = g- Decomposing this representation into irreducible ones, we 
have for the numbers a<’>, by (94.16), the values = (l/^)^/<*> = /!**, i.e. 
each irreducible representation is contained in the reducible one under 
consideration as many times as its dimension. Substituting this in (94.14), 
we find the relation 

/i^+/ 2 ^+-+/r^=g; (94.17) 

the sum of the squared dimensions of the irreducible representations of a 
group is equal to its order.f Hence it follows, in particular, that for Abelian 
groups (where r = g) all the irreducible representations are of dimension one 

(/i =/. = ••• =/,= !). 

We may also remark, without proof, that the dimensions of the irreducible 
representations of a group divide its order. 

In practice, the decomposition of a regular representation into irreducible 
parts is made by means of the formula 

=-[l^Gik<^>*G4,. (94.18) 

S c 

It is easy to verify that the functions = 1, 2, ...,/J represented by 

this formula with a given value of k are transformed according to 

t It may be mentioned that, for point groups, equation (94.17) for given r and g can in 
practice be satisfied in only one way by a set of integers /j, 



376 The Theory of Symmetry §94 

i.e. they are a basis of the ath irreducible representation. By giving various 
values to k we obtain in this way different sets of base functions i/zd”* for 
one irreducible representation, in accordance with the fact that each 
irreducible representation appears times in the regular representation. 

Any function ^ may be written as a sum of functions transformed by the 
irreducible representations of the group. This problem is solved by the 
formulae 


S o 


To prove this, we substitute the second formula in the first and calculate 
the sum over f, obtaining 


G^. (94.19) 


a i 


4‘ = -yhx'-'^nG)-G4>. (94.20) 

ga 

Since the dimensions /„ coincide with the characters x‘“’(^) of unit 
element of the group, we can use the orthogonality relation (94.12) to show 
that the sum in (94.20) is non-zero (and equal to g) only if G is the unit 
element of the group. Hence the right-hand side of (94.20) is identically 
equal to ip. 

Let us consider two different systems of functions .and 

.V), which form two irreducible representations of a group. 

By forming^the products we obtain a system of/„/p new functions, 

which can serve as the basis for a new representation of dimension fafp- 
This representation is called the direct product or Kronecker product of the 
other two; it is irreducible only ifor f^ is unity. It is easy to see that the 
characters of the direct product are equal to the products of the characters 
of the two component representations. For, if 

G<Pi^'> = 2 Gif^'>'Pi^\ GPk^ = 2 

then 


hence we have for the characters, which we denote by (x* ^^X^ 
(x'“’Xx^)(G) = 2 2 


i.e. 


(x'“'Xx^)(G) = x'“>(G)x^(G). 


(94.21) 


The two irreducible representations so multiplied may, in particu , 

the same- in this case we have two different sets of functions 'Piy>Vf 
and <Pi .’, <pf giving the same representation, while the direct product o 
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the representation with itself is given by the functions has the 

characters 

(xXx)(G) = h{G)r- 

This reducible representation can be at once decomposed into two represen¬ 
tations of smaller dimension (although these are, in general, themselves 
reducible). One of them is given by the J/(/+l) functions the 

other by the |/(/— 1) functions i # it is evident that the func¬ 

tions in each of these sets are transformed only into combinations of them¬ 
selves. The former is called the symmetric product of the representation with 
itself, and its characters are denoted by the symbol [x*J(G);the latter is 
called the antisymmetric product, and its characters are denoted by I;,;®} (G). 
To determine the characters of the symmetric product, we write 

Hence we have for the character 

[X*](G) = J S (G„G,,+G*,G*,). 


But S Gii = x(G), and 2 Gi^Gki = x{G^)\ thus we finally obtain the 
formula 

lyKG) =i{[x(G)?+x(G^)}, (94.22) 

which enables us to determine the characters of the symmetric product of a 
representation with itself from the characters of the representation. In an 
exactly similar manner, we find for the characters of the antisymmetric 
product the formulaf 


{X*}(G) = K[x(G)]*-x(G")}- (94.23) 


If the functions ip^ and are the same, we can evidently construct from 
them only the symmetric product, formed by the squares and the pro¬ 
ducts ipipky * 7^ In applications, symmetric products of higher orders are 
also encountered; their characters may be obtained in a similar manner. 

An important property of direct products is the following. The decom¬ 
position of the direct product of two different irreducible representations into 
irreducible parts contains the unit representation (and only once) only if 
the representations multiplied together are complex conjugates. For real 
representations, the unit representation is present only in the direct product 
of an irreducible representation with itself, and is of course in the symmetric 
part. In order to know whether the unit representation is present in the 


t It is useful to note that, for 
equal to the determinants of the 
calculation. 


representations of dimension 2. the characters {x“KG) are 
linear transformations G, as can easily be shown by direct 



378 The Theory of Symmetry §95 

representation (94.21), we simply sum its characters with respect to G and 
divide the result by the order ^ of the group, in accordance with (94.16). The 
conclusion stated then follows at once from the orthogonality relations 
(94.10). 

Finally, we shall make a few remarks regarding the irreducible represen¬ 
tations of a group which is the direct product of two other groups (not 
to be confused with the direct product of two representations of the same 
group). If the functions give an irreducible representation of the group 
A, and the functions give one of the group B, the products 
are the basis of an/^/p-dimensional representation of the group AxB, and 
this representation is irreducible. The characters of this representation are 
obtained by multiplying the corresponding characters of the original represen¬ 
tations (cf. the derivation of formula (94.21)); to an element C = AB of 
the group AxB there corresponds the character 

x(C) = (94.24) 

Multiplying together in this way all the irreducible representations of the 
groups A and B, we obtain all the irreducible representations of the group 
AxB. 


§95. Irreducible representations of point groups 

Let us pass now to the actual determination of the irreducible represen¬ 
tations of point groups. The great majority of molecules have axes of 
symmetry only of the second, third, fourth or sixth order. Hence we shall 
not consider the icosahedron groups Y, Yn', we shall examine the groups 
Cn, Cnh, Cnv, Dn, Dnh Only for the values n = 1, 2, 3, 4, 6, and the groups 
Sin, Dnd only for k = 1, 2, 3. 

The characters of the representations of these groups are shown in Table 7. 
Isomorphous groups have the same representations and are given together. 
The numbers in front of the symbols for the elements of a group in the upper 
rows show the numbers of elements in the corresponding classes (see §93). 
The left-hand columns show' the conventional names usually given to the 
representations. The one-dimensional representations are denoted by the 
letters A, B, the two-dimensional ones by E, and the three-dimensional 
ones by F; the notation E for a two-dimensional irreducible representation 
should not be confused with the unit element of a group.t The base functions 
of A representations are symmetric, and those of B representations antisym¬ 
metric, w’ith respect to rotations about a principal axis of the Mth order. 
The functions of different symmetry with respect to a reflection on are 
distinguished by the number of primes (one or two), while the suffixes 
g and u show the symmetry with respect to inversion. Beside the symbols 
for the representations are placed the letters x,y, z; these show the repre- 


f The reason why two complex conjugate one-dimensional representations are shown as 
one two-dimensional one is explained in §96. 



§95 Irreducible representations of point groups 379 

sentations by which the coordinates themselves are transformed. The ^-axis 
is always taken along the principal axis of symmetry. The letters e and oj 
denote 


C — ^2nt/3 

e+e 2 = - 1 , 


Oi = ^ 2 * 1/6 _ _^4. 
01^—01 = — 1. 


The simplest problem is to determine the irreducible representations for 


Table 7 

Characters of irreducible representations of point groups 


C, 


C, 


C. 


E I 
E C, 
E a 


C. 


Ag 

A‘, z A'\x,y 

Au;x,y, 

z B;x,y A";z 


£ Cj o» I 

c„ 

E ^^2 ^9 ^9 


E C,' Cal' C,* 

Ag Ai\ z A 

1111 

Bf Bt-.y Bi'.x 

1-1-1 1 

Auiz A, Bi'.z 

1 1-1-1 

Bu;x,y Bi;x Biiy 

1-11 -1 


1 1 
1 -1 


A\z 

E;x±iy 


E C, C,* 


1 1 1 

1 ( c* 

1 ( 


c,. 

E 2C, 3.7, 

D, 

E 2C, 3t/, 

Aiiz Ai 

1 1 1 

Aj All ^ 

11 -1 

E;x,y E;x,y 

2-1 0 


C, 


S, 


A-,3 a 

B B;z 

E;x±iy E;x±iy 


E Ci C, C,* 
E St C, St‘ 


1111 
1 - 11-1 
1 .■ -1 

1 -1 ,• 


c. 

E C, 

Cl 

c. 

Cl' 

c.‘ 

A;z 

1 

1 

1 

1 

1 

1 

B 

1 -1 

1 

-1 

1 

-1 

El { 

1 

Oi* 

— <■13 

1 

u' 

— cu 


1 —cu 


1 

— CO 

CJ* 


1 CJ 

CJ* 

-1 


— CO* 

1 “(U* 

“<o 

—1 

CO* 

<u 
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Table 7 —continued 


c., 1 E 

c. 

20, 

2a, 

2a'. 

D, 1 E 

C 2 

20, 

2 V 2 

2U', 

D,, \ E 

C 2 

28, 

2C7, 

la. 


Aiiz Ai Ai 

A 2 ^ 

Bi B, Bi 

B2 B3 Bj j z 

E\x,y E\x,y E-,x,y 


B, 

c„ 


E 

E 

E 

c, 

c, 

a» 

2 C. 

2 C, 

2 C, 

20, 

20, 

28, 

3 [ 7 s 

3 a. 

3 [ 7 , 

3 C 7 ', 

3 a', 

3 a'. 

A, 

Ai'.z 

A,' 

1 

1 

1 

1 

1 

1 

A,', z 

A2 

A, 

1 

1 

1 

1 

-1 

-1 

Bx 

B2 

AT 

1 

-1 

1 

-1 

1 

-1 

B, 

Bx 

A,"-, z 

1 

-1 

1 

-1 

-1 

1 

E2 

E2 

E'\x,y 

2 

2 

-1 

-1 

0 

0 

Eiix.y 

Ei;x,y 

E" 

2 

-2 

-1 

1 

0 

0 


O E 8C, 3 C, 6C, 6C4 

Ti E SCt 20260,68, 

A, A, 

A, A2 

E E 

F, F,; *, y, z 

Ft-.x.y^z F, 


11111 
1 1 1 - 1-1 
2-12 0 0 
3 0-11-1 

3 0-1-11 


T E 

3 Cs 

4 C, 4 C,* 

A 1 

1 

1 1 

1 

1 

e e* 

E 



1 

1 

c* e 

F; x,y,z 3 

-1 

0 0 
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the cyclic groups (C„, 5„). A cyclic group, like any Abelian group, has only 
one-dimensional representations. Let G be a generating element of the group 
(i.e. one which, on being raised to successive powers, gives all the elements 
of the group). Since G* = £ (where g is the order of the group), it is clear 
that, when the operator 0 acts on a base function the latter can be multi¬ 
plied only by P/®, i.e.f 

(A = 1.2. g). 

The group C 2 h (and the isomorphous groups C 2 v and D 2 ) is Abelian, so 
that all its irreducible representations are one-dimensional, and the characters 
can only be ± 1 (since the square of every element is E). 

Next we consider the group As compared with the group C3, the 
reflections in vertical planes (all belonging to one class) are here added. 
A function invariant with respect to rotation about the axis (a base function 
of the representation A of the group C3) may be either symmetric or anti¬ 
symmetric with respect to the reflections ct„. Functions multiplied by e 
and e* under the rotation C3, on the other hand (base functions of the com¬ 
plex conjugate representations £), change into each other on reflection, f 
It follows from these considerations that the group Cg^ (and Dg, which is 
isomorphous with it) has two one-dimensional irreducible representations 
and one two-dimensional, with the characters shown in the table. The fact 
that we have indeed found all the irreducible representations may be seen 
from the result P-pP-f 2^ = 6, which is the order of the group. 

Similar considerations give the characters of the representations of other 
groups of the same type (Q„, 

The group T is obtained from the group D2 s F by adding rotations about 
four oblique axes of the third order. A function invariant with respect to 
transformations of the group V (a basis of the representation A) can be 
multiplied, under the rotation C3, by 1, € or The base functions of the 
three one-dimensional representations £1, B 2 , £3 of the group V change into 
one another under rotations about the axes of the third order (this is seen, 
for example, if we take as these functions the coordinates x, y, z themselves). 
Thus we obtain three one-dimensional irreducible representations and one 
three-dimensional (12-1-12+12 + 32 = 12). 

Finally, let us consider the isomorphous groups O and T The group 
T g, is obtained from the group T by adding reflections in planes each of 
which passes through two axes of the third order. A base function of the 
unit representation A of the group T may be symmetric or antisymmetric 
with respect to these reflections (which all belong to one class), and this 
gives two one-dimensional representations of the group T Functions 
multiplied by e or e® under a rotation about an axis of the third order (the 

t I'oi the point group C„ t\e can, for e.xample, take as the functions 0 the functions 
^ “ .V the angle of rotation about the axis, measured from some fixed direction. 

X These functions may, tor example, be taken as 0, = 0 .^ = f-io. On reflection in a 

vertical plane, 0 changes sign 
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basis of the complex conjugate representations E of the group T) change into 
each other on reflection in a plane passing through this axis, so that one 
two-dimensional representation is obtained. Finally, of three base functions 
of the representation F of the group T, one is transformed into itself on 
reflection (and can either remain unaltered or change sign), while the other 
two change into each other. Thus we have altogether two one-dimensional 
representations, one two-dimensional and two three-dimensional .■!■ 

The representations of the remaining point groups in which we are inter¬ 
ested can be obtained immediately from those already given, if we notice 
that the remaining groups are direct products of those already considered 
with the group (or C^): 


C311 = c^xCg 


Dad — 1^3 xC,- 

— c^xCi 

Dj/i = D^xCi 

Dgft ~ i^gxC',- 

Cth = 

5'g = CgXCj 

n =rxc, 



Ofc = OxCj 


Each of these direct products has twice as many irreducible representations 
as the original group, half of them being symmetric (denoted by the suffix g) 
and the other half antisymmetric (suffix u) with respect to inversion. The 
characters of these representations are obtained from those of the representa¬ 
tions of the original group by multiplying by ± 1 (in accordance with the 
rule (94.24)). Thus, for instance, we have for the group the repre¬ 
sentations : 


1 ^ 3 d 

E 

2C3 

2U3 

1 

2Sg 

3 (Td 

A.lg 

1 

1 

1 

1 

1 

1 


1 

1 

-1 

1 

1 

-1 

E, 

2 

-1 

0 

2 

-1 

0 

Aiu 

1 

1 

1 

-1 

-1 

-1 

Asu 

1 

1 

-1 

-1 

-1 

1 

E. 

2 

-1 

0 

-2 

1 

0 


§96. Irreducible representations and the classification of terms 
The quantum-mechanical applications of group theory are based on the 
fact that the Schrodinger’s equation for a physical system (an atom or 
molecule) is invariant with respect to symmetry transformations ot tne 

t Irreducible representations of higher dimension (4 and 5) occur in the icosahedron 
groups. 
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system.f It follows at once from this that, on applying the elements of a group 
to a function satisfying Schrodinger’s equation for some value of the energy 
(an eigenvalue), we must again obtain solutions of the same equation for the 
same value of the energy. In other words, under a symmetry transformation 
the wave functions of the stationary’ states of the system belonging to a given 
energy level transform into linear combinations of one another, i.e. they give 
some representation of the group. An important fact is that this representa¬ 
tion is irreducible. For functions which are invariably transformed into linear 
combinations of themselves under symmetry transformations must belong 
to the same energy level; the equality of the eigenvalues of the energy cor¬ 
responding to several groups of functions (into which the basis of a reducible 
representation can be divided), which are not transformed into combinations 
of one another, would be an improbable coincidence.! 

Thus, to each energy level of the system, there corresponds some irreduc¬ 
ible representation of its symmetry group. The dimension of this represen¬ 
tation determines the degree of degeneracy of the level concerned, i.e. the 
number of different states with the energy in question. The fixing of the 
irreducible representation determines all the symmetry properties of the 
given state, i.e. its behaviour with respect to the various symmetry trans¬ 
formations. 

Irreducible representations of dimension greater than one are found only 
in groups containing non-commuting elements; Abelian groups have only 
one-dimensional irreducible representations. It is apposite to recall here that 
the relation between degeneracy and the presence of operators which do not 
commute with one another (but do commute with the Hamiltoiuan) has 
already been found above from considerations unrelated to group theory 
(§ 10 ). 

The following important reservation should be made regarding all these 
statements. As has already been pointed out (§18), the symmetry (valid in 
the absence of a magnetic field) with respect to a change in the sign of the 
time has, in quantum mechanics, the result that complex conjugate wave 
functions must belong to the same eigenvalue of the energy. Hence it follows 
that, if some set of functions and the set of complex conjugate functions give 
different (non-equivalent) irreducible representations of a group, these two 
complex conjugate representations must be regarded as forming together a 
single “physically irreducible” representation of twice the dimension. 
This will be assumed below. In the preceding section we had examples of 
such representations. Thus the group C3 has only one-dimensional repre¬ 
sentations; however, two of these are complex conjugates, and correspond 
physically to doubly degenerate energy levels. (In the presence of a magnetic 
field there is no symmetry with respect to a change in the sign of the time. 


(192^)^" mechanics by E. P. VVigner 

t Provided that there is no special reason for this. Reference may be made here to the 
accidental degeneracy that arises because the Hamiltonian of a system can have a higher 
symmetry than the purely geometrical symmetry considered in the present chapter (see the 
end of §36). ^ ^ 
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and hence complex conjugate representations correspond to different energy 
levels. )f 

Let us suppose that a physical system is subjected to the action of some 
perturbation (i.e. the system is placed in an external field). The question 
arises to what extent the perturbation can result in a splitting of the degener¬ 
ate levels. The external field has itself a certain symmetry.| If this symmetry 
is the same as or higher n than that of the unperturbed system, the symmetry 
of the perturbed Hamiltonian i? = P" is the same as the symmetry 
of the unperturbed operator It is clear that, in this case, no splitting 
of the degenerate levels occurs. If, however, the symmetry of the pertur¬ 
bation is lower than that of the unperturbed system, then the symmetry of 
the Hamiltonian i? is the same as that of the perturbation P'. The wave 
functions which gave an irreducible representation of the symmetry group 
of the operator Ifg will also give a representation of the symmetry group 
of the perturbed operator l3, but this representation may be reducible, and 
this means that the degenerate level is split. 

We shall show by means of an example how the mathematical techniques 
of group theory enable us to solve the problem of the splitting of any given 
level. 

Let the unperturbed system have symmetry Ta, and let us consider a 
triply degenerate level corresponding to the irreducible representation F 2 
of this group. The characters of this representation are 

E 8C3 3C2 6 cd 6iS4 

3 0 i ^ 

Let us assume that the system is subjected to the action of a perturbation 
with symmetry Csv (with the third-order axis coinciding with one of those of 
the group Td). The three wave functions of the degenerate level give a 
representation of the group Csv (which is a sub-group of the group Ta), and 
the characters of this representation are equal to those of the same elements 
in the original representation of the group Ta, i.e. 

E 2C3 3ov 

3 0 T 

This representation, however, is reducible. Knowing the characters of the 


t Strictly speaking, the fact that the characters are real (i.e that the complex conjugate 
representations are equivalent) is not a sufficient condition for the possibility of choosing real 
base functions of the representation of the group. For irreducible representations of point 
groups, however, it is sufficient (though not for the “double” point groups; see §99). 

1 For example, in the case of the energy levels of the d and / shells of ions in a crystal lattice 
which interact slightly with the surrounding atoms, the perturbation (the external field) is the 
field acting on an ion due to the other atoms. 

II If a symmetry group H is a sub-group of the group G, we sa\ that H corresponds to a lower 
svmmeti r and C to a higher symmetry. It is ex idem that the symmetry of the sum of tw o ex¬ 
pressions, one of which has the symmetry of G and the other that of Ff, is the lower s} mmetry, 
that of H. 
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irreducible representations of the group Czv, it is easy to decompose it into 
irreducible parts, using the general rule (94.16). Thus we find that it consists 
of the representations Ai and E of the group Czv The triply degenerate 
level F 2 . is therefore split into one non-degenerate level A\ and one doubly 
degenerate level E. If the same system is subjected to the action of a per¬ 
turbation of symmetry C-zv, which is also a sub-group of the group Ta, then 
the wave functions of the same level Fz give a representation with characters 

E Cz ^ V 

3 I r 

Decomposing this into irreducible parts, we find that it contains the repre¬ 
sentations Ai, Bi, Bz- Thus in this case the level is completely split into three 
non-degenerate levels. 


§97. Selection rules for matrix elements 

Group theory not only enables us to carry out a classification of the terms 
of any symmetrical physical system, but also gives us a simple method of 
finding the selection rules for the matrix elements of the various quantities 
which characterize the system. 

This method is based on the follotving general theorem. Let be one 
of the base functions of an irreducible (non-unit) representation of a symmetry 
group Then the integral of this function over all spacef vanishes identically: 

J^i/“>d9=0. (97.1) 

The proof is based on the evident fact that the integral over all space is 
invariant with respect to any transformation of the coordinate system, 
including any symmetry transformation. Hence 

I dj = J d? = J S dj. 

We sum this equation over all the elements of the group. The integral on 
the left is simply multiplied by the order of the group, and we have 

However, for any non-unit irreducible representation we have Identically 

2G»*<“> =0; 

this IS a particular case of the orthogonality relations (94.7), when one of 
the irreducible representations is the unit representation. This proves the 


+ That IS. the configuration space of the physical system concerned 
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If i/; is a function belonging to the basis of some reducible representation 
of a group, the integral \ f dq will be zero except when this representation 
contains the unit representation. This theorem is a direct consequence of 
the previous one. 

The matrix elements of a physical quantity / are given by the integrals 
</S/2|/|«0 = J dq, (97.2) 


w'here the indices a and f distinguish different energy levels of the system, 
and the suffixes f, k denumerate wave functions belonging to the same 
degenerate level.t We denote the irreducible representations of the symmetry 
group of the system concerned that are given by the functions and 
by the symbols Z)(’) and and by Df the representation of the same 
group that corresponds to the symmetry of the quantity /; this representation 
depends on the tensor character of/. For example, if/is a true scalar, then 
its operator/is invariant under all the symmetry transformations, and Df is 
the unit representation. The same occurs for a pseudoscalar quantity if 
the group contains only axes of symmetry, but if there are also reflections, 
Df is not the unit representation, though its dimension is unity. If / is a 
vector, then Df is a representation given by the three vector components 
that are transformed into combinations of each other; this representation is 
in general different for polar and axial vectors. 

The products give the representation that is the direct product 

D<^'> xD/xD(“). The matrix elements are non-zero if this representation 
contains the unit representation or, equivalently, if the direct product 
Di^) X contains Df. In practice, it is more convenient to decompose 
into irreducible parts the product xD/; this gives us immediately all 
the types of states for transitions into which (from a state of the type 
the matrix elements are not zero. 

In the simplest case of a scalar quantity, for which Df is the unit representa¬ 
tion, it then follows immediately that the matrix elements are non-zero only 
for transitions between states of the same type: the direct product D(') x Z)(^) 
of tw'o different irreducible representations does not contain the unit 
representation, but the latter is always present in the direct product of an 
irreducible representation with itself. This is most general statement of a 
theorem of which particular cases have already been met with. 

The matrix elements diagonal with respect to energy, i.e. those for transi¬ 
tions between states belonging to the same term (as opposed to transitions 
between states belonging to tw’O different terms of the same type), need special 
treatment. In this case we have only one set of functions •••> r'ot 

two different ones. The selection rules here are found by different methods, 
depending on the behaviour of the quantity/ under time reversal. 

t Since the base functions can be taken as real when “physically irreducible represen¬ 
tations are used, we do not distinguish in (97.2) between the wave functions and their complex 
conjugates. 
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Let us consider a state described by a wave function of the form f = 
2 The mean value of / in this state is given by the sum 

/ = 'L ck*Ci (,ock\f\aiy. 

In the state with the complex conjugate wave function i/t* = 2 
we have 

f = -LckCi* ioiklflaiy 

l,X 

= ^CiCk* <ai\ flaky. 

i,k 

If f is invariant under time reversal, the two states not only belong to the 
same energy level but must also have the same value of f. Since the co¬ 
efficients Ci are arbitrary, this means that 

iaklflaiy = iai\ flak'). 

Hence, in order to find the selection rules, we must consider not the direct 
product X as a whole, but only its symmetric part [^<“>2]; there are 
non-zero matrix elements if contains D/.f 

If, however, / changes sign under time reversal, the change from f to 
has to be accompanied by a change in the sign of/. Hence we find by the 
same method that 


<aAl/|ai> = -<«1/la^>- 

In this case, therefore, the selection rules are determined by the decom¬ 
position of the antisymmetric part of the direct product, 


PROBLEMS 

Problem 1. Find the selection rules for the matrix elements of the electric and magnetic 
dipole moments d and n when symmetry O is present. 

Solution. The group O includes no reflections; the polar vector d and the axial vector fi 
are therefore transformed by the same irreducible representation, fi- The decompositions of 
the direct products of Fi with the other representations of the group O are 


F^-xA, = f,. T,X.L = F,. FtXE = f,+fs, 
FixFi = Aj+E+F^+F^, F,xFi = 



Hence the non-zero non-diagonal (with respect to energy) matrix elements are those for the 
transitions 

Fi*-> A„ E, F„ F^; .-Ij, £, f, 


•f* The product [£)<“>*] always contains the unit representation, so that the diagonal elements 
(and non-diagonal elements between states of the same type) are non-zero for a scalar quantity. 
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The symmetric and antisymmetric products of the irreducible representations of the group O are 
[.4i2] = [^,2] = ^1, [£2] = [Fi2] = [f,2] = ^1-4-£ + £.,, 

= Ao, ;Fi2} = <F,2] = Fn 

The symmetric products do not contain Fi; hence there are no diagonal (with respect to energy) 
matrix elements of the vector d (which is invariant under time reversal). The magnetic moment, 
which changes sign under time reversal, has diagonal matrix elements for the states Fi and Fo. 

Problem 2. The same as Problem 1, but for symmetry £> 3 ^, 

Solution. The vectors d and ft have different transformation laws in the group D 311 : 

here and in the Problems below, the symbol ~ stands for the words ‘is transformed by the 
representation”. We have 

= F„, = FuXrl,„ = E„ 

FyXFy “ FyXFp — ^iwT-^^aiiTFu. 

Hence the non-diagonal matrix elements of dx. dy are non-zero for the transitions 
^ei Eg<r-*Aiu, A 2 u, Eu. In the same way we find the selection rules 

for di' -d 1 {/*~*A 2 u\ A 2 g*~^A^y', Eg*-*Ey, 

lot ^j, Eg-^Alg, A-lg, Eg', Eu*~*A\u, A-^U, Eg, 

for Alg^Azg't Alu^'^^Azui Eg*~*Eg', Eg*-*Eti. 

The symmetric and antisymmetric products of the irreducible representations of the group 
Dsn are 

[Alg^ = [A,g^] = [^ 2 /) = [/l2„2] = A,g. 

[F,2] = [£..2] = £, + 2!,„ {£,2} = {£,,2} = A^g. 

Hence we see that there are no diagonal (with respect to energy) matrix elements for any of the 
Components d ; for the vector n, there are diagonal matrix elements of pj for transitions between 
states belonging to a degenerate level of the type Eg or £», 

Problem 3. Find the selection rules for the matrix elements of the electric quadrupole 
moment tensor Qit when symmetry O is present. 

Soi.uTiON. The components of the tensor Qu (a symmetrical tensor with the sum Qn equal 
to zero) with respect to group O are transformed by the laws 

Qz'j, Qzzi Qgz'^Ey, Qjz + fQgy + t^Qzz, Qix + f^Qyy+ ^Qzz’^^E 

(t = eiWfl). 

Decomposing the direct products of £2 and £ with all the representations of the group, we find 
the selection rules for the non-diagonal matrix elements: 

for Qzv, Qxz, Qyz'- Fi-^Av, £, F], Fo, Fi^Ai, £, Fi. F 2 ; 

for Qxz< Qyy, Qzt- E^Ai, Ao, £; Fi<-tFi, £ 2 ; Fy^F-i- 

The diagonal matrix elements exist (as we see from (2)) in the following states: 

for Qxy, Qzz, Qyz'- F\, Fo, 

for Qxxt Qyy- Qzz- E, Fj, £ 2 . 

Problem 4. The same as Problem 3, but for symmetry Dsa, 

Solution. The transformation laws of the components Qty with respect to the group 
Dsd are 

Qzz~Ai,j', Q-rj -Qau, Q.y~Eg', Qrz, Qyz-~F.,. 
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O 2 ; behaves as a scalar. Decomposinp the direct products of E,j \tith all the representations of 
the group, we find the selection rules for the non-diagonal matrix elements of the remaining 
components On '. 

E,j^Atg, Ajg, Eg-, E„>-*Alu. -^lU, Eg. 

'I’he diagonal elements are non-zero (as we see from (4)) only for the states Eg and Eu- 


§98. Continuous groups 

As well as the finite point groups enumerated in §93, there exist also what 
are called continuous point groups, having an infinite number of elements. 
These are the groups of axial and spherical symmetry. 

The simplest axial symmetry group is the group which contains rota¬ 
tions C{4>) through any angle ^ about the axis of symmetry; this is called the 
two-dimensional rotation group. It may be regarded as the limiting case of 
the groups C„ as « co. Similarly, as limiting cases of the groups 
we obtain the continuous groups D^, Z)„^. 

A molecule has axial symmetry only if it consists of atoms lying in a straight 
line. If it meets this condition, but is asymmetric about its midpoint, its 
point group will be the group which, besides rotations about the axis, 
contains also reflections in any plane passing through the axis. If, on 
the other hand, the molecule is symmetrical about its midpoint, its point 
group will be = C„„xCi. The groups C„, C„^, D„ cannot appear as 
the symmetry groups of a molecule. 

The group of complete spherical symmetry contains rotations through any 
angle about any axis passing through the centre, and reflections in any plane 
passing through the centre; this group, which we shall denote by Kf^, is 
the symmetry group of a single atom. It contains as a sub-group the group 
K of all spatial rotations (called the three-dimensional rotation group, or simply 
the rotation group). , The group can be obtained from the group K by 
adding a centre of symmetry = RxC^). 

The elements of a continuous point group may ^e distinguished by one 
or more parameters which take a continuous range of values. Thus, in the 
rotation group, the parameters might be the three Eulerian angles, which 
define a rotation of the coordinates. 

The general properties of finite groups described in §92, and the concepts 
appertaining to them (sub-groups, conjugate elements, classes, etc.), can be 
at once generalized to continuous groups. Of course, the statements which 
directly concern the order of the group (for instance, that the order of a sub¬ 
group divides the order of the group) are no longer meaningful. 

In the group all planes of symmetry are equivalent, so that all reflec¬ 
tions CT „ form a single class with a continuous series of elements; the axis of 
symmetry is bilateral, so that there is a continuous series of classes, each 
containing two elements C(d;^). The classes of the group are obtained 
at once from those of the group C„„, since = C„„xC^. 

In the rotation group K, all axes are equivalent and bilateral; hence the 
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classes of this group are rotations through an angle of fixed absolute magnitude 
1^1 about any axis. The classes of the group Kf^ are obtained at once from 
those of the group K. 

The concept of representations, reducible and irreducible, can also be 
immediately generalized to continuous groups. Each irreducible representa¬ 
tion contains an infinite sequence of matrices, but the number of base 
functions transformed into combinations of one another (the dimension of 
the representation) is finite. These functions may always be chosen so as to 
make the representation unitary. The number of different irreducible 
representations of a continuous group is infinite, but they form a discrete 
sequence, i.e. they can be numbered successively. For the matrix elements 
and characters of these representations there are orthogonality relations which 
generalize the corresponding ones for finite groups. Instead of (94.9), we 
now have 


/ Gifc<“)Gi;„«')*dTG = / drc, (98.1) 

Ja 

and instead of (94.10) 

J x‘“»(G)x‘'’>(G)* drc = Kf I dro. (98.2) 

The integration in these formulae is what is called an invariant integration 
over the group; the element drg is expressed in terms of the parameters of 
the group and their differentials in such a way as to remain an element when 
subjected to any transformation in the group.f For example, in the rotation 
group we can take drc = sin /3 da d)3 dy, where a, /S and y are the Eulerian 
angles, which define a rotation of the system of coordinates (§58); in this case, 
|dTG= Stt^. 

We have already found, in essence, the irreducible representations of the 
three-dimensional rotation group (without using the terminology of group 
theory), when determining the eigenvalues and eigenfunctions of the total 
angular momentum. For the angular momentum component operators are 
(apart from a constant factor) the operators of infinitely small rotations,! 
and the eigenvalues of the angular momentum characterize the behaviour of 
the wave functions with respect to spatial rotations. To a value j of the 
angular momentum there correspond 2j +1 different eigenfunctions ipjm, 
differing in the values of the component m of the angular momentum and 
all belonging to one (2j + l)-fold degenerate energy level. Under rotations 
of the coordinate system, these functions are transformed into linear combi¬ 
nations of themselves, and thus give irreducible representations of the 


t The statements made here about the properties of irreducible representations of con¬ 
tinuous groups are valid only if the integrals (98.1) and (98.2) converge; in particular, the 
“volume of the group” f drc must be finite. This condition is satisfied for continuous point 
groups (but not, fpr instance, for the Lorentz group which occurs in the relativistic theory), 
t In mathematical terms, these operators are the generators of the rotation group. 
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rotation group. Thus, from the group-theory point of view, the numbers j 
number the irreducible representations of the rotation group, and one 
(2y + l)-dimensional representation corresponds to each j. The number / 
takes integral and half-integral values, so that the dimension 2j + 1 of the 
representations takes all the integral values 1, 2, 3, ... . 

The base functions of these representations have been, in essence, 
investigated in §§56 and 57, and the matrices of the representations have 
been found in §58. The basis of a representation of given j is formed by 
the 2j +1 independent components of a symmetrical spinor of rank 2j (which 
are equivalent to the set of 2j +1 functions <pjm)- 

The irreducible representations of the rotation group which correspond 
to half-integral values of j are distinguished by an important property. 
Under a rotation through 277, the base functions of the representations 
change sign (being components of a spinor of odd rank). Since, however, 
a rotation through 2tt is the same as the unit element of the group, we 
reach the result that representations with half-integral j are, as we say, 
two-valued-, to each element of the group (a rotation through an angle 
0 ^ ^ ^ 277, about some axis) there correspond in such a representation 
not one but two matrices, with characters differing in sign.| 

An isolated atom has, as we have already remarked, the symmetry Kj, 
— KxC^. Hence, from the group-theory point of view, there corresponds 
to each term of the atom some irreducible representation of the rotation 
group K (determining the value of the total angular momentum J of the atom) 
and an irreducible representation of the group Cj (determining the parity 
of the state).I 

When the atom is placed in an external electric field, its energy levels are 
split. The number of different levels resulting and the symmetry of the 
corresponding states can be determined by the method described in §96. 
It is necessary to decompose the (2/+l)-dimensional representation of the 
symmetry group of the external field (given by the functions ^Pjm) into 
irreducible representations of this group. This requires a knowledge of the 
characters of the representation given by the functions ijjjM- 

Since the characters of the irreducible representations of elements of one 
class are the same, it is sufficient to consider rotations about the js-axis. 
By a rotation through an angle <f) about this axis the wave functions ipjM 

t It must be mentioned that two-valued representations of a group are not representations 
in the true sense of the word, since they are not given by one-valued base functions; see 
also §99. 

X Moreover, the Hamiltonian of the atom is invariant with respect to interchanges of the 
electrons. In the non-relativistic approximation, the coordinate and spin wave functions are 
separable, and we can speak of representations of the permutation group that are given by the 
coordinate functions. If the irreducible representation of the permutation group is given, the 
total spin 5 of the atom is determined (§63). When the relativistic interactions are taken into 
account, however, the separation of the wave functions into coordinate and spin parts is not 
possible. The symmetry with respect to simultaneous interchange of the coordinates and 
spins of the particles does not characterize the term, since Pauli’s principle admits only those 
total wave functions which are antisymmetric with respect to all the electrons. This is in 
accordance with the fact that, when the relativistic interactions are taken into account, the 
spin is not, strictly speaking, conserved; only the total angular momentum J is conserved. 
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are, as we know, multiplied by where M is the component of the angular 
momentum along this axis. The transformation matrix for the functions 
fjM '' ill therefore be diagonal, with character 


j 

y'J\6] = ^ = 

m=-J 






orf 




sin(7+^)^ 

sin^<^ 


(98.3) 


With respect to inversion /, all the functions fjM with different M behave 
in the same way, being multiplied by +1 or — 1 according as the state of the 
atom is even or odd. Hence the character 


±(27+1). (98.4) 

Finally, the characters corresponding to reflection in a plane a and rotary 
reflection through an angle f are found by writing these symmetry trans¬ 
formations as 


0- = IC 2 , S{<f>) = IC{7T+4>). 


Let us pause to consider also the irreducible representations of the 
axial symmetry group C„^., This problem has, in essence, been solved when 
we ascertained the classification of the electron terms of a diatomic molecule 
having this symmetry C„,, (i.e. when the two atoms are different). To the 
terms 0"^ and 0~ (with Q = 0) there correspond two one-dimensional 
irreducible representations; the unit representation Ai and the representation 
A 2 , in which the base function is invariant under all rotations and changes 
sign under reflections in planes cv, while to the doubly degenerate terms with 
Q = 1, 2, ... there correspond two-dimensional representations denoted by 
£ 1 , £ 2 , ••• • Under a rotation through an angle f about the axis, the base 
functions are multiplied by e**^-'*, while on reflection in planes gv they change 
into each other. The characters of these representations are 


Ccov 

E 

2C{f) 

OOCTv 

Ai 

1 

1 

1 

Az 

1 

1 

-1 

Eic 

2 

2 cos 

0 


(98.5) 


t To avoid misunderstanding, it should be emphasized that this formula corresponds to a 
parametrization of the group elements other than that by the Eulerian angles, the trans¬ 
formation is specified by the direction of the axis of rotation and the angle f of the rotation 
about the axis. It can be shown that, with this parametrization, the integration in (98.2), for 
example, is to be taken over 2(1 -cos do, where do is the element of solid angle for the 

direction of the axis of rotation. 
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§99 Two-valued representations of finite point groups 

The irreducible representations of the group = are ob¬ 

tained at once from those of the group C„,, (and correspond to the classifi¬ 
cation of the terms of a diatomic molecule composed of like nuclei). 

If we take half-integral values for D, the functions give two-valued 

irreducible representations of the group corresponding to the terms of 
the molecule having half-integral spin.-)- 


§99. Two-valued representations of finite point groups 

To the states of a system with half-integral spin (and therefore half¬ 
integral total angular momentum) there correspond two-valued represen¬ 
tations of the point symmetry group of the system. This is a general property 
of spinors, and therefore holds for both continuous and finite point groups. 
The necessity thus arises of finding the two-valued irreducible representa¬ 
tions of finite point groups. 

As we have already remarked, the two-valued representations are not 
really true representations of a group. In particular, the relations discussed 
in §94 do not apply to them, and where all irreducible representations were 
considered in these relations (for example, in the relation (94.17) for the sum 
of the squared dimensions of the irreducible representations), only the true 
one-valued representations were meant. 

To find the two-valued representations, it is convenient to employ the 
following artifice (H. A. Bethe 1929). We introduce, in a purely formal 
manner, the concept of a new element of the group (denoted by Q ); this is a 
rotation through an angle of In about an arbitrary axis, and is not the unit 
element, but gives the latter when applied twice: = E. Accordingly, 

rotations about the axes of symmetry of the nth order will give identical 
transformations only after being applied 2n times (and not n times): 

C„^=Q. Cf^^=E. (99.1) 

The inversion I, being an element which commutes with all rotations, 
must give E as before on being applied twice. A twofold reflection in a plane, 
however, gives Q, not E: 


= g, = E- (99.2) 

this follows, since the reflection can be written in the form = IC 2 . As a 


t Contrary to the result for the three-dimensional rotation group, it would here be possible, 
by a suitable choice of fractional values of fi, to obtain not only one-valued and two-valued 
representations, but also those of three or more values. However, the physically possible 
eigenvalues of the angular momentum, which is the operator of an infinitely small rotation 
are determined by the representations of the aforementioned three-dimensional rotation 
group. Hence the three (or more)-valued representations of the two-dimensional rotation 
group (and of any finite symmetry group), though mathematically determinate, are without 
physical significance. 
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result we obtain a set of elements forming some fictitious point symmetry 
group, w'hose order is twice that of the original group; such groups we shall 
call double point groups. The two-valued representations of the actual point 
group will clearly be one-valued (i.e. true) representations of the correspond¬ 
ing double group, so that they can be found by the usual methods. 

The number of classes in the double group is greater than in the original 
group (but not, in general, twice as great). The element Q commutes with all 
the other elements of the group,')' and hence always forms a class by itself. If 
the axis of symmetry is bilateral, the elements C^’‘ and are 

conjugate in the double group. Hence, when axes of the second order are 
present, the distribution of the elements among classes depends also on 
whether these axes are bilateral (in ordinary point groups this is unimportant, 
since is the same as the opposite rotation 

Thus, for instance, in the group T the axes of the second order are equiva¬ 
lent, and each of them is bilateral, while the axes of the third order are equiva¬ 
lent but not bilateral. Hence the 24 elements of the double group| T are 
distributed in seven classes: E, Q, the class of three rotations Cj and three 
C^Q, and the classes 4 C 3 , 4 C 3 ®, 4 C 3 < 2 , 

The irreducible representations of a double point group include, firstly, 
representations which are the same as the one-valued representations of the 
simple group (a unit matrix corresponding to both Q and E); secondly, 
the two-valued representations of the simple group, a negative unit matrix 
corresponding to Q. It is these latter representations in which we are now 
interested. 

The double groups C„' (« = 1, 2, 3, 4, 6) and Sf, like the corresponding 
simple groups, are cyclic. 1| All their irreducible representations are one¬ 
dimensional, and can be found without difficulty as shown in §95. 

The irreducible representations of the groups !>„' (or which are 

isomorphous with them) can be found by the same method as for the cor¬ 
responding simple groups. These representations are given by functions 
of the form where f is the angle of rotation about an axis of the Mth 

order, and k is given half-integral values (the integral values correspond to 
the ordinary one-valued representations). Rotations about horizontal axes 
of the second order change these functions into one another, while the rota¬ 
tion C„ multiplies them by 

It is a little less easy to find the representations of the double cubic groups. 
The 24 elements of the group T' are. divided among seven classes. Hence 
there are altogether seven irreducible representations, of which four are 
the same as those of the simple group T. TTie sum of the squared dimensions 
of the remaining three representations must be 12, and hence we find that 
they are all two-dimensional. Since the elements and CjjJ belong to the 

t This is ob\'ious for rotations and inversion; for a reflection in a plane, it follows since the 
reflection can be represented as the product of an inversion and a rotation. 

I We distinguish the double groups bv primes to the symbols for the ordinary groups. 

'fhe groups 3-2 = Ci, Se' = however, which contain the inversion /. are Abelian 

but not cyclic. 
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Two-valued representations of finite point groups 
Table 8 

Two-valued representations of point groups 
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same class, xCQ) = xCQQ) = — xCQ). whence we conclude that x(Q) = 0 
in all three representations. Next, at least one of the three representations 
must be real, since complex representations can occur only in conjugate 
pairs. Let us consider this representation, and suppose that the matrix of 
the element C 3 is brought to diagonal form, with diagonal elements a-^, Oj. 
Since = Q, = — 1 . In order that xCCg) = Oi+Cjmay be real, 

we must take a^ = Hence we find that xC^s) ~ x(Q*) 

= a^-\-a^ = —1. Thus one of the required representations is obtained. By 
comparing its direct products with the two complex conjugate one-dimensional 
representations of the group T, we find the other two representations. 

By means of similar arguments, which we shall not pause to give here, we 
may find the representations of the group O'. Table 8 gives the characters 
of the representations of the double groups mentioned above. Only those 
representations are shown which correspond to two-valued representations 
of the ordinary groups. The isomorphous double groups have the same 
representations. 

The remaining point groups are isomorphous with those we have con¬ 
sidered, or else are obtained by direct multiplication of the latter by the group 
Q, so that their representations do not need to be specially calculated. 

For the same reasons as for ordinary representations, two complex con¬ 
jugate two-valued representations must be regarded as one physically 
irreducible representation of twice the dimension. It is necessary to pair 
one-dimensional two-valued representations even when they have real 
characters. For (see §60) in systems with half-integral spin, complex 
conjugate wave functions are linearly independent. Hence, if we have a 
two-valued onj-dimensional representationf with real characters (given 
by some function </<), then, although the complex conjugate function i/i* is 
transformed by an equivalent representation, we can nevertheless see that ip 
and ip* are linearly independent. Since, on the other hand, the complex 
conjugate wave functions must belong to the same energy level, we see that 
in physical applications this representation must be doubled. 

The whole of the discussion in §97 concerning the method of finding the 
selection rules for the matrix elements of various physical quantities / 
remains valid for states of a system with half-integral spin, except as regards 
the matrix elements diagonal with respect to energy. On repeating the 
analysis at the end of §97 but with formulae (60.2) and (60.3), we find that, 
if the quantity f is even or odd under time reversal, we must use, in finding 
the selection rules, respectively the antisymmetric and symmetric 

[2)(o)2] products of the representation wdth itself; this is the opposite 
of the rule stated in §97 for systems wdth integral spin.J 


f Such representations are found in the group C„ tor odd n; the characters are x(C,i ) 

(-1V'. r 1 H 

t In connection with the application of these rules, it may be noted that for two-\a ue 
representations the unit representation is in the antisymmetric, not the symmetric, Prodlf 
of the representation with itself. For a two-ralued representation with dimension 2, the 
product i's just the unit representation. 
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PROBLEM 

Determine how the levels of an atom (with given values of the total angular momentum7) 
art. split when it is placed in a field having the cubic symmetry|- O. 

Solution. The wave functions of the states of an atom with angular momentum J and 
various values Mj give a (2/ + l)-dimensional reducible representation of the group O, with 
characters determined by the formula (98.3). Decomposing this representation into irreduc¬ 
ible parts (one-valued for integral / and two-valued for half-integral /), we at once find the 
required splitting (cf. §96). We shall list the irreducible parts of the representations corres¬ 
ponding to the first few values of J: 


7=0 

A 

1/2 


1 


3/2 

G' 

2 

E+F,^ 

5/2 

Ef+G' 

3 



+ l or example, an atom in a cry.stal lattice. The presence or absence of a centre of symmetry in 
the symmetry group of the external field is immaterial to this problem, since the behaviour of the 
wave function on inversion (the parity of the level) is unrelated to the angular momentum/. 
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POLYATOMIC MOLECULES 

§100. The classification of molecular vibrations 

In its applications to polyatomic molecules, group theory first of all resolves 
the problem of the classification of their electron terms, i.e. of the energy 
levels for a given situation of the nuclei. They are classified according to 
the irreducible representations of the point symmetry group appropriate to 
the configuration of the nuclei. Here, however, we must emphasize what 
is really obvious, that the classification thus obtained belongs to the definite 
nuclear configuration considered, since the symmetry is in general destroyed 
when the nuclei are displaced. We usually discuss the configuration cor¬ 
responding to the equilibrium position of the nuclei. In this case the classi¬ 
fication continues to possess a certain amount of meaning even when the 
nuclei execute small vibrations, but of course becomes meaningless when 
the vibrations can no longer be regarded as small. 

In the diatomic molecule this question did not arise, since its axial sym¬ 
metry is of course preserved under any displacement of the nuclei. A 
similar situation occurs for triatomic molecules also. The three nuclei 
always lie in a plane, which is a plane of symmetry of the molecule. Hence 
the classification of the electron terms of the triatomic molecule with respect 
to this plane (wave functions symmetric or antisymmetric with respect to 
reflection in the plane) is always possible. 

For the normal electron terms of polyatomic molecules there is an empirical 
rule according to which, in the great majority of molecules, the wave function 
of the normal electron state is completely symmetrical (this rule, for diatomic 
molecules, has already been mentioned in §78). Thus, the wave function 
is invariant with respect to all the elements of the symmetry group of the 
molecule, i.e. it belongs to the unit irreducible representation of the group. 

The application of the methods of group theory is particularly significant 
in the investigation of molecular vibrations (E. P. Wigner 1930). Before 
beginning a quantum-mechanical investigation of this problem, a purely 
classical discussion of the vibrations of the molecule is necessary, in which 
it is regarded as a system of several interacting particles (the nuclei). 

A system of N particles (not lying in a straight line) has 3N—6 vibrational 
degrees of freedom; of the total number of degrees of freedom 3N, three 
correspond to translational and three to rotational motion of the system as 
a whole (see Mechanics, §§23, 24).t The energy of a system of particles 

+ If all the particles lie in a straight line, the number of vibrational degrees of freedom is 
3N — S- in this case, only two coordinates correspond to rotation, since it is meaningless to 
speak of the rotation of a linear molecule about its axis. 


30C 
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executing small vibrations can be written 

E = i m^,,UiUy+^Y (100.1) 

where are constant coefficients, and the are the components of 

the vector displacements of the particles from their equilibrium positions 
(the suffixes i, k denumerate both the components of the vector and the 
particles). By a suitable linear transformation of the quantities u^, we can 
eliminate from (100.1) the coordinates corresponding to translational motion 
and rotation of the system, and take the vibrational coordinates in such a 
way that both the quadratic forms in (100.1) are transformed into sums of 
squares. Normalizing these coordinates so as to make all the coefficients 
in the expression for the kinetic energy unity, we obtain the vibrational energy 
in the form 


E=\% QJ+\ 2 o,* E QJ. (100.2) 

The vibrational coordinates Q,,i are said to be normal', the are the fre¬ 
quencies of the corresponding independent vibrations. It may happen that 
the same frequency (which is then said to be multiple) corresponds to several 
normal coordinates; the suffix a to the normal coordinate gives the number 
of the frequency, and the suffix z = 1, 2, ... , /, numbers the coordinates 
belonging to a given frequency (/„ being the multiplicity of the frequency). 

The expression (100.2) for the energy of the molecule must be invariant 
with respect to symmetry transformations. This means that, under any 
transformation belonging to the point symmetry group of the molecule, the 
normal coordinates i = 1, 2, ...,/a (for any given a) are transformed 
into linear combinations of themselves, in such a way that the sum of the 
squares E remains unchanged. In other words, the normal coordinates 

belonging to any particular eigenfrequency of the vibrations of the molecule 
give some irreducible representation of its symmetry group; the multiplicity 
of the frequency determines the dimension of the representation. The 
irreducibility follows from the same considerations as were given in §96 for 
the solutions of Schrbdinger’s equation. The equality of the frequencies 
corresponding to two different irreducible representations would be an 
improbable coincidence. A reservation is again necessary: since the normal 
coordinates are by their physical nature real quantities, two complex 
conjugate representations correspond physically to one eigenfrequency of 
twice the multiplicity. 

These considerations enable us to carry out a classification of the eigen- 
vibrations of a molecule without solving the complex problem of actually 
determining its normal coordinates. To do so, we must first find (by the 
method described below) the representation given by all the vibrational 
coordinates together, which we shall call the total ‘vibrational representation; 
this representation is reducible, and on decomposing it into irreducible parts 
we determine the multiplicities of the eigenfrequencies and the symmetry 
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properties of the corresponding vibrations. Here it may happen that the 
same irreducible representation appears several times in the total represen¬ 
tation; this means that there are several different frequencies of the same 
multiplicity and with vibrations of the same symmetry. 

To find the total vibrational representation, we start from the fact that the 
characters of a representation are invariant with respect to a linear transforma¬ 
tion of the base functions. Hence they can be calculated by using as base 
functions not the normal coordinates, but simply the components Ui of the 
vectors of the displacements of the nuclei from their equilibrium positions. 

First of all, it is evident that, to calculate the character of some element 
G of a point group, we need consider only those nuclei which (or, more exactly, 
whose equilibrium positions) remain fixed under the given symmetry trans¬ 
formation. For if, under the rotation or refl.ection G in question, nucleus 1 
is moved to a new position, previously occupied by a similar nucleus 2, 
this means that under the operation G a displacement of nucleus 1 is trans¬ 
formed into a displacement of nucleus 2. In other words, there will be no 
diagonal elements in the rows of the matrix G^^ which correspond to this 
nucleus (i.e. to its displacement «<). The components of the displacement 
vector of a nucleus whose equilibrium position is not affected by the operation 
G, on the other hand, are evidently transformed into combinations of them¬ 
selves, so that they may be considered independently of the displacement 
vectors of the remaining nuclei. 

Let us first consider a rotation C(^) through an angle <f> about some sym¬ 
metry axis. Let u„ be the components of the displacement vector 

of some nucleus, whose equilibrium position is on the axis, and hence is 
unaffected by the rotation. Under the rotation these components are 
transformed, like those of any ordinary (polar) vector, according to the for¬ 
mulae (the a'-axis being the axis of symmetry) 

u'x — cos^-f-tt, sin<^, 
u\ = —ttj,sin<^-h«v cos<^, 
u, = u,. 


The character, i.e. the sum of the diagonal terms of the transformation matrix 
is 1-1-2 cos<}>. If altogether Nc nuclei lie on the axis in question, the total 
character is 

Nc{l+2cosi>). (^00.3) 


However, this character corresponds to the transformation of all 3N 
displacements hence it is necessary to separate the part correspon^g o 
the transformations of translation and (small) rotation of the ™lecule as a 
whole. The translation is determined by the displacement yec oj" 
centre of mass of the molecule; the corresponding part of the character is 
therefore 1 +2 cos<l>. The rotation of the molecule as a whole is determined 
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by the vector of the angle of rotation.f The vector is axial, but with 
respect to rotations of the coordinate system an axial vector behaves like 
a polar vector. Hence a character of 1 +2 cos <f> also corresponds to the vector 
Altogether, therefore, we must subtract from (100.3) a quantity 
2(1 +2 cosf). Thus we finally have the character x{C) of the rotation C{(f>) 
in the total vibrational representation: 

X(C) = (Nc-2)(1 + 2 cosf). (100.4) 

The character of the unit element is evidently just the total number of 
vibrational degrees of freedom; x{E) = 3N—6 (as is obtained from (100.4) 
when Nc = N, <f> = 0). 

In a similar manner, we calculate the character of the rotary-reflection 
transformation S(f) (a rotation through an angle </> about the ^-axis and a 
reflection in the xy-plane). Here a vector is transformed according to the 
formulae 

u'x = «! cos(^+M„ sin</i, 
u'y = -u^sinf-i-UyCoscf), 

^ z ~ 

to which there corresponds a character —1+2 cos Hence the character 
of the representation given by all the 3N displacements is 

Ar5(-l+2cos^6), (100.5) 

where Ng is the number of nuclei left unmoved by the operation 5(0); this 
number is evidently either none or one. To the vector U of the displacement 
of the centre of mass there corresponds a character —1+2 cos0. The vector 
S£2 being an axial vector, is unchanged by an inversion of the coordinate 
system; on the other hand, the rotary-reflection transformation 5(0) can be 
represented in the form 

5(0) = = C{4>)C^I = C(^+0)/, 

i.e. as a rotation through an angle 17+0, followed by an inversion. Hence 
the character of the transformation 5(0) applied to the vector SSi is equal 
to the character'of the transformation C(it+ 0) applied to an ordinary vector, 
i.e. it is 1 +2 cos (77+0) = 1 —2 cos0. The sum ( — 1+2 cos0)+(l —2 cos0) 
= 0, so that we reach the conclusion that the expression (100.5) is equal to 
the required character x(5) of the rotary-reflection transformation 5(0) in 
the total vibrational representation: 

x(5) = iV_ 5 (_i +2 COS0). (100.6) 

In particular, the character of reflection in a plane (0 = 0) is x(o) = N , 
while that of an inversion (0 = 77 ) is x(/) = —3Nj. 

t .4s IS well known, the angle of a small rotation can be regarded as a vector 8n, whose modulus 
IS equal to the angle of rotation and which is directed along the axis of rotation in the direction 
determined by the corkscrew rule. The vector 6n so defined is clearly axial. 
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Having thus determined the characters x of the total vibrational representa¬ 
tion, we have only to decompose it into irreducible representations, which is 
done by formula (94.16) and the character tables given in §95 (see the Prob¬ 
lems at the end of the present section). 

To classify the vibrations of a linear molecule there is no need to have 
recourse to group theory. The total number of vibrational degrees of freedom 
is 3N—5. Among the vibrations, we must distinguish those in which the 
atoms remain in a straight line, and those where this does not happen.f The 
number of degrees of freedom in the motion of N particles in a straight line 
is N; of these, one corresponds to the translational motion of the molecule 
as a whole. Hence the number of normal coordinates of the vibrations 
which leave the atoms in a straight line is N—\' in general, N—1 different 
eigenfrequencies correspond to them. The remaining (3N—5)—{N—l) 
= 2N — 4 normal coordinates relate to vibrations which destroy the col- 
linearity of the molecule; to these, there correspond N-2 different double 
frequencies (two normal coordinates, corresponding to the same vibrations 
in two mutually perpendicular planes, belong to each frequency).^ 


PROBLEMS 

Problem 1. Classify the normal vibrations of the molecule NHj (an equilateral triangular 
pyramid, with the N atom at the vertex and the H atoms at the comers of the base; Fig. 41). 



Solution. The point symmetry group of the molecule is C,,. Rotations about an axis 
of the third order leave only one atom (I^ fixed, while reflections in planes each leave two 
atoms fixed (N and one H). From formulae (100.4), (100.6) we find the characters of the 
total vibrational representation: 

E 2Cj 3o„ 

6 0 2 

Decomposing this representation into irreducible parts, we find that it contains the repre¬ 
sentations Ai and E twice each. Thus there are two simple frequencies corresponding to 
vibrations of the type Ai^ which conserve the complete symmetry of the molecule (what are 
called totally symmetric vibrations), and two double frequencies with corresponding normal 
coordinates which are transformed into combinations of each other by the representation E. 

Problem 2. The same as Problem 1, but for the molecule H,0 (Fig. 42). 

Solution. The symmetry group is C,,. The transformation Cj leaves the O atom • 
the transformation c, (a reflection in the plane of the molecule) leaves all three atoms fixed; 


t If the molecule is symmetrical about its centre, a further characteristic of the vibrations 
appears; see Problem 10 at the end of this section. 

I Using the notation for the irreducible representations of the group C„f (see §98), we can say 
that there are N- 1 vibrations of the type Ai, and fV-2 of the type Ei. 
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Fig- 42 


the reflection leaves only the O atom fixed. The characters of the total vibrational repre' 
sentation are 


E Cj 
3 T 


T 


o' 

T 


This representation divides into the irreducible representations 2Ai, IBj, i.e. there are two 
totally symmetric vibrations and one with the symmetry given by the representation B,; all 
the frequencies are simple. Fig. 42 shows the corresponding normal vibrations. 


Problem 3. The same as Problem 1, but for the molecule CHClj (Fig. 43a). 

Solution. The symmetry group of the molecule is C„. By the same method we find 
that there are three totally symmetric vibrations Ai and three double vibrations of the type E. 


Problem 4. The same as Problem I, but for the molecule CHj (the C atom is at the centre 
of a tetrahedron with the H atoms at the vertices; Fig. 43b). 

Solution. The symmetry of the moletule is Fj. The vibrations are lAi, IE, 2F,. 

Problem S. The same as Problem 1, but for the molecule C«H| (Fig. 43c). 

Solution. The symmetry of the molecule is D,/,. The vibrations are lA^, lA^, 

IBjj, IBiu, fEiff, 3Eiu, 4Ejff, 2£)ii. 

Problem 6 . The same as Problem 1, but for the molecule OsF> (the Os atom is at the 
centre of a cube with the F atomsjit the vertices; Fig. 43d). 

symmetry of the molecule is O*. The vibrations are lAtg, lA^u, lEg, 

i£ut IF'fit. 


Problem 7. The same ^ Problem 1. but for the molecule UF. (the U atom is at the centre 
of an octahedron with the F atoms at the vertices; Fig. 43e). 

Solution. The symmetry of the molecule is O*. The vibrations are 1A„, IE-, 2F,„ 
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H H H 




Problem 8 . The same as Problem 1, but for the molecule CjHe (Fig- 43f). 

Solution. The symmetry of the molecule is The vibrations are 3Aie, lAiu, 2Aiu, 

3Ee, 3Eu. 


Problem 9. The same as Problem 1, but for the molecule CsH 4 (Fig. 43g; all the atoms 
are coplanar). 

Solution. The symmetry of the molecule is 0%^, The vibrations are 3Aigt tAiut 2^1^, 
IBiu, 2 JB,u, IBjj, 2B211; the axes of coordinates are taken as shown in the figure. 

Problem 10. The same as Problem I, but for a linear molecule of N atoms symmetrical 
about its centre. 


Solution. To the classification of the vibrations of a linear molecule considered in the 
text, we must add the classification from the behaviour with respect to inversion in the centre. 
There are two distinct cases, according as XV is even or odd. . . , 

If N is even (XV = 2p), there is no atom at the centre of the molecule. On giving to the 
p atoms in one half of the molecule independent displacements along the line, and to the re¬ 
maining p atoms equal and opposite displacements, we find that p of the vibrations Mvi^ 
the atoms in line are symmetric^ with respect to the centre, while the remaining \ p ) P 
p —1 vibrations of this type are antisymmetrical. Next, p atoms have 2p degrees o f*® 
for motions in which the atoms do not remain in line. On giving equal ^d opposite isp Me 
ments to symmetrically placed atoms, we should obtain 2p symmetncal 
however, the two corresponding to a rotation of the molecule must be remove . 
are p -1 double frequencies of vibrations which bring the atoms out of line ^d are symm - 
cal about the centre, and the same number [{2p—2)—(p—1) = p 1] which 
metrical Using the notation for the irreducible representations of the group Vmt, (see 
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the end of §98), we can say that there are p vibrations of the type and p —1 of the types 

Aiut Eiffi Eiu. 

If N is odd (jV = 2p +1). similar arguments show that there are p vibrations of each of the 
types Alt, Aiu, Eiu and p — \ of the type Eig. 


§101. Vibrational energy levels 

From the viewpoint of quantum mechanics, the vibrational energy of a 
molecule is determined by the eigenvalues of the Hamiltonian 

( 101 . 1 ) 

where are the momentum operators corresponding to the 

normal coordinates Qxi. Since this Hamiltonian falls into the sum of in¬ 
dependent terms (Pxi^ + cux^Qxi^), the energy levels are given by the sums 

= /i S to, E = E hcs,{v^+if,), (101.2) 

where w, = E and /, is the multiplicity of the frequency The wave 
functions are given by the products of the corresponding wave functions for 
linear harmonic oscillators: 


i/i = n^a, 
a 

where </r, = constant xexp{-|c,8 E H„„(f,£>„), 


(101.3) 

(101.4) 


where H„ denotes the Hermite polynomial of order v, and c, = \/{wJh). 
If there are multiple frequencies among the the vibrational energy levels 
are in general degenerate. The energy (101.2) depends only on the sums 
= S Hence the degree of degeneracy of. the level is equal to the 
number of ways of forming the given set bf numbers from the t;,,. For a 
single number Vg it isf 

Hence the total degree of degeneracy is 


-p-T K+A-1)! 


(101.5) 


For double frequencies, the factors in this product are ^0,4-1, while for triple 
frequencies they are i(^a + l)(®a + 2)- 

It must be borne in mind that this degeneracy occurs only so long as we 
consider purely harmonic vibrations. When terms of higher order in the 
normal coordinates are taken into account in the Hamiltonian {anharmonic 
vibrations), the degeneracy is in general removed, though not completely 
(see §104 for a further discussion of this point). 


t This is the number of ways in which v^. balls can be distributed among 


urns. 
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The wave functions (101.3) belonging to the same degenerate vibrational 
term give some representation (in general reducible) of the symmetry group 
of the molecule. The functions belonging to different frequencies are 
transformed independently of one another. Hence the representation given 
by all the functions (101.3) is the product of the representations given by the 
functions (101.4), so that we need consider only the latter. 

The exponential factor in (101.4) is invariant with respect to all the 
symmetry transformations. In the Hermite polynomials, the terms of any 
given degree are transformed only into similar terms; a symmetry trans¬ 
formation evidently does not change the degree of any term. Since, on the 
other hand, each Hermite polynomial is completely determined by its highest 
term, it follows that it is sufficient to consider only the highest term, w'riting 

fa 

= constant X 0 ^ 1 ... 

-j- terms of lower degree. 

The functions for which the sum = S has the same value belong 
to the same term. Thus we have a representation given by the products of 

quantities Q^i ; this is just the symmetric product (see §94) of the irreducible 
representation given by the Qai with itself z'^ times (L. Tisza 1933). 

For one-dimensional representations, the finding of the characters of their 
symmetric products with themselves v times is trivial 

X^(C?) = WG)]”. 

For two- and three-dimensional representations it is convenient to use the 
following mathematical device. The sum of the squared base functions of 
an irreducible representation is invariant with respect to all symmetry 
transformations. Hence we can formally regard these functions as the com¬ 
ponents of a vector in two or three dimensions, and the symmetry transfor¬ 
mations as some rotations (or reflections) applied to these vectors. We 
emphasize that there is in general no relation between these rotations and 
reflections and the actual symmetry transformations, the former depending 
(for any given element G of the group) also on the particular representation 
considered. 

Let us consider two-dimensional representations more closely. Let x(G) 
be the character of some element of the group in the two-dimensional repre¬ 
sentation concerned, with x(G) ^ 0. The sum of the diagonal elements of 
the transformation matrix for the components x, y of a two-dimensional 
vector on rotation through an angle in a plane is 2 cos </>. Putting 

2 cos<;6 = x(G), (101.6) 

we find the angle of the rotation wLich formally corresponds to the element 

t We use the notation xdC) in place of the cumbersome [x"3(G'). 

t It was applied to this problem by A. S. Kompaneets (1940). 
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G in the irreducible representation considered. The symmetric product of 

the representation with itself v times is the representation whose basis is 
formed by the o + l quantities a:”, The characters of this 

representation aref 

Xb(G) = sin(o+l)^/sin^. (101.7) 

The case where = 0 requires special consideration, since a zero charac¬ 
ter corresponds both to a rotation through \tt and to a reflection. If 
= —2, we have a rotation through ^ir, and for Xt)(G^) we obtain 

X.(G) = -K-W+(-l)1. (101.8) 

If = 2, on the other hand, x{G) must be regarded as the character 

of a reflection (i.e. a transformation x-* x,y-*- —y) ; then 

X.(G) (101.9) 

We can similarly obtain the formulae for the symmetric products of three- 
dimensional representations. The finding of the rotation or reflection which 
formally corresponds to an element of the group in a given representation is 
easily accomplished with the aid of Table 7 (§95). This is the transformation 
which corresponds to the given x{G) in that isomorphous group in which the 
coordinates are transformed by the representation in question. Thus, for 
the representation of the groups O and must take a transformation 

from the group O, but for the representation we must take one from the 
group T^. We shall not pause here to derive the corresponding formulae for 
the characters XvC^)- 


§102. Stability of symmetrical configurations of the molecule 

For a symmetrical position of the nuclei, an electron term of the molecule 
may be degenerate, if there are among the irreducible representations of the 
symmetry group one or more whose dimensions exceed unity. We may ask 
whether such a symmetrical configuration is a stable equilibrium configura¬ 
tion of the molecule. Here we shall neglect the effect of spin (if any), which 
is usually insignificant in polyatomic molecules. The degeneracy of the 
electron terms of which we shall speak is therefore only the orbital degeneracy, 
and is unrelated to the spin. 

If the configuration in question is stable, the energy of the molecule as a 
function of the distances between the nuclei must be a minimum for the given 
position of the nuclei. This means that the change in the energy due to a small 
displacement of the nuclei must contain no terms linear in the displacements. 

t For purposes of calculation it is convenient to take the base functions in the form 
+ . .. (x—iyy ; 

the matrix of the rotation is then diagonal, and the sum of the diagonal elements takes the form 
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Let i? be the Hamiltonian of the electron state of the molecule, the 
distances between the nuclei being regarded as parameters. We denote by i?o 
the value of this Hamiltonian for the symmetrical configuration considered. 
The quantities defining the small displacements of the nuclei can be taken 
as the normal vibrational coordinates Qai- The expansion of H in powers 
of the Qai is of the form 

R = /?„+ E VaiQ^i+ E WaiMQA+ - • (102.1) 

Otjl 

The expansion coefficients V, W, ... are functions only of the coordinates of 
the electrons. Under a symmetry transformation, the quantities Q^i are 
transformed into combinations of one another, and the sums in (102.1) are 
changed into other sums of the same form. Hence we can formally regard 
the symmetry transformation as a transformation of the coefficients in these 
sums, the Q^i remaining unchanged. Here, in particular, the coefficients 
Vai (for any given a) will be transformed by the same representation of the 
symmetry group as the corresponding coordinates Qxi- This follows at 
once from the fact that, by virtue of the invariance of the Hamiltonian under 
all symmetry transformations, the group of terms of any given order in its 
expansion must be invariant also, and in particular the linear terms must be 
invariant.! 

Let us consider some electron term which is degenerate in the sym¬ 
metrical configuration. A displacement of the nuclei which destroys the 
symmetry of the molecule generally results in a splitting of the term. The 
amount of the splitting is determined, as far as terms of the first order in 
the displacements of the nuclei, by the secular equation formed from the 
matrix elements of the linear term in the expansion (102.1), 

V,a=^.Q,ij^,Vai4>.dq, ( 102 . 2 ) 


where tpp, are the wave functions of electron states belonging to the 
degenerate term in question (and are chosen to be real). The stability of the 
symmetrical configuration requires that the splitting linear in Q should be 
zero, i.e. all the roots of the secular equation must vanish identically. This 
means that the matrix Vp^ must itself be zero. Here, of course, we must 
consider only those normal vibrations which destroy the symmetry of the 
molecule, i.e. we must omit the totally symmetric vibrations (which cor¬ 
respond to the unit representation of the group). i -r 

Since the £>„,• are arbitrary, the matrix elements (102.2) vanish only if 

all the integrals 


t Strictly speaking, the quantities Vai must be transformed by the r^resentation 
the complL conjugate of that by which the are transformed. Howeve^ as we have 

already pointed out. if two complex conjugate representations ^ ^ ^^ove 

physically be considered together as one representation of twice e 

remark is therefore unimportant. 
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vanish. Let Z)** be the irreducible representation by which the electron 
wave functions are transformed, and the same for the quantities F^,-; 
as we have already remarked, the representations Z)„ are those by which the 
corresponding normal coordinates are transformed. According to the 
results of §97, the integrals (102.3) will be non-zero if the product 
[Z)<«*>2] X Z)j contains the unit representation or, what is the same thing, if 
[D(«h2] contains Dj. Otherwise all the integrals vanish. 

Thus a symmetrical configuration is stable if the representation [Z)<«h2] 
does not contain any (except the unit representation) of the irreducible 
representations Z), which characterize the vibrations of the molecule. This 
condition is always satisfied for non-degenerate electron states, since the sym¬ 
metric product of a one-dimensional representation with itself is the unit 
representation. 

Let us consider, for instance, a molecule of the type CH^, in which one 
atom (C) is at the centre of a tetrahedron, with four atoms (H) at the vertices. 
This configuration has the symmetry T The degenerate electron terms 
correspond to the representations E, Zq, of this group. The molecule has 
one normal vibration (a totally symmetric vibration), one double vibration 
E, and two triple vibrations (see §100, Problem 4). The symmetric pro¬ 
ducts of the representations E, with themselves are 


[E^] = A,+E, [Fi*] = [F^^] = A,+E+F,. 


We see that each of these contains at least one of the representations E,F„ 
and hence the tetrahedral configuration considered is unstable when there 
are degenerate electron states. 

This result constitutes a general rule, the Jahn-Teller theorem (H. A. Jahn 
and E. Teller 1937): when there is a degenerate electron state, any symmetri¬ 
cal position of the nuclei (except when they are collinear) is unstable. As a 
result of this instability, the nuclei move in such a way that the symmetry of 
their configuration is destroyed, the degeneracy of the term being completely 
removed. In particular, we can say that the normal electron terra of a 
symmetrical (non-linear) molecule can only be non-degenerate.f 

As we have just mentioned, the linear molecules alone form an exception. 
This is easily seen, without using group theory. A displacement of a nucleus 
whereby it moves off the axis of the molecule is an ordinary vector with ^ 
and 7] components (the S-axis being along the axis of the molecule). We 
have seen in §87 that such vectors have matrix elements only for transitions 
in which the angular momentum A about the axis changes by unity. On the 
other hand, to a degenerate term of a linear molecule there correspond states 
with angular momenta A and —A about the axis (A > 1). A transition be¬ 
tween them changes the angular momentum by at least 2, and therefore the 

t The physical idea of destruction of symmetry in an electron state that is degenerate 
because of the same symmetry is due to L, D. Landau (1934). Jahn and Teller proved the 
theorem by considering all possible types of symmetrical configuration of the nuclei in the 
molecule and examining each one by the method given above. 
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matrix elements always vanish. Thus the linear position of the nuclei in the 
molecule may be stable, even if the electron state is degenerate. 

A constructive general proof of the theorem is based on the following 
consideration (E. Ruch 1957). The degeneracy of electron states due to the 
symmetry of the configuration of the nuclei can exist only in point symmetry 
groups of the molecule which include at least one rotation {Cn) or rotary- 
reflection (5„) axis of order n > 2. Then the wave functions of mutually 
degenerate states (i.e. the base functions of the corresponding representation 
D'eb) include at least one for which the electron density p = |i/'P = •/'^ is 
not invariant under rotations about this axis; the electric field due to the 
electrons, like the electron density, will not be symmetrical about the axis. 
In a (non-linear) molecule, there are equivalent nuclei, not on the axis, 
which move to one another’s positions in the rotation Cn or Sn- Thus 
equivalent nuclei lie at points that are not equivalent as regards the electric 
field. But an equivalence of the equilibrium positions of charged particles 
in a field that is not required by the symmetry of the field is impossible, in 
the sense that it can only result from an unlikely coincidence. 

The systematic proof is a mathematical embodiment of this physical 
situation. We shall indicate the structure of the proof (E. Ruch and A. 
Schonhofer 1965). 

Let us consider (in a non-linear molecule) some nucleus a that is not at 
the “centre” of the molecule (i.e. not at the fixed point for the transformations 
in its symmetry group) and not on the principal axis of symmetry, if any.f 
Let H be the set of all symmetry transformations of the molecule that leave 
the nucleus a fixed; H is a sub-group of the total symmetry group G of the 
molecule, and may be one of the point groups Ci, Cj, C,,, Cnv- The trans¬ 
formations in G that are not in H move the nucleus a to the positions of other 
equivalent nuclei a', a”, ... ; let r be the number of nuclei in this set. It 
is evident that the order of the sub-group H is gjs, where g is the order of 
the whole group G (i.e. J is the index of the sub-group H in the group G).J 

The number 5 is certainly at least 3, since for the existence of an irreducible 
representation with dimension exceeding unity it is necessary (as 

already mentioned) that there should be at least one axis of symmetry of 
higher than the second order, and the nucleus a is not on this axis, by the 
condition stated. 

The representation of the group G is in general reducible with respect 
to the group H, which has a lower symmetry. Let us suppose that its de¬ 
composition into irreducible representations of H includes a representation 
of dimension unity. This is given by an electron wave function 0, one 
of the base functions of the representation Since the dimension of 

is unity, p = is invariant under all transformations in H, i.e. it gives 
a unit irreducible representation of this group. 


t By the principal axis we mean (in symmetrj' groups other than cubic and icosahedron) 
the axis Cn or Sn with n>2. 


tie axis On or witn 

J All the elements of the group G can be divided into r cosets H, G H. G H. 
G". ..., are the elements that move the nucleus a to a‘, a ", .. 


, where G‘, 
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Such a unit representation of H can also be obtained by taking as the basis 
one of the displacements Qa of the atom a: the displacement along the 
position vector of the nucleus a from the centre of the molecule. 

By applying to this displacement all the operations in the group G, we 
obtain the basis of a representation Dq (in general reducible) of this group. 
Since every transformation in G that is not in H changes the displacement Qa 
into a displacement of one of the other 1 equivalent nuclei a, a", ... , 
and the displacements of different nuclei are of course linearly independent, 
the dimension of Dq is s. The displacements Qa, Qa-, ■■■ which form the 
basis of Dq certainly cannot correspond to either pure translation or pure 
rotation of the molecule as a whole: if there are three or more equivalent 
nuclei, radial displacements of them cannot be combined to form such 
displacements of the molecule. 

In a similar way, we can find a representation D^ of the group G by 
applying all its transformations to the function p = The dimension of 
Dp may be but may also be less, since there is no reason to suppose that all 
the s functions p, G' p, G" p, ... are linearly independent. We can, however, 
say that the representation D^, if not the same as Dq, will always be entirely 
contained in Moreover, it is not the unit representation, since is 

certainly not invariant with respect to the whole group G; only the sum of 
the squares of the base functions of the irreducible representation with 
dimension exceeding unity, is invariant. 

These properties of the representations Dq and D^ give the required 
result immediately: Dq is part of the total vibrational representation, and Dp 
is part of the representation riot containing the unit representation. 

The fact that Dq contains Dp therefore means that contains at least 

one of the non-unit vibrational representations D^, as was to be proved. 

In these arguments, however, it has also been assumed that the decom¬ 
position of into irreducible representations of the sub-group H includes 
a representation of dimension unity. This assumption is correct in the 
great majority of cases. For example, it is certainly correct if H = 
Cl, Cg, Co, C-zv (since all irreducible representations of these groups have 
dimension unity). It is certainly correct also if H = Cn, Cnv with n > 2, 
provided that the dimension of is odd (since the groups C„ and C„„ have 
only irreducible representations of dimension 1 or 2). An examination of the 
character tables of the irreducible representations of point groups shows 
that an exception occurs for the two-dimensional representations of the 
cubic groups G = O, Ta, Oh, with respect to the sub-groups H = C 3 , 

Let us take the particular case of G = O and H — C^-, this affects only 


f 1 he significance of this statement is as follows. Let one representation (dimension f) of the 
sub-group H be given by different sets of base functions, and let one set. when all the transfor¬ 
mations in G are applied to it, give a representation of G with dimension sf. where r is the index 
of the sub-group H in the group G. 'I hen we can say that the representation of the group G 
obtained by the .same method from any other such set of functions is either the same as the first 
or entirely contained in it. .A rigorous proof is given by E. Ruch and A. Schonhofer, Theoretica 
Chimica Acta 3, 291, 1965. 
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the naming of the representations. The two electron functions i//i, i //2 give 
the representation = E oi the group O, and the representation 

d^ei) =£ of the sub-group C 3 ; the representation of the latter given by the 
products <p 2 ^, ipi ip 2 , is = A-\-E. A similar representation of C 3 
is obtained with the three components of the vectors of any displacement 
Qa of the nucleus a as basis. The representation of O is in this case 
= Ai + E, and does not contain the representation F 2 corresponding 
to the vector of translation or rotation of the molecule as a whole; it contains 
both the unit and a non-unit representation. Hence the fact that is 
(for the same reasons as previously) contained in Dq (whose dimension here 
is 3s) proves that in this case also the molecule is unstable.f 

In accordance with the remark at the beginning of this section, the whole 
of the above discussion has regarded the degeneracv of the electron states 
as being purely orbital in origin. It may be mentioned, however, that the 
Jahn-Teller theorem remains valid even when the spin-orbit and spin-spin 
interactions are taken into account, the only difference being that in (non¬ 
linear) molecules with half-integral spin the Kramers double degeneracy 
does not cause instability, in accordance with the general theorem proved in 
§60. The latter case corresponds to the two-dimensional two-valued 
irreducible representations of the double point groups. The absence of 
instability in this case may be seen by the following formal argument. To 
determine the selection rules for matrix elements (102.3) in the case of 
two-valued representations we must consider the antisymmetric 

products not the symmetric ones (see §99). But, for every two¬ 

valued irreducible representation with dimension 2 , these products are the 
unit representation, i.e. they certainly do not contain representations 
corresponding to any vibrations of the molecule that are not totally 
symmetrical. 

§103. Quantization of the rotation of a top 

The investigation of the rotational levels of a polyatomic molecule is often 
hampered by the necessity of considering the rotation simultaneously with 
the vibrations. As a preliminary example, let us consider the rotation of a 
molecule as a solid body, i.e. with the atoms “rigidly fixed” (a top). 

Let t], f be a system of coordinates with axes along the three principal 
axes of inertia of a top, and rotating with it. The corresponding Hamiltonian 
is obtained by replacing the components J., J^, J- of the angular momentum 
of the rotation, in the classical expression for the energy, by the corresponding 
operators: 

f} (103.1) 

\ I A 1b Ic ) 

where 1a, Ib, Ic are the principal moments of inertia of the top. 


y One further exceptional case comprises the four-dimensional representations of the 
icosahedron groups. This is treated similarly, and gives the same result. 
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§103 Quantization of the rotation of a top 

The commutation rules for the operators/,,of the angular momen¬ 
tum components in a rotating system of coordinates are not obvious, since 
the usual derivation of the commutation rules relates to the components 

JXt jyj Jz ^ fixed. s\ Stem of coordinates. TThey are, however, easilv obtained 

by using the formula 

(J.a)(J.b)—(J.b)(J. a) = -xj.axb, (103.2) 

where a, b are any two commuting vectors which characterize the body in 
question. This formula is easily verified by calculating the left-hand side 
of the equation in the fixed system of coordinates .v, y, z, using the general 
rules for the commutation of angular momentum components with one 
another and with the components of an arbitrary vector. 

Let a and b be unit vectors along the f and axes. Then axb is a unit 
vector along the ^-axis, and (103.2) gives 

= -«7c- (103.3) 

Two other relations are obtained similarly. Thus the commutation rules for 
the operators of the angular momentum components in the rotating system of 
coordinates differ from those in the fixed system only in the sign on the right- 
hand side of the equation.! Hence it follows that all the results w'hich we 
have previously obtained from the commutation rules, relating to the 
eigenvalues and matrix elements, hold for/,,/,, also, with the difference 
that all expressions must be replaced by their complex conjugates. In 
particular, the eigenvalues of (which will be denoted in this section by k, 
whereas the eigenvalues of are denoted by M) take the values k = -J, 
.... +J, where/, an integer, is the magnitude of the angular momentum of 
the top. 

The spherical top 

The finding of the eigenvalues of the energy of a rotating top is simplest 
for the case where all three principal moments of inertia of the body are 
equal: = Ib = Ic= I- This holds for a molecule in cases where it has 

the symmetry of one of the cubic point groups. The Hamiltonian (103.1) 
takes the form 

U = A='p/2/, 

and its eigenvalues are 

E (103.4) 

Each of these energy levels is degenerate with respect to the 2/-|-1 directions 

of the angular momentum relative to the body itself (i.e. with respect to the 
values of J. =k).X 


rotation of the is'equrv le^n^t'^* function of the top. a 

of the angular momenttim reht.ve to i feed UordfnltrsvsKm ‘ ThL'’ 
occurs, and is not physically important. If it .s included the mtal 

the energy levels of a spherical top is ( 27 + 1)=. ' ® degeneracy of 
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The symmetrical top 

There is also no difficulty in calculating the energy levels in the case where 
only two of the moments of inertia of the top are the same; Ia = ^ Ic- 

This holds for molecules having one axis of symmetry of order above the 

second. The Hamiltonian (103.1) takes the form 

= h-^y~l2lA+w(^~\j,\ (103.5) 

\ic 1 a/ 

Hence we see that, in a state with given values of J and k, the energy is 

h} / 1 1 \ 

E = —7(7+1 )+P"(-—-)A^ (103.6) 

21a \1c IaJ 

which determines the energy levels of a symmetrical top. 

The degeneracy with respect to values of k which occurred for a spherical 
top is here partly removed. The values of the energy are the same only for 
values of k differing in sign alone, corresponding to opposite directions of 
the angular momentum relative to the axis of the top. Thus the energy 
levels of a symmetrical top are (for A # 0) doubly degenerate. 

The stationary states of a symmetrical top are thus described by three 
quantum numbers: the angular momentum J and its components along the 
axis of the top (7; = k) and along the s-axis fixed in space (7z = M)\ the 
energy of the top is independent of the last of these. The simultaneous 
measurability of the angular momentum and its components along an axis 
fixed in space and along an axis rigidly attached to a physical systemf 
follows since the operators and Jz commute not only with each other but 
also with the operator 7; = J • n, where n is a unit vector along the ^-axis. 
This is easily shown by direct calculation, but is also obvious a priori: the 
angular momentum operator is that of an infinitesimal rotation, and the 
scalar product J . n of two vectors fixed to the top is invariant under any 
rotation of the coordinate axes. 

The determination of the wave functions of the stationary states of a 
symmetrical top therefore amounts to finding the common eigenfunctions 
of the operators J2, Jz and J-^. This is in turn mathematically dependent on 
the law of transformation of the angular momentum eigenfunctions under 
finite rotations. With a change in the notation for the quantum numbers, we 
can write this law (58.7) as 

"Axw = ? El'JfXcx, y)>l>jk. (103.7) 

k 

We shall take tpJM to be the wave function of a state of the top described in 
terms of the fixed coordinates .v, y, z, and the to be the wave functions of 
states described in terms of the axes rj, i attached to the top. In coordinates 

i* Not to be confused with the components (not simultaneously measurable) along two axes 
fixed in space. 
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rigidly attached to a physical system (such as the top), the ^jjk have definite 
values independent of the spatial orientation of the system. Formula 
(103.7) gives the angle dependence of the Let the state {JM} also 

have a definite value k of the angular-momentum component along the f-axis. 
This means that only the 4 ,^°} with that k will be non-zero. Then the sum 
in (103.7) reduces to one term: 

<pJMk = ipfkDii}{oc, 13, y). 


This gives the dependence of the wave functions of the states \JMky on 
the Eulerian angles, which define the rotation of the axes of the top with 
respect to the fixed axes. Normalizing the wave function by the condition 

J \'PjMk\^ sin da djS dy = 1, 

we have 

4‘JMk = y); (103.8) 

the phase factor is chosen so that, for /t = 0, the function (103.8) becomes the 
eigenfunction of the free (not attached to the C-axis) integral angular momen¬ 
tum/ with component M, i.e. the ordinary (spherical harmonic) function; 


The asymmetrical top 

For 7.1 # /b # 7c, the calculation of the energy levels in a general form is 
impossible. The degeneracy with respect to the directions of the angular 
momentum relative to the top is here removed completely, so that 2 / 4-1 
different non-degenerate levels correspond to any given /. To calculate 
these levels (for a given /) we have to start from Schrodinger’s equation 
written in matrix form (O. Klein 1929). This is done as follows. 

The wave functions ipjk of states of the top with definite values of/ and the 
^-component of the angular momentum are the functions (103.8) derived 
above (we shall omit for brevity the suffix M giving the ^-component of the 
angular momentum, since the energy does not depend on this); in these 
states the energy of the asymmetrical top does not have definite values. 
In the stationary states, on the other hand, the component Jr does not have 
definite values, i.e. no definite values of k can be assigned to the energy levels. 
The wave functions of these states are sought as linear combinations 


"Aj = 2 cktpjk; 


(103.9) 


.nk?bL:^’r stl^ll^nd ^7^1^ —ns .s given 

second footnote to §82). ' nomenclature of the quantum numbers (see the 
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it is assumed that all functions have some common value of .V/. Substitution 
in Schrodinger’s equation Hijjj — Ejipj leads to the equations 

^{iJPH'Jk-y-ES,.i.)c,. =0, (103.10) 

and the condition for these to have a solution leads to the secular equation 

\{Jk\HlJk'y-Eh,c \ = 0. (103.11) 

The roots of this equation give the energy levels of the top, and then the 
equations (103.10) give the linear combinations (103.9) which diagonalize 
the Hamiltonian, i.e. the wave functions of the stationary states of the top 
with a given value of J (and of M). The calculation of the matrix elements 
of any physical quantity with respect to these wa\e functions thus reduces 
to that of the matrix elements of the symmetrical top. 

The operators J have matrix elements only for transitions in which 
k changes by unity, while J ^ has only diagonal elements (see formulae (27.13), 
in which we must write J, k instead of L, M). Hence the operators J 
J^y J ^y and therefore /?, have matrix elements only for transitions with 
k k or A±2. The absence of matrix elements for transitions between 
states with even and odd k has the result that the secular equation of degree 
2y + 1 immediately falls into two independent equations of degrees J and 
7 + 1. One of these contains matrix elements for transitions between states 
with even A, and the other contains those for transitions between states 
with odd k. Each of these equations, in turn, can be reduced to two equations 
of lower degree. To do this, we must use the matrix eLments defined, not 
with respect to the functions but with respect to the functions 

4>Jk* — {4>Jk+'l'J-k)lV2y ipjo = ipJO! 

>pJk~ = {>Pjk—>Pj,-k)IV2 (A 0). 

Functions differing in the index + and — are of different symmetry (with 
respect to a reflection in a plane passing through the ^-axis, which changes 
the sign of k), and hence the matrix elements for transitions between them 
vanish. Consequently we can form the secular equations separately for the 
+ and — states. 

The Hamiltonian (103.1), with the commutation rules (103.3), has a 
particular symmetry; it is invariant with respect to a simultaneous change in 
sign of any two of the operators J., /,,, J^. This symmetry formally cor¬ 
responds to the group D 2 . Hence the levels of an asymmetrical top can be 
classified in accordance with the irreducible representations of this group. 
Thus there are four types of non-degenerate level, corresponding to the 
representations A, Bi, B 2 , B 3 (see Table 7, §95). 

It is easy to establish which states of the asymmetrical top belong to each 
of these typ.es. To do so, we must find the symmetry properties of the 
i/jjic and the functions (103.12). This could be done directly from (103.8), 


(103.12) 
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but it is simpler to begin from the more usual spherical harmonic functions, 
noting that, as regards their symmetry properties, the wave functions of 
states with definite values of the ^component of the angular momentum are 
the same as the angular-momentum eigenfunctions 


4>Jk ~ Yjk*{e, <f>) ~ (103.13) 

where 6 and <f> are the spherical angles in the a.xes f, t?, C, and the symbol ~ 
stands for the words “is transformed as”; the comple.x conjugate is taken in 
(103.13) because of the change in sign on the right of the commutation 
relations (103.3). 

A rotation through an angle tt about the ^-axis (i.e. the symmetry operation 
multiplies the function (103.13) by (- 1)^'; 

The operation C 2 <’> may be regarded as the result of successively per¬ 
forming an inversion and a reflection in the ^^-plane; the first operation 
multiplies ifjjk by (-1)-^, and the second (a change in sign of f) is equivalent 
to changing the sign of k. Using the definition (28.6) of the functions 
©j,-fci we therefore have 

Ca’’*: ipjk M - 1 y*^4>J,~k- 
Finally, the operation C2<0 = C 2 <’>C 2 <^) gives 

: fjk ^( -1 y^j~k. 


Using these transformation rules, we find that the states corresponding 
to the functions (103.12) belong to the following types of symmetry: 


4>Jk 


4>Jk 


' J even, k even A 
J even, k odd B 3 

I J odd, k even Bi 
/odd, A odd B-i 
'J even, k even Bi 
/even, A odd Bo 
/odd, A even A 
(/odd, A odd Bz 


(103.14) 


By simple counti^ it is easy to find the number of states of each type for 


U 

U+i 


J even 
/odd 


A 

ij +1 

U-h 


(103.15) 
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For the asymmetrical top there are selection rules for the matrix elements 
of transitions between states of the types A, B ^; these rules are easily 

obtained from symmetry considerations in the usual way. Thus, for the 
components of a vector physical quantity A we have the selection rules 


for Ai : 

for^, ; A<^B^^\ 

forA^: figff). 


(103.16) 


For clarity we show, as an index to the symbol for the representation, the 
axis about which a rotation has the character +1 in the representation 
concerned. 


PROBLEMS 

Problem 1. Find the wave functions of the states IJM/t) of a symmetrical top by direct 
calculation as the eigenfunctions of the operators J‘, Ji, (F. Reiche and H. Rademacher 
1926). 

Solution. In order to obtain the ijijMk as functions of the Eulerian angles a, jS, y, we 
must express in terms of them the operators of the angular momentum components along 
fixed axes x, y, z. Since the operator of such a component along any axis is—ff/Sd, where il> 
is the angle of rotation about this axis, we can write 

], = - 7v = - Jt = - 


where dr. dv. dr ate the angles of rotation about the corresponding axes. The derivatives 
with respect to these angles can be expressed in terms of those with respect to a, /S, y by 
noting that infinitesimal rotations are added like vectors along the axes of rotation. Figure 20 
(§58) shows the dr Actions of the vectors Sa, 6/3, 6y of the infinitesimal rotations in terms of 
Eulerian angles. Taking components along the fixed axes ,v, y, tr, we obtain for the angles of 
rotation about these axes 

6dr = —sin a 6^ + cos a. sin /3 8y, 

6dr = cos a 5/3 + sin a sin /3 6y, 

£dr = 5a + cos ^ 5y. 

Hence, conversely, 

5a = —cot /3 cos a 5di —cot /3 sin a 5dii + 5di. 

5/3 = —sin a 8dr + cos a 5dj.. 


5y = ^ 5dx + ^ Hy 
sin p sin p 


From these expressions we find 

f ./ „ f . d cos a 

Jr = -il -cos o cot 13-sin a — + ^—- — 1. 

V CO sin P Oy/ 

f t n c c sin o e N 

Jy = -sin o cot ^ _ + coso — + —j. 

ra cp sin p Cyj 


■ 

va 


When the operators ]z = -iSjea and/t = -ie/Sy (y being the angle of rotation about the 
Ci-axis) act on the function 4>JMk, they are replaced by M and k (the corresponding depen- 
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dence of the wave function on the angles i and y is given bv the factor exp(iaM + iyk)) Then 

k 






M cot /3 + 


sin /? 


)■ 


J =/•-'7// = cot /3 + -A 3 Y 

\ < P sin p/ 


_ The rest of the derivation is exactly as at the end of §28. We start from the equation 
= 0, which IS valid for the wave function with M — J. Hence 

\<P sin^/ 

The normalized solution of this equation is 


i/'jvi- = Hi - 1) 


*r_ 

L 2 ( 


(2./+1)! 




gHJa+ky^ 

2 tt 


(cos J^)-^ *'(sin IPK"* X 


the normalization integral is an Euler beta function. This expression is in fact the same, 
apart from a phase factor, as 

P.y): 

cf. (58.26). The phase factor is chosen in accordance with the definition in (103.7). 

The wave functions with M <J are then calculated by repeated application to rjijjk of the 
formula 

J 'l>j..\r 1.1 = V [/ - M)(J + M + 1 yiipjMk- 

The final result is the same as (103.8), where the functions DkM ate (58.10) and (58.11), and 
the symmetry properties (58.18) of these functions are to be taken into account. 

Problem 2. Calculate the matrix elements <[Jk'\HjJk' for an asymmetrical top. 
Solution. From formulae (27.13) we find 

<Aiy.-'*> = <*!y„-=iA> = J[y(y+i)-n 

<WI* + 2> = <A + 2|7,2|A> = -<A|/,2|fc + 2> = -<ft + 2|y,2|A> 

= i V[(y-A)(y-A- l)(y + A+ l)(/ + A + 2)]; 

for brevity, we everywhere omit the diagonal suffixes J, J of the matrix elements. Hence we 
have for the required matrix elements of the Hamiltonianf 


</df/|A + 2> = <k + 2\H<k} 

= - 1>) ^ [u-k)(j - A - 1 xy+* +1 )(y+A+ 2 )]. 


( 1 ) 


The matrix elements with respect to the functions (103.12) are expressed in terms of the 
elements in formulae (1) by 


<A±|/f|A±> = <*|/f|A> (A^I), <l±|W(l + > = <1|«|1> + <1|«|-1>, 

<A±|/f|A + 2.+ > = <A|/f]A + 2> (A^O). <6 + |/f|2 + > = V2<0|/f|2>. 


( 2 ) 


+ In Problems 2 a, the formulae are simplified by using the notation 
a = b - l//fi, r = iii^. 
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Problem 3. Determine the energy levels for an asymmetrical top with 7=1. 

Solution. The secular equation, of the third degree, falls into three linear equations. 
One of these gives 

El = <(I+|W |0 + > = \h^{a + b). (3) 

From this we can at once write down the other tw'o energy levels, since it is obvious that the 
three parameters a, h, c enter the problem in a symmetrical manner. Hence 

E2 = \hHb+c). (4) 

The levels £,, £ 2 , £3 belong! to the symmetry types £,, £ 3 , £3 respectively. The wave 
functions of these states are •I't — l^ii. 'Is = 'In- 

Problem 4. The same as Problem 2, but for 7 = 2 

Solution. The secular equation, of the fifth degree, falls into three linear equations and 
one quadratic. One of the linear equations gives 

£1 = <2-|//l2-> = 2h^c+\hHa + b). (5) 

a level of the type £,. Hence we at once conclude that there must be two other levels, of the 
types £2 and B,: 

£2 = 2li^ + ltl^a + c). £3 = 2ir-a + \h^h + r). 

These three levels have the wave functions iti = <lis = <pii, 'Ps = '1‘n- 
The equation of the second degree is 

|<0 + |W |0 + >-£ <2 + iW |0 + > 1 ^ ( 6 ) 

l<2 + |W|0+> <2 + |//'2 + >-£l 

Solving this, we obtain 

£ 4,5 = li'‘‘(a + b+c)±li'^[{a +b-t-c)'^^2(ab-t-be+ ac)y'^ (7) 

These levels belong to the type A The corresponding wave functions are linear combinations 
of ipM and ‘I'si- 

Problem 5. The same as Problem 2, but for 7 = 3. 

Solution. The secular equation, of the seventh degree, falls into one linear equation and 
three quadratic. The linear equation gives 

£1 = <2 -1£|2 - > = 2/i2(fl + 6 + r), (8) 

a level of the type A. One of the quadratic equations is equation (6) of Problem 3, with a 
different value of J. Its roots are 

£,3 = 5^(o.^i) + A2f±E2[4(a-6)2 + f5 + o 6 -af- 6 f]‘«. P) 

levels of the type £;. The remaining levels are obtained from these by permuting a, b and c. 

Problem 6. Determine the splitting of the levels of a system having a quadrupole 
moment, in an arbitrary external electric field. 

Solution. Taking as coordinate axes the principal axes of the tensor B (see 

§76, Problem 3), we bring the quadrupole part of the Hamiltonian of the system to the term 

n = .4 + £ + C = 0. 


t This follows at once from considerations of symrnetry. The 
svmmetrical with respect to the parameters « and fc, and this property belongs 
a'state whose symmetry about the ( and ij axes is the same. i.e. a state of the type .. 
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Owing to the complete formal analogy between this expression and the Hamiltonian (103.1), 
the problem under consideration is equivalent to that of finding the energy levels of an 
asymmetrical top, the only difference being that here the sum of the coefficients .k + B + C = 0, 
and the angular momentum can have half-integral values also. For these the calculations must 
be done afresh by the same method, but for integral J we can use the results of Problems 3 
to 5, obtaining the following values for the energy displacement AB for the first few values 
ofj: 

7=1. \E=-A.-B,-C- 

7 = 3 2: AB= ±y [3(.7-+ B-+ C^) 2]; 

7 = 2: AB=3.-1.3B,3C,iy [6(.-J-+B2 + C2)]. 

For J = 3/2 the energy levels remain doubly degenerate, in accordance with Kramers’ 
theorem (§60). 


§104. The interaction between the vibrations and the rotation of the 
molecule 

Hitherto we have regarded the rotation and the vibrations as independent 
motions of the molecule. In reality, however, the simultaneous presence of 
both motions results in a peculiar interaction between them (E. Teller, 
L. Tisza and G. Placzek 1932-33). 

Let us start by considering linear polyatomic molecules. A linear molecule 
can execute vibrations of two types (see the end of §100): longitudinal vibra¬ 
tions with simple frequencies and transverse ones with double frequencies. 
We shall here be interested in the latter. A molecule executing transverse 
vibrations has in general some angular momentum. This is evident from 
simple mechanical considerations,f but it can also be shown by a quantum- 
mechamcal discussion. The latter also enables us to determine the possible 
values of this angular momentum in a given vibrational state. 

Let us suppose that some one double frequency a>„ has been excited in 
the molecule. The energy level with the vibrational quantum number 
is (®a-|-l)-fold degenerate. To this level there correspond the t'a + l wave 
functions 

= constant X 

where = ^a. or any independent linear combinations of them. 

The total degree (in and together) of the polynomial by which the 
exponential factor is multiplied is the same in all these functions, and is equal 
to It is evident that we can always take, as the fundamental functions, 
linear combinations of the functions „ of the form 

^ -ai 

= constant Xe-e:.*'Oa.'+Oa .’)/2 [(g„i-fjg„,)<»a+'»)/ 2 (g„i-l'g<, 2 )(»a-y/ 2 -p ... ]. 

(104.1) 

The square brackets contain a determinate polynomial, of which we have 

t For e.xample, two mutually perpendicular transverse vibrations with a phase difference 
of tTT can be regarded as a pure rotation of a bent molecule about a longitudinal axis. 
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written out only the highest term. 4 an integer, w'hich can take the + \ 
different values —2, 4, 

The normal coordinates Q^i, of the transverse vibration are two 
mutually perpendicular displacements off the axis of the molecule. Under a 
rotation through an angle about this axis, the highest term of the poly¬ 
nomial (and therefore the whole function . ) is multiplied by 

Hence we see that the function (104.1) corresponds to a state with angular 
momentum 4 about the axis. 

Thus we reach the result that, in a state w'here the double frequency 0 ^ 
is excited (with quantum number the molecule has an angular momentum 
(about its axis) which takes the values 

4 = (104.2) 

This is called the zibrational angular momentum of the molecule. If several 
transverse vibrations are excited simultaneously, the total vibrational angular 
momentum is equal to the sum E4. On being added to the electron orbital 
angular momentum, it gives the total angular momentum I of the molecule 
about its axis. 

The total angular momentum ] of the molecule cannot be less than the 
angular momentum about the axis (just as in a diatomic molecule), i.e. J 
takes the values 

7=1^1. |/|+i. 

In other words, there are no states with y = 0, 1,..., |/| — 1. 

For harmonic vibrations, the energy depends only on the numbers v^, and 
not on 4- The degeneracy of the vibrational levels (with respect to the 
values of 4) is removed by the presence of anharmonic vibrations. The 
removal is not complete, however: the levels remain doubly degenerate, the 
same energy belonging to states differing by a simultaneous change of sign of 
all the 4 and of /. In the next approximation (after that of harmonic motion), 
a term quadratic in the angular momenta 4> of tho form ('^ho g^^ 

being constants), appears in the energy. This remaining double degeneracy 
is removed by an effect similar to the A-doubling in diatomic molecules. 

When we turn to non-linear molecules, we must first of all make the 
following remark, which has a purely mechanical significance. For an arbi¬ 
trary (non-linear) system of particles, the question arises how we can at all 
separate the vibrational motion from the rotation; in other words, what we are 
to understand by a “non-rotating system”. At first sight it might be thought 
that the vanishing of the angular momentum, 

S mrxv = 0 (104.3) 

(the summation being over the particles in the system), could serve as a 
criterion of the absence of rotation. However, the expression on the left- 
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hand side is not the complete derivative, with respect to time, of any function 
of the coordinates. Hence the above equation cannot be integrated with 
respect to time in such a way as to be formulated as the vanishing of some 
function of the coordinates. This, however, is necessary if a reasonable 
definition of the concepts of “pure vibrations” and “pure rotation” is to be 
possible. 

As a definition of the absence of rotation, we must therefore use the 
condition 

Z wroXv = 0, (104.4) 

where Tq are the radius vectors of the equilibrium positions of the particles. 
Putting r = Tq+u, where u are the displacements in small vibrations, we 
have V = r = li. The equation (104.4) can be integrated with respect to 
time, giving 

Z»nr„xu=0. (104.5) 

The motion of the molecule will be regarded as a combination of the purely 
vibrational motion, in which the condition (104.5) is satisfied, and the 
rotation of the molecule as a whole.f 
Writing the angular momentum in the form 


S wrXv = I OTroXv4- S muxv. 


we see that, in accordance with the definition (104.4) of the absence of 
rotation, the vibrational angular momentum must be understood as the sum 
Z wi u X V. However, it must be borne in mind that this angular momentum, 
being only a part of the total angular momentum of the system, is not con¬ 
served. Hence only a mean value of the vibrational angular momentum can 
be ascribed to each vibrational state. 


Molecules having no axis of symmetry of order above the second belong to 
the asymmetrical-top type. In a molecule of this type, all the frequencies 
are simple (their symmetry groups have only one-dimensional irreducible 
representations). Hence none of the vibrational levels is degenerate. In any 
non-degenerate state, however, the mean angular momentum vanishes (see 
§26). Thus, in a molecule of the asymmetrical-top type, the mean vibra¬ 
tional angular momentum vanishes in every state. 

_ If) among the symmetry elements of the molecule, there is one axis of order 
higher than the second, the molecule is of the symmetrical-top type. Such a 
rnolecule has vibrations with both simple and double frequencies. The mean 
vibrational angular momentum of the former again vanishes. To the double 
frequencies, however, there corresponds a non-zero mean angular momentum 
component along the axis of the molecule. 

It is easy to find an expression for the energy of the rotational motion of the 
molecule (of the symmetrical-top type), taking into account the vibrational 
angular momen tum. The operator of this energy differs from (103.5) in that 

t The translational motion is supposed removed from the start, bv choosing a system of 
coordinates in which the centre of mass of the molecule is at rest. ' ® system of 
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the rotational angular momentum of the top is replaced by the difference 
between the total (conserved) angular momentum J of the molecule and its 
vibrational angular momentum J(">; 

i?rct = (104.6) 

2Ia Vc I a! 

The required energy is the mean value .^rot- The terms in (104.6) which 
contain the squared components of J give a purely rotational energy which is 
the same as (103.6). The terms w'hich contain the squared components of 
j(v) give constants independent of the rotational quantum numbers and may 
be omitted; the terms which contain products of components of J and 
constitute the interaction here considered between the vibrations of the 
molecule and its rotation. This is called the Coriolis interaction (since it 
corresponds to the Coriolis forces in classical mechanics). In averaging these 
terms it must be borne in mind that the mean values of the transverse 
components of the vibrational angular momentum are zero. The mean energy 
of the Coriolis interaction is therefore 

Ecor=-h^kkvllc. (104.7) 

where the integer k is, as in §103, the component of the total angular momen¬ 
tum along the axis of the molecule, and kv = is the mean value of 
the component of the vibrational angular momentum for the vibrational 
state concerned; k^, unlike k, is not an integer. 

Finally, let us consider molecules of the spherical-top type. These include 
molecules whose symmetry is that of any of the cubic groups. Such molecules 
have simple, double and triple frequencies (there being one-, two- and three- 
dimensional irreducible representations of the cubic groups). The degeneracy 
of the vibrational levels is, as usual, partly removed by the presence of 
anharmonic motion; when these effects have been taken into account there 
remain, apart from the non-degenerate levels, only doubly and triply degene¬ 
rate levels. Here we shall discuss these levels that are split by the presence of 
anharmonic motion. 

It is easy to see that, for molecules of the spherical-top type, the mean 
vibrational angular momentum is 2 ^ro not only in the non-degenerate 
vibrational states but also in the doubly degenerate ones. This follows from 
simple considerations based on symmetry properties. The mean angular 
momentum vectors in two states belonging to the same degenerate energy 
level must be transformed into each other in all possible symmetry trans¬ 
formations of the molecule. None of the cubic symmetry groups, however, 
allows the existence of two directions transformed only into each other, 
only sets of three or more directions are so transformed. 

From these arguments it follows that, in states corresponding to triply 
degenerate vibrational levels, the mean vibrational angular momentum is 
non-zero. After averaging over the vibrational state, this angular momentum 
is represented by an operator whose matrix elements correspond to transitions 
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between three mutually degenerate states. In accordance with the number of 
these states, this operator must have the form where i is the operator of 
an angular momentum of unity (for which 2/+1 = 3) and ^ is a constant 
characterizing the vibrational level in question. The Hamiltonian of the 
rotational motion of the molecule is 

and, after averaging, becomes the operator 

- /i2 /iV , - 

= (104.8) 

The eigenvalues of the first term give the ordinary rotational energy (103.4); 
the second term gives an unimportant constant, which does not depend on the 
rotational quantum number. The last term in (104.8) gives the desired energy 
of the Coriolis splitting of the vibrational level. The eigenvalues of the 
quantity J. 1 are calculated in the usual way; it has (for a given J) three 
different values corresponding to the values /+!, J~\, J of the vector 
J + 1- The result is 


£cor<'^+‘>=-/iW. \ 

W+1)//, (104.9) 

£cor<-^> = hmi. I 


§105. The classification of molecular terms 

The wave function of a molecule is the product of the electron wave func¬ 
tion, the wave function of the vibrational motion of the nuclei, and the rota¬ 
tional wave function. We have already discussed the classification and types 
of symmetry of these functions separately. It now remains to examine 
the question of the classification of molecular terms as a whole, i.e. of the 
possible symmetry of the total wave function. 

It is clear that, if the symmetry of all three factors with respect to some 
transformation is given, the symmetry of the product with respect to that 
transformation is determined. For a complete description of the symmetry of 
the state, we must also specify the behaviour of the total wave function when 
the coordinates of all the particles in the molecule (electrons and nuclei) 
are inverted simultaneously. The state is said to be negative or positive, 
according as the wave function does or does not change sign under this 
transformation.-)- 

It must be remembered, however, that the characterization of the state 
with respect to inversion is significant only for molecules which do not 

customary, though unfortunate, termmologv as for diatomic molecules 

(§ 86 ). 
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possess stereoisomers. If stereoisomerism is present, the molecule assumes 
on inversion a configuration which can by no rotation in space be made to 
coincide with the original configuration; these are the “right-hand"’ and 
“left-hand” modifications of the substance.f Hence, when stereoisomerism 
is present, the wave functions obtained from each other on inversion belong 
essentially to different molecules, and it is meaningless to compare them.J 

We have seen in §86 that, for diatomic molecules, the spin of the nuclei 
exerts an important indirect effect on the arrangement of the molecular 
terms by determining their degree of degeneracy, and in some cases entirely 
forbidding levels of a certain symmetry. The same is true for polyatomic 
molecules. Here, however, the investigation of the problem is considerably 
more complex, and requires the application of the methods of group theory 
to each particular case. 

The idea of the method is as follo\Vs. The total wave function must con¬ 
tain, besides the coordinate part (the only part we have considered so far), a 
spin factor, which is a function of the projections of the spins of all the nuclei 
on some chosen direction in space. The projection a of the spin of a nucleus 
takes 2 i +1 values (wffere i is the spin of the nucleus); by giving to all the 
crj, cTj, ... , (where N is the number of atoms in the molecule) all possible 
values, we obtain altogether (Zf^-f 1) (Zfj-f-l)... (2f;^+l) different values of 
the spin factor. In each symmetry transformation, certain nuclei (of the same 
kind) change places, and if w-e iriiagine the spin values to “remain fixed”, 
the transformation is equivalent to an interchange of spin values among 
the nuclei. Accordingly, the various spin factors will be transformed into 
linear combinations of one another, thus giving some representation (in 
general reducible) of the symmetry group of the molecule. Decomposing 
this into irreducible parts, we find the possible types of symmetry for the 
spin wave function. 

h general formula can easily be written down for the characters Xsjfi) 
of the representation given by the spin factors. To do this, it is sufficient 
to notice that, in a transformation, only those spin factors are unchanged in 
which the nuclei changing places have the same Oa', otherwise, one spin 
factor changes into another and contributes nothing to the character. Bearing 
in mind that oa takes lia +1 values, we find that 

X,p(G) =n(2t„-bl), (105.1) 

w here the product is taken over the groups of atoms which change places 
under the transformation G considered (there being one factor in the product 
from each group). 

We are, how'ever, interested not so much in the symmetry of the spin 
function as in that of the coordinate w'ave function (by which we mean its 


•f For stereoisomerism to be possible, the molecule must have no symmetry elernent per 
taining to reflection (i.e. no centre of symmetry, plane of symmetry, or sxis 

X Strictly speaking, quantum mechanics always gives a non-zero probability ‘o'" 
sition from one modification to the other. This probability, however, which relates to the 
passage of nuclei through a barrier, is extremely small. 
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symmetry with respect to interchanges of the coordinates of the nuclei, the 
coordinates of the electrons remaining unchanged). These two symmetries 
are directly related, however, since the total wave function must remain 
unchanged or change sign when any pair of nuclei are interchanged, accord¬ 
ing as they obey Bose statistics or Fermi statistics (in other words, it must be 
multiplied by ( — l)^h where i is the spin of the nuclei that are interchanged). 
Introducing the appropriate factor in the characters (105.1), we obtain the 
system of characters x(G) for the representation containing all the irreducible 
representations by which the coordinate wave functions are transformed: 

X(G) = n(24+l)(-l)2V"»-i), (105.2) 

where Wo is the number of nuclei in each group which change places under the 
transformation in question. Decomposing this representation into irreducible 
parts, we obtain the possible types of symmetry of the coordinate wave 
functions of the molecule, together with the degrees of degeneracy of the 
corresponding energy levels (here and later we mean the degeneracy with 
respect to the different spin states of the system of nuclei).f 

Each type of symmetry of the states is related to definite values of the 
total spins of the groups of equivalent nuclei in the molecule (i.e. groups of 
nuclei which change places under the various symmetry transformations of 
the molecule). This relation is not one-to-one; each type of symmetry of 
states can, in general, be brought about with various values of the spins of 
equivalent groups. The relation can also be established, in any particular 
case, by means of group theory. 

As an example, let us consider a molecule of the asymmetrical-top type, the 
ethylene molecule (Fig. 43g), with the symmetry group The 

index to the chemical symbol indicates the isotope to which the nucleus 
belongs; this indication is necessary, since the nuclei of different isotopes 
may have different spins. In this case, the spin of the nucleus is i, while 
the C^- nucleus has no spin. Hence we need consider only the hydrogen 
atoms. 

We take the system of coordinates shown in Fig. 43g; the z-axis is per¬ 
pendicular to the plane of the molecule, while the x-axis is along the a.xis 
of the molecule. A reflection in the »y-plane leaves all the atoms fixed, 
while other reflections and rotations interchange the hydrogen atoms in 
pairs. From formula (105.2) we have the following characters of the represen- 


tation: 

E 

a{xy) 

a(x 2 ) 

alyz) 

/ 

Ciix) 

Ciiy) 

C,{2) 

16 

16 

4 

4 

4 

4 

4 

4 


Decomposing this representation into irreducible parts, we find that it con¬ 
tains the following irreducible representations of the group lA , ZB 
ZBz^, 3fi3„. The figures show the number of times each irreducible represen- 

t The degree of degeneracy of the level in this respect .s often called its nuclear statistical 
zoeight; see the last footnote to §86 
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tation appears in the reducible one; these numbers are also the nuclear 
statistical weights of the levels with the corresponding symmetry.t 

The classification of the states of the ethylene molecule thus obtained 
relates to the symmetry of the total (coordinate) wave function, including 
the electron, vibrational and rotational parts. Usually, however, it is of 
interest to arrive at these results from a different point of view. Knowing 
the possible symmetries of the total w'ave function, w'e can find at once which 
rotational levels are possible (and w^ith what statistical weights) for any 
prescribed electron and vibrational state. 

Let us consider, for instance, the rotational structure of the lowest vibra¬ 
tional level (that for which the vibrations are not excited at all) of the normal 
electron term, assuming that the electron wave function of the normal 
state is completely symmetrical (as is the case for practically all polyatomic 
molecules). Then the symmetry of the total wave function with respect to 
rotations about the axes of symmetry is the same as the symmetry of the 
rotational wave function. Comparing this with the results obtained above, we 
therefore conclude that in the ethylene molecule the rotational levels of the 
types A and (see §103) are positive with statistical w'eights 7 and 3, 
while those of the types and Bz are negative with statisticti weight 3. 

As with diatomic molecules (see the end of §86), owing to the extreme 
weakness of the interaction between the nuclear spins and the electrons, 
transitions between states of different nuclear symmetry in the ethylene 
molecule do not occur in practice. Hence molecules in such states behave 
like different modifications of the substance. Thus ethylene has 

four modifications, with nuclear statistical weights 7, 3, 3, 3. 

In reaching this conclusion »t is important that spates with different 
symmetry belong to different energy levels (the intervals between which are 
large compared with the interaction energy of nuclear spins). The conclusion 
is therefore invalid for molecules in which there exist states of different 
nuclear symmetry belonging to the same d^enerate energy level. 

Let us consider another example, the ammonia molecule of the 

symmetrical-top type (Fig. 41), whose symmetry group is Cj^. The spin of 
the nucleus is 1, and that of H* is Using formula (105.2), we find the 
characters of the representation of the group Cg^ in which we are interested: 

E 2Cg 3o„ 

24 6 

It contains the following irreducible representations of the group Cg^: \2A^, 
6 E. Thus two types of level are possibU; their nuclear statistical weights 
arej 12 and 6. 

The rotational levels of a symmetrical top are classified (for a given J) 
according to the values of the quantum number k. Let us consider, as in the 

t The relation between the symmetry of states and the values of the total spin of the four 
hydrogen nuclei in the ethylene molecule is derived in Problem 1. 

t A total spin of the hydrogen nuclei of 3/2 corresponds to the terms of symmetry Az, an 
one of 1 /2 to those of symmetry E. 
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previous example, the rotational structure of the normal electron and 
vibrational state of the NHj molecule (i.e. we suppose the electron and vibra¬ 
tional wave functions to be completely symmetrical). In determining the 
symmetry of the rotational wave function, we must bear in mind that it is 
meaningful to speak of its behaviour only with respect to rotations about axes. 
Hence we replace the planes of symmetry by axes of symmetry of the second 
order perpendicular to them, a reflection in a plane being equivalent to a 
rotation about such an axis, followed by an inversion. In the present case, 
therefore, instead of the group we have to consider the isomorphous point 
group D 3 . 

The rotational wave functions with k= ±|A| are multiplied by 
respectively under a rotation C 3 about a vertical axis of the third order, 
while under a rotation about a horizontal axis of the second order they 
change into each other, thus giving a two-dimensional representation of the 
group Dj. If 1^1 is not a multiple of three, this representation is irreduc¬ 
ible; it is h. The representation of the group corresponding to the total 
wave function is obtained by multiplying the character by 1 or — 1 , 
according as the term is positive or negative. Since, however, in the repre¬ 
sentation E we have = 0. we obtain the same representation E in 
either case (but this time as a representation of the group and not Df). 
Bearing in mind the results obtained above, we thus conclude that, when |A:| 
is not a multiple of three, both positive and negative levels are possible, with 
nuclear statistical weights of 6 (the symmetry of the total coordinate wave 
function being of the type E). 

^ When |A( is a multiple of three (but not zero), the rotational functions 
give a representation (of the group D 3 ) with characters 

E 2C3 ZU3 

~2 2 0 ~' 


This representation is reducible, and divides into the representations Ai, A^. 
In order that the total wave function should belong to the representation A^ of 
the group the rotational level Ai must be negative and A^ positive. 
Thus, when |A| is a multiple of three and not zero, both positive and negative 
levels are possible, with nuclear statistical weights of 12 (levels of the type 
A2). 

Finally, only one rotational function corresponds to an angular momentum 
component A = 0 ; it gives a representation with characters! 


2C, 


3U, 


1 1 (- 1 )^ 

If the total wave function has the symmetry A^, its behaviour with respect to 
inversion must therefore be given by the factor ( —l)-^+i. Thus, for A = 0 

t On through an angle tt, the eigenfunction of the angular momentum with 

magnitudey and component zero is multiplied by ( —1)J. 
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levels with even and odd J can only be negative and positive respectively; 
the statistical weight is 6 in either case (levels of the type A^. 

Summarizing these results, we have the following table of possible states 
for various values of the quantum number k for the normal electron and 
vibrational term of the molecule (the symbols + and — denoting 

positive and negative states). 



+ 

— 

1 k 1 not a multiple of 3 

6 E 

6 E 

1 ^ 1 a multiple of 3 

llAz 

I 2 A 2 


6 A 2 

6 A 2 


For given J and k, the energy levels of the NH 3 molecule are in general 
degenerate (see also the table for ND 3 in Problem 3). This degeneracy is 
partly removed by a peculiar effect due to the flat shape of the ammonia 
molecule and the small mass of the hydrogen atoms. By a fairly small vertical 
displacement of the atoms in this molecule a transition can be brought about 
between two configurations obtained from one another by a reflection in a 
plane parallel to the base of the pyramid (Fig. 44). These transitions cause a 
splitting of the levels, separating positive and negative levels (an effect 
similar to the one-dimensional case considered in §50, Problem 3). The 
magnitude of the splitting is proportional to the probability of passage of the 
atoms through the “potential barrier” separating the two configurations of 
the molecule. Although this probability is comparatively high in the ammonia 
molecule, owing to the above-mentioned properties, the splitting is still 
small (1 X 10-*eV) 

An example of a molecule of the spherical-top type is discussed in 
Problem- 5. 


N 



H 

N 

Fig. 44 

PROBLEMS 

Problem 1. Find the relation between the symmetry of the state of the molecule 

and the total spin of the hydrogen nuclei in the molecule. 

SoLUTio.N.t The total spin of the four H‘ nuclei can take the values / = 2, 1,0, ^d its 
component Afr takes values from 2 to —2. Let us consider the representations given y t e 
spin factors for each value of M/, beginning with the largest. 

t A method of solving problems of this kind, based on the theory of permutation groups, 
Knnian's book fouoted in §<i3), ch. VI, §2. 
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rnin = 2 Corresponds to only one spin factor, in which all the nuclei have a spin 

I' ^ 'o different spin factors differing as 

regards the nucleus which has spin component -J. Finally, the value Mi = 0 is given 

P^ic ot nuclei which have spin components - J. The 
characters of the three corresponding representations are as follows; 

f J CsU) Cs(y) CsW 

— z 1 1 1 1 j j j j 


Mi = 1 
-Wr = 0 


The first of these representations is the unit representation A,; since the value Mr = 2 
can o«ur only for / = 2. we conclude that a state with symmetry A, corresponds to spin 

The value = 1 can occur for both / = 1 and / = 2. Subtracting the first representa- 
tion from the second and decomposing the result into irreducible parts, we find that states 
^ifi otti, 03 u correspond to spin 7 = 1. 

Finally, the value Mi = 0 can occur in all cases where Mi = 1 is possible, and also for 

- U. Subtracting the second representation from the third, we find two states A. corres¬ 
ponding to spin 1 = 0. 

Problem 2. Determine the types of symmetry of the total (coordinate) wave functions, 
Ml* weights of the corresponding levels, for the molecules 

_* 1 ) molecules are of the same form; the spins are i(H*) = 1, i(C'“) = J,’ 

Solution By the method shown in the text for the molecule we find the follow, 

mg states (the axes of coordinates being taken the same as above): 

Molecule + 




27A. tSBi, 

16Ae. \2Bit 

6 Ai 


ISBsu, 18 iSj„ 
12 B2U. 24B3„ 
SBiu 


Problem 3. The same as Problem 2, but for the molecule 

SOLTOON. In the way shown in the text for the molecule N»H>„ we find the states 30^„ 


3A,, 24E. 

In the normal electron and vibrational term, the following states are possible for various 
values of the quantum number k: 


|A( not a multiple of 3 
1*1 a multiple of 3 

“I /odd 


+ 

24E 

30A„ 3A, 
30Ai 
3A, 


24E 

30^1, 3*4, 
3A, 
30*4, 


syJ^e“t*51s^^,“ Problem 2, but for the molecule (see Fig. 43f: the 

SOL^ION. The possible sutes are of the types 7*4.». 1*4,„, 3*4„, 13*4.„. 9E,. 1 \Eu. 
in the normal electron and vibrational term, the following states are obtained; 


1*1 not a multiple of 3 
(*| a multiple of 3 

= 0 j J 


J odd 


+ 

9Eg 

lAig, 3 * 4,0 
7A,g 
3*4,0 


1*4,11, 13*4,w 
l*4,u 
13*4,« 

Problem 5. The same as Problem 2. but for rT,.i.u i __... 

is at the centre of a tetrahedron with the H atoms at the tmIcTsf^ ^ ^ 

Solution. The molecule is of the spherical-too tvr^ u v 
ing the same method, we find that the possible fta^are of^e r* 
responding to a total spin of the molecule of 2, 0. 1 respectiv*!^ 1 
The rotational states of a spherical top are ciiuam.., 
angular momentum J. The 2/-hi rotational functions be^lone'wr Ih' total 

give a (2J+ l)-dimensional representation of t^ «oun O whVB “ P'ltt.cidar value of J 

group u, which is isomorphous with the 
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group Ta', it is obtained from the latter by replacing all planes of symmetiy by axes of the 
second order perpendicular to them. The characters in this representation are given by 
formula (98.3). ‘ Thus for example, for J = 3 we obtain a representation with characters 

E 8C3 6Cj, 6C. 3C4' 

7 1 


This contains the following irreducible representations of the ^oup O: At, Fi, F,. A^in 
considering the rotational structure of the normal electron and vibrational term, we therefore 
conclude that, for 7=3, the states with a symmetry At of the total wave function can only 
be positive, while those of type Ft can be either positive or negative. For the first few values 
of J we thus obtain the following states (which we write together with their statistical weights): 


7 = 0 
7 = 1 
7 = 2 
7=3 
7 = 4 


+ “ 

— SAt 

3F, — 

IF IF, 3F, 

5^., 3F, 3Fi 

IF, 3F, SAt, IF, 3Fi 
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ADDITION OF ANGULAR MOMENTA 


§106. 37 -symbols 

The rule of addition of angular momenta deduced in §31 gives the possible 
values of the total angular momentum of a system consisting of two particles 
(or more complex components) with angular momenta 71 and 72 .t This rule 
is in fact closely related to the properties of wave functions with respect to 
spatial rotations, and follows immediately from the properties of spinors. 

The wave functions of particles with angular momenta 71 and 72 are sym¬ 
metrical spinors of ranks 2 ji and 2j2, and the wave function of the system is 
their product, 


0 ( 1 ) 


2/j ^ 


2)t 


( 106 . 1 ) 


Symmetrizing this product with respect to all the indices, we obtain a sym¬ 
metrical spinor of rank 2 {ji +72), corresponding to a state with total angular 
momentum 71+72. If we contract the product ( 106 . 1 ) with respect to one 
pair of indices, of which one must belong to v^d) and the other to 0® (since 
otherwise the result is zero), the symmetry of each of the spinors 0d) and 
0 < 2 ) shows that it does not matter which indices are taken from A, /x,... and 
p, a, ... . After symmetrization we obtain a symmetrical spinor of rank 
2(71+72—1), corresponding to a state with angular momentum71+72—l.J 
Continuing this process, we find, in agreement with the rule already known, 
that 7 takes values from 71+72 to j/i-72I, each occurring once. 

Mathematically, this involves the decomposition of the direct product 
X Dd’*) of two irreducible representations of the rotation group (with 


+ Strictly speaking, we shall always be considering (without explicitly mentioning the fact 
each time) a system whose parts interact so weakly that their angular momenta may be 
regarded as conserved in a first approximation. 

All the results given below apply, of course, not only to the addition of the total angular 
momenta of two particles (or systems) but also to the addition of the orbital angular momen- 
spin of the same system, assuming that the spin-orbit coupling is sufficiently weak, 
t To avoid misunderstanding, the following comment is useful. The wave function of a 
system of two particles is always a spinor of rank and this is in general not equal to 

where j is the total angular momentum of the system. Such a spinor mav, however, be 
equivalent to a spinor of lower rank. For example, the wave function of a system of two 
particles wit ^ngular momentay, = >„ = * is a spinor of rank two; but if the’total angular 
momentum j 0, this spinor is antisymmetrical, and therefore reduces to a scalar In 
general, the to al angular momentumy determines the symmetry of the spinor wave function 
of the system this is symmetrical with respect to 2y indices and antisymmetrical with respect 
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dimensions 2j\ + 1 and 2 j 2 + 1) into irreducible parts. The addition rule for 
angular momenta may then be written as 

£)(j0xZ)(W = 

For a complete solution of the problem of the addition of angular momenta, 
we must also consider the problem of constructing the wave function of a 
system with a given total angular momentum from those of its two component 
particles. 

Let us begin with the simple case of the addition of two angular momenta 
to give a zero total angular momentum. Here we must evidently have 
ji — 72 and angular momentum components m\ = — mo. Let ifjjm be the 
normalized wave functions of the states of one particle with angular momen¬ 
tum 7 and component thereof m (in the non-spinor representation). The 
required wave function of the system is the sum of the products of the wave 
functions of the two particles with opposite values of m\ 

1 4 ' 

00 =- y (106.2) 

V(27+1)^^,. 

where j is the common value of 71 and jo. The factor preceding the sum is 
due to the normalization. The coefficients in the sum must all have the 
same absolute value, since all values of the components m of the angular 
momenta of the particles are equally probable. The sequence of signs in 
(106.2) is easily found by means of the spinor representation of the wave 
functions. In spinor notation the sum in (106.2) is a scalar (the total angular 
momentum of the system being zero) 

, (106.3) 

formed from two spinors of rank 2]. Using this, we find the signs in (106.2) 
directly from (57.3). 

It should be borne in mind, however, that in general only the relative 
signs of the terms in the sum (106.2) are determinate, while the sign of the 
whole sum may depend on the “order of addition” of the angular momenta. 
For, if we lower all spinor indices {j+m ones and^ —m twos) in and 
raise them in the scalar (106.3) is multiplied by (—1)^^', and therefore 
changes sign when j is half-integral. 

Next we consider a system with zero total angular momentum consisting of 
three particles with angular momenta 71 , 72 , 73 and components thereof mi, 
mo, mz- The condition for the total angular momentum to be zero is that 
mi + m-z + ms = 0 and ji, jz, 73 have values such that each of them can be 
obtained by vector addition of the other two, i.e. geometrically 71 , jz, js nuist 
be the sides of a closed triangle. In other words, each of them lies between 
the difference and the sum of the other two: 

\jl—j2\ <73 ^ jl+js, etc. 

It is evident that the algebraic sum ji+jz+jz is an integer. 
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The wave function of the system under consideration is the sum 
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^0= y P'(106.4) 

\m\ mo mo/ 


Tfllt TTli 


taken over the values of each mi from —ji to ji. The coefficients in this formula 
are termed Wigner Sj-symbols. By definition they are non-zero only if 
m\ + m2 + mz = 0 . 

When the suffixes 1, 2, 3 are permuted, the wave function (106.4) can 
change only by an unimportant phase factor. The Sy-symbols can in fact be 
defined as purely real quantities (see below), and then the indeterminacy of 
ipQ can consist only in its sign as a whole being indefinite (as is true of the 
function (106.2) also). This means that interchanging the columns of a 
3y-symboI can either leave it unchanged or change its sign. 

The most symmetrical way of defining the coefficients in the sum (106.4), 
which is the definition generally used for the 3y-symbols, is as follows. In 
spinor notation, is a scalar formed by contracting the product of the three 
spinors ,^( 2 )A/i...^ 0 ( 3 )A/i... respect to all pairs of indices belonging 

to two different spinors. In each pair belonging to particles 1 and 2 the spinor 
index will be written superior with </<d) and inferior with 0 ( 2 ); in a pair belong¬ 
ing to particles 2 and 3, superior with 0(2) and inferior with 0(3>; and in a pair 
belonging to particles 3 and 1, superior with 0(3) and inferior with 0d). It 
is easily seen that the total number of pairs of each kind \s,ji+i2—jz,j2+jz—ju 
ji + 03 -02 respectively. This rule determines uniquely the sign of 0o. 

It is evident that, with this definition, cyclic interchange of the indices 
1, 2 and 3 leaves 0o unchanged. This means that the 30-symbol is unchanged 
when its columns are cyclically permuted. Interchange of any two indices 
is easily seen to require the raising of the lower indices and lowering of the 
upper indices in all 01 + 02+03 pairs. This means that 0o is multiplied by 
(—in other words, the 30-symbols have the property 


.mz m\ mzi \mi m-i mz) 


etc.. 


(106.5) 


i.e. they change sign when two columns are interchanged if 01 + 02+03 is odd. 
Finally, we easily see that 

( „06.6) 
\ —mi —mz —mz! \mi mz mz! 

a change in the sign of the ^-component of each angular momentum can 
be regarded as the result of a rotation through an angle tt about the y-axis, 
and this is equivalent to raising all the lower spinor indices and lowering all 
the upper ones (see (58.5)). 

From (106.4) we can derive an important formula which gives the wave 
function tfjjm of a system consisting of two particles and having given values 
of0 and m. To do so, we consider the particles 1 and 2 together as one system. 
Since the angular momentum j of this system together with the angular 
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momentum ja of particle 3 gives a total angular momentum of zero, we must 
havey = 73 , m = —m 3 . According to (106.2) we can then write 


>/'o = 


1 


V(27 + 1) 




j ,- 77 ? ■ 


(106.7) 


This formula is to be compared wdth (106.4) (in which we replace 73 , m 3 by 
7’, — m). Here, however, vve must first take into account the fact that the 
rule for constructing the sum in (106.7) according to (106.3) does not corres¬ 
pond to the rule for constructing the sum (106.4): to bring (106.7) to the 
form (106.4) we must, as is easily seen, interchange pairs of upper and lower 
indices corresponding to particles 1 and 3. This leads to an additional factor 
( — The result isf 

= (- 1 )^.-^+-V (27 + 1 ) y ^ (106.8) 

\7«i m 2 — m/ 


where the summation over mi and m 2 is subject to the condition mi + mz = m. 

Formula (106.8) gives the required expression for obtaining the wave 
function of a system from those of its two particles, which have definite 
angular momenta/] and 72 . It can be written in the form 

= 2 (^2 = t«-mi). (106.9) 

TUi, m2 

The coefficients 

<(mim2|7m> = (—l)^*“-'*+’"'v/( 27 -t-l)f^ ^ (106.10) 

\mi m2 — m/ 

form the matrix of the transformation from the complete orthonormal set of 
( 2 / 1 - 4 - l)( 272 -t- 1 ) wave functions of states |mi m 2 > to the similar set of wave 
functions of states |/m> (for given values oi jujz). They are called vector 
addition coefficients or Clebsch-Gordan coefficients. The notation <mim 2 |/m> 
corresponds to the general notation for the coefficients in the expansion of 
one set of functions in terms of another (11.18). To simplify, we have 
omitted the quantum numbers/i and/ 2 , which are the same in both sets of 
functions. When necessary, these are included, in the form </imi/ 2 m 2 | 

/i/2;"*>-l 

f Under time reversal, the wave functions change in accordance with (60.2): 

It is easily verified that the function ^ 7 ™ on the left of (106.8) is transformed in this way if the 
functions and on the right are. 

X The Clebsch-Gordan coefficients are also denoted in the literature bv 



§106 Zj-symbob 437 

The matrix of the transformation (106.9) is unitary (see §12). The co¬ 
efficients of the inverse transformation 

j, +}. 

= 2 O'- + (106.11) 

are therefore the complex conjugates of those in the transformation (106.9). 
We shall see later that these coefficients are real, so that we have simply 

= <ytw|wim 2 >. 

According to the general rules of quantum mechanics, the squares of the 
coefficients in the expansion (106.11) give the probability for the system to 
have any particular values of j and m (for given ji, nti and j- 2 , m^). 

The unitarity of the transformation (106.9) means that its coefficients 
satisfy certain orthogonality conditions. According to formulae (12.5) and 
( 12 . 6 ) 


2 imim2\jtny{mim2\j'm'y 

Of"' f) 

^ \mi m2 -•m/\mi mz —m / 




mi,7na 


— Sjj'Sfnm't 

2 (,mim2\]my<^mim2'\jmy 

j 


(106.12) 


= Of"'’ 0 

^ \mi mz — m/ \mi mz —m/ 

1 

= 8 8 , , (106.13) 

TTiimi* m%TUz 

The explicit general form of the 3y-symbols is quite lengthy. It can be 
written as| 

/7i 72 73 \ _ r(ii+72 —73)!(7i—72 +73)!(~7i+72 +73)!'j^^^ 

Wi m2 mj L (71-I-72+73-I-I)! J 


■f The coefficients in (106.9) were first calculated by E. P. Wigner (1931). Their symmetry 
properties and the symmetrical expression (106.14) were first derived by G. Racah (1942). 
The most direct method of calculation is probably to go immediately from the spinor repre¬ 
sentation of (appropriately normalized) to the representation in the form of the sum (106.4) 
by means of the correspondence formula (57.6); it may be noted that, since the coefficient in 
this formula is real, so also must be the 3y-symbols. Another derivation is given by A. R. 
Edmonds, Angular Momentum in Quantum Mechanics, Princeton. 1957. The table of 3j- 
symbois given below is also taken from Edmonds’s book. 



438 


§106 


Additio7i of Angular Momenta 

T' ^!Oi+;2“J3-^)!0‘i-?wi-«)!0’2 + m2-2)!(j3-j2+mi + ^)!(j3-7i-m2+sr)! 

(106.14) 

The summation is over all integers z but, since the factorial of a negative 
number is infinite, the sum contains only a finite number of terms. The 
coefficient of the sum is obviously symmetrical in the suffixes 1, 2, 3; the 
symmetry of the sum itself appears if the values of the summation variable 
z are interchanged. 

Besides the symmetry properties (106.5) and (106.6), which follow imme¬ 
diately from the definition of the Sj-symbols, the latter also have other 
symmetry properties, though the derivation of these is more complex and 
will not be given here. The properties in question can be conveniently 
formulated in terms of a three-by-three array of numbers derived from the 
parameters of the 3y-symbol as follows: 


fn n n 

m 2 m 3 


r-h+h-h h+ji-h ji+jz—h 

I ;i-wi 72-^2 >3 

L- ji + mi 72 + WI2 73+^3 


- 72 - 73—1 
-m 3 ; 


(106.15) 


the sum of the numbers in each row and each column of this array is ji - 1 - 72 - 1 - 73 . 
Then (1) interchange of any two columns of the array multiplies the 37 - 
symbol by ( — l)^'+n+^“ (the same property as that given by (106.5)); (2) the 
same is true for interchange of any two rows (for the two lower r)vvs, the same 
property as that given by (106.6)); (3) the 37 -symbol is unchanged w’hen the 
row’s and columns of the array are interchanged.^ 

Some of the simpler formulae for particular cases will be given here. The 
value 


/7 7 0\ 1 

(■' )=(-l);-"^--- 

\m —m 0 / -\''(27 + 1 ) 


(106.16) 


corresponds to formula (106.2). The formulae 
/71 72 7i+;2 \ 

\mi 7712 —7711 — 7712 / 

. r (27i)!(272)!(7i+72-ft«i-t-W2)!(ji-f72->«i-^2)! 

L {2ji + 272 1 )!( 7 i + toi)!( ji- /ni)!(72 + m2)Kj2 - m 2 )! J 

\7i —ji — m3 ms/ 

fSee T. Regge. 11 nuoz'o cmenlo [10] 10, 544, 195811, 116, 1959. The more profound 
mathematical features of the svmmetr\- property (106.15) (and of the property (108.3) of the 
6 y-symbols) are discussed in the review article by Ya. A. Smorodmskii and L. A. Shelepin, 
Soviet Physics Uspekhi IS, 1, 1972. 
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2 j-symbols 
{yi)K-h +j 2 +j 3 )Kh +>2 + W3)!(j3- m3)! 
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1 


ijl +j2 +j 3 + 1 )!0'l —;2 +;3)!0'i +j2 — ;3)!( -jl +j2 — + m3)! J 

are obtained directly from (106.14). The derivation of the formula 


1/2 




(jl +72 -jsyih -72 + 73 )!(-jl +72 +73)! ■] 1 


(2p+iy 


■J 


p'- 


ip-ji)Kp-j2y{p-j3)\’ 


(106.18) 


where 2p = 71 + 72+73 is even, requires a number of additional calculations;! 
when 2p is odd, this 37 -symboI is zero owing to the symmetry property 
(106.6). 

Table 9 gives for reference the values of the 37 -symbols for 73 = 1 , 2. 

For each 73 the minimum number of 37 -symbols are shown from which 
the remainder may be obtained by means of the relations (106.5), (106.6). 


Table 9 

Formulae for 3j-symbols 

\m -m-i iJ L(27+I)(27+2)J 

i-iy-rnP' } * \ 

\i.. — m—m3 ms/ 


Jl 

J 

; + i 


S,™3 


Jl 

J 

/+1 


J'l i 
1 + 1 


0 


-[ 


[27(27+lK2;+2)]‘.'^ 

2(7 + m+ 1)(7 —m+ 1 )tL2 


'''+ 1 ) T 

i+3) J 


(27+1x27+2x27+3) 

1 

r 2 (/-'”X/ + »i + l )1 
2/(27+IX 

(7-m)(;-m+l) Ti'2 


+m+in‘ 

L 27(27+1)(27+2)J 

L(27+IX2/-r2)(2; + 3 )J 

\m — w —m3 ms/ 
i 


-(7 + 3m + 


d —_ 

L2/(27+IK27+2X27 + 3)J 

r3(7-m.*-i)(7-m+5)(;+m+J)Y .i 

L (27+I)(27 + 2)(27 + 3)(27 + 4) J 


■t See Edmonds s book already quoted. 
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L 2>(2j+l)(2; + 2)(2y+:,) J 

L( 27 + 1 )( 2 ; + 2)(2;+3M2,+4) J 

\m —m — ni2 rn^/ 


_ 2[3m^->(>+ 1)] _ 

[(2>-I)2y(2>+ l){2y + 2)(2> + 3)]i - 
r 6 (/+m + l)(;->M+ 1 ) "I''" 

L2;{2>x|)(2/+2)(2; + 3)(2; + 4)J 

r 6(;■ + m + 2)(j + m +1 )(;—mi 4- 2)0—m + 1) "I 

L (2i^ 1)(274- 2)(2y4- 3)(2>-4-4)(2; + 5) J 

1 

r 6(y4-m+l)(;-m) yri. 
1(2;- 1)2X244 -1 )(2y 4-2)(2; + 3)J 


r 0'-w-H)(;-m) Y 
12,(274-1)(2; 4-2)(2; + 3)(2; + 4)J 


r 0 -w4-l)(;-m) -|W 

(;+ ’”+^\ 2 ,( 2 j + l)(2;4-2)(2; + 3)(2; + 4)J 
^ r (y 4- m 4- 2)(; - m 4- 2)(; - m 4-1)(; - m) -j > 
1 (2y4-i)(2y4-2)(2y4-3)(2y4-4)(2y4-5) J 


[- 6(y-w-l)(y-m)(y4-ni-H)(yH-m4-2) -lJ/^ 

■' L (2y-i)2y(2y4-i)(2;4-2)(2y4-3) J 

~ L 2y(2y4-i)(2y4-2)(2y4-3)(2y4-4) J 
r (y- w- i)(y- »H)(y- m 4- i)(y- m 4- 2) ^^^ 

L (2;>l)(2y-h2)(2y4-3)(2y4-4)(2y-4S) J 

PROBLEM 

Determine the angle dependence of the wave functions of a particle with spin 4 in states 
with given values of the orbital angular momentum I, the total angular momentum ; and 
component thereof fn. 

Solution. The problem is solved by the general formula ( 106 . 8 ), in which ^(^^must 
be taken as the eigenfunctions of the orbital angular momentum (i.e. the spherical harmonic 
functions Vim',), and vtW as the spin wave function x(o) (where o = +4): 


4>m =(-ir’"-'«v(2j-^l)2 („, 


I 4 J 


I l'l.ri-crX'(c). 


Substituting the values of the 3 y-symbols, we obtain 


//—m+1 
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§107 Matrix elements of tensors 

§107. Matrix elements of tensors 

In §29 formulae have been obtained which give the matrix elements of a 
vector physical quantity in terms of the value of the angular momentum 
component. These formulae are really a particular case of the corresponding 
general formulae for an irreducible (see §57) tensor of any rank.f 

The set of 2A +1 components of an irreducible tensor of rank k (an integer) 
are equivalent, as regards their transformation properties, to a set of 2i^+ 1 
spherical harmonic functions F*,, q = —k,...,k (see the last footnote to 
§57). This means that, by means of appropriate linear combinations of the 
components of the tensor, we can obtain a set of quantities which are trans¬ 
formed under rotations as the functions Fit?. A set of such quantities, which 
will be denoted here by fyq, is called a spherical tensor of rank k. 

For example, A = 1 for a vector, and the quantities fiq are related to the 
components of the vector by the formulae 

_ t 

/lo = Jflj, /i,±i = H —-Max + iayY, (107.1) 

v2 

cf. (57.7). The corresponding formulae for a tensor of rank two are 

/ZO = — /z.il = ±(0*2±Wj,j), 

f2,±Z = i 2iflj;j(), 

V/ith. Qxx'i'^zz = 0. J 
The construction of tensor products from two (or more) spherical tensors 
/*!?,> /*, 5 , is effected in accordance with the rules for addition of angular 
momenta, with Ai, formally representing the “angular momenta” corres¬ 
ponding to these tensors. Thus from two spherical tensors of ranks and 
kz, one can form spherical tensors of ranks K = ki + kz, ..., |Ai —AzI by means 
of the formulae 



{Agk,)KQ = 2 

QifQi 

= (-1)*‘-*’"V(2A+1) 2 C' ^)fk.g.Sk,q,; (107.3) 

at. 


cf. (106.9). The scalar product of two spherical tensors of the same rank k is, 
however, usually defined as 

ifkgkU = Z (- l)'‘-<^f/cqglc-q, (107.4) 


which differs from the definition according to (107.3) with K = Q = 0 hy 


dut t?G.' rIcI' 

t It IS assumed that the quantities/tg are complex only because of the use of spherical 
components, i.e. that the original Cartesian components of the tensor are real. 
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the factor ^/{Ik+X)-, cf. (106.2).f This definition can also be written in the 
form 

Ukgk)m = ^fkggkg* 

Q 

if we note that the complex conjugate of a spherical tensor is given by 

= (-!)*-Yr-.-c: 


cf. (28.9).t 

The representation of physical quantities in the form of spherical tensors is 
particularly convenient for the calculation of their matrix elements, since it 
allows the direct application of the results of the theory of addition of angular 
momenta. 

By the definition of the matrix elements we have 

Jkgf niin = 2 (.n j ni'\ fkQ\njm}ipn jm; (107.5) 

n’j'm' 

where the fnjvi are the wave functions of the stationary states of the system, 
described by its angular momentum j, component thereof m and the set of 
the remaining quantum numbers n. As regards transformation properties, 
the functions on the right-hand and left-hand sides of equation (107.5) 
correspond to the respective sides of equation (106.11). Hence we imme¬ 
diately obtain the selection rules; the matrix elements of the components fkg 
of an irreducible tensor of rank k are zero except for transitions jm -^j'm' 
which satisfy the “angular momentum addition rule” j' = j ■+ k; the numbers 
j',j, k must satisfy the “triangle rule”, i.e. must be able to form the sides of a 
closed triangle, and m' = m-^q. In particular, the diagonal matrix elements 
can be different from zero only if ^ k. 

Next, it follows from the same transformation correspondence that the 
coefficients in the sum (107.5) must be proportional to the coefficients in 
(106.11) (the Wigner-Eckart theorem). This determines the dependence of 
the coefficients on the numbers m and m\ and the matrix elements are there¬ 
fore written in the form 


in'i'm'\fkQ\nimy = ik{^-\)}m^^-m'( ^ ^ ^ ^n'fW fk\\nj>, (107.6) 

\ — m q m) 

where is the greater of j and j', and the (.n'j'\\fk\\nj} are quantities 
independent of m, m' and q, called the reduced matrix elements. This formula 
gives the solution to the problem of determining the dependence of the 
matrix elements on the angular momentum components. The dependence 

■f If A and B are two vectors corresponding to the spherical tensors/i^^ and g^q according to 
formulae (107.1), then (/i^Joo = A . B. 

J Here we may repeat the comment made concerning formula (106.8); with this rule, 
taking the complex conjugate of the tensors of ranks and on the right of (107 3) leads to 
a similar result for the tensor of rank K on the left. 
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is entirely governed by the symmetry properties with respect to the rotation 
group, whereas the dependence on the other quantum numbers is deter¬ 
mined by the physical nature of the themselves.f 
The operators fkg are related by 

hq^ = (107.7) 

The equation 


<,n'ym'\fkg\njm')* = ( - (107.8) 

therefore holds for their matrix elements. Substituting (107.6) and using the 
properties (106.5) and (106.6) of the S^'-symbols, we obtain for the reduced 
matrix elements the “Hermitian” relation^ 

<«'/ll/fc!l«» = (107.9) 

The matrix elements of the scalar (107.4) are diagonal in j and m. According 
to rule of matrix multiplication 

<^'M{fkgkU\njmy = f X 

X <n"j''m"\gk,-g\njm}. 

Substituting here the expressions (107.6) and effecting the summation over q 
and m by means of the orthogonality relation for the dy'-symbols, we obtain 

OOMifkgk)oo\njm} = 2 <” 7 ! 

^ (107.10) 

Similarly, we easily obtain the following formulae for the sums of the 

squared matrix elements: 

2 l<”'y'w'|/ts|w»|2 = /;t,|„y>|2, (107.11) 

Q.m- 2 ; +1 . ' 

2 \<ni'm'\fkg\nim')\ 2= fkyj')\K (107.12) 

m,m- Ik+l 

In the first of these the summation is over q and m' for a given value of w, 

and in the second it is over m and m' for a given value of q (in every case! 
m = m + q). r \ j > 


f From these results, 
the matrix elements of 
X The phase factor in 


m particular there follow at once the selection rules given in §29 for 
a vector and formulae (29.7H29.9) for these. 

the definition (107.6) is in fact chosen so as to make this relation valid. 
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For reference purposes we may consider the case where the quantities/t, 
are the spherical harmonic functions themselves, and give their matrix 
elements for transitions between the states of one particle with integral orbital 
angular momenta l\ and I 2 , i.e. the integrals 

Yim\hm 2 ') = j Yi^^fYimYi^m, do. (107.13) 

Besides the selection rule corresponding to the rule of addition of angular 
momenta (1 +12 = U). there is also a rule for these matrix elements whereby 
the sum l + h + h must be even. This is due to the conservation of parity, 
according to which the product (- 1 )'•+*« of the parities of the two states must 
be the same as the parity (- 1)' of the physical quantity considered (see §30). 

The matrix elements (107.13) are a particular case of a more general 
integral to be calculated in §110 (see the footnote to that section). They are 
given by 


\—m 


I k 

m m 2 


■i\(h I k\ 

'12Ao 0 0/ 


(2/+1)(2/i + 1)(2/2+1)11/2, 

^ ^ J 


(107.14) 


In particular, for »ii = W 12 = "! = 0 we find the integral of the product of 
three Legendre polynomials; 




§ 108 . 6y-symbols 

In §106 we have defined 3;-symboIs as the coefficients in the sum (106.4) 
which represents the wave function of a system of three particles with zero 
total angular momentum. As regards the transformation properties under 
rotations, this sum is a scalar. Hence it follows that the set of Sj-symbols 
with given values oijijijz (and all possible mi, m2, m3) may be regarded as 
a set of quantities which are transformed under rotations according to a law 
contragredient to that for the products so that the sum as a 

whole is invariant. 

From this viewpoint we may put the problem of constructing a scalar 
consisting of 3y-symbols only. This scalar must depend only on the numbers 
j, and not on the numbers m, which are altered by rotations. In other words, 
it must be expressible in terms of sums over all the numbers m. Each such 
sum consists of a “contraction” of the product of two Sj-symbols according 
to the formula 





m 

cf the method of constructing the scalar (106.2). 


(108.1) 
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Since in each “contraction” a pair of numbers m is involved, we must 
consider products of an even number of S^-symbols in constructing the 
complete scalar. The contraction of the product of two 3y-symbols gives, 
owing to their orthogonality, the trivial result 

V (h }2 j 3 \/ ji j 2 js\ 

>1 jj j(— 

^ \wi mz ms / \ — mi —mo —tnsJ 

ni ifTTittiTii 

- T 1; 

^ \7ni m2 mzJ 


here we have used the equation ntx + m-i+mz = 0 and formulae (106.6) and 
(106.12). The smallest number of factors needed to form a non-trivial scalar 
is therefore four. 

In each 3y-symbol the three numbers j form a closed triangle. Since 
each number y must appear in the “contraction” in two 3y-symbols, it is clear 



that in the construction of a scalar from the products of four 3y-symbols 
there are six numbers j forming the edges of an irregular tetrahedron (Fig. 45), 
one face of which corresponds to each 3y-symbol. In defining the required 
scalar it is customary to use a certain condition as regards the contraction 
process, given by the formula 


i4 ys yei \—mi—mz —msJ 

allm 

^ /;i js y6\/y4 jz j6\/ 

\mi —ms ms/\mi mz —msj\ 


Ji J5 }3' 


mi ms mz/ 


( 108 . 2 ) 


The summation here is over all possible values of all the numbers m ; however, 
since the sum of the three m in every 3y-symbol must be zero, only three of the 
six m are in fact independent. The quantities defined by the formula (108.2) 
are called 6j-symbols or Racah coefficients 

t The notation 

IS also used m the literature 
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From the definition (108.2), using the symmetry properties of the "ij- 
symbols, we easily see that a fij-symbo! is unchanged by any permutation of 
its three columns, and in any pair of columns the two numbers can be 
simultaneously interchanged. Owing to these symmetry properties, the 
sequence of numbers ji, .. ,j^ in the 6 j-symbol can be put in 24 equivalent 
forms.f In addition, the fi^'-symbols have another, less evident, symmetry 
property which states an equality between symbols with different sets of 
numbers ;: J 


pi j2 >31 _ pi hij2+js+j3-j6) iih+Je+h-h)\ 

04 h Jcl 04 i(j2+j5+j6-j3) iU3+j6+JS-j2)l 

We may mention a useful relation between the 6j- and Sj-symbols w'hich can 
be derived from the definition (108.2): 


2 (—I ^ J X 

\mi —ms ms) 

^ fh h h\f H J5 73 \ ^ / 
\m4 mz —msJ\—m4 ms ms) \; 


n J 2 J3 

m\ mz ms. 


\p'i hh 
J\ji h h 


(108.4) 


The expression which is summed on the left-hand side of the equation differs 
from that in (108.2) by the absence of one S^'-symbol. We can therefore say 
that the sum in (108.4) is represented by the tetrahedron (Fig. 45) without 
one of its faces; this determines the difference of the sum from a scalar. 
In other words, as regards transformation properties it corresponds to one 
3y-symbol, the one on the right-hand side of equation (108.4), to which it 
must be proportional. The proportionality coefficient (the 6 /-symbol on the 
right-hand side of the equation) is easily found by multiplying both sides by 

/ h jz ja \ 

\wi mz ms) 

and summing over the remaining numbers mi, mz, ms- 

The 6 y-symbols arise naturally in connection with the following problem 
concerning the addition of three angular momenta. 

Let three angular momenta/i, 72,73 be added to give a resultant angular 
momentum J. If the value of J (and of its component M) is given, the state 
of the system is not yet uniquely determined, but depends also on the manner 
of addition of the angular momenta (or, as we say, on their coupling scheme). 

For example, let us consider two such coupling schemes: (1) first the 
angular momenta 71 and 72 are added to give a total angular momentum 712 , 
and then 712 and 73 are added to give the final angular momentum J\ (2) the 

'I' If we regard the tetrahedron in Fig. 45 as being regular, the 24 equivalent permutations of 
the numbers j can be obtained by means of the 24 symmetry transformations (rotations and 
reflections) of the tetrahedron. 

X See T. Regge, II nuovo cimento [10] lO, 544, 1958; 11, 116, 1959. 
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angular momenta 72 and 73 are added to give 723 , and then 723 and 71 to give J. 
The former scheme corresponds to states in which the quantity 712 (as well 
jit ji, Jz, J, M) has a definite value; their wave functions will be denoted 
by (omitting for brevity the repeated sufnxesjujzja). Similarly, the 

wave functions of the second coupling scheme are denoted by jv/. 
In both cases the values of the “intermediate” angular momentum (712 or 
723 ) are in general not unique, so that (for given J and M) we have two different 
sets of states differing in the values of 712 or 723 - According to the general 
rules, functions of these two sets are related by a certain unitary transfor¬ 
mation : 

(108.5) 


It is evident from physical considerations that the coefficients in this 
transformation are independent of the number M: they must be independent 
of the orientation of the whole system in space. Thus they depend only on 
the values of the six angular momenta 71 , 72 , 73 , 712 , 723 . J, not on their com¬ 
ponents, i.e. are scalar quantities (in the sense defined above). The actual 
calculation of these coefficients is easily effected as follows. 

By a repeated application of formula (106.9) we find 

= 2^ <"Jl'«23|/M><m2m3|723W23>^;,m.0;>>/,,„,, 

where [m) denotes that the summation is over all numbers mi, mo, ... that 
appear in the expression. From the orthonormality of the functions tpjrn we 
have 


(jizljzz} = J 

^ E) ^"^3'”l2|yA/><miW23|/M><WliW22|7i2»li2><7n2/«3|;23'«23>. 


The sum on the right-hand side is taken for a fixed M, but the result is 
actually independent of M (for the reason already mentioned). The sum¬ 
mation can therefore be extended over the values of M if the sum is multiplied 
by a factor l/(2_/-f 1). Expressing the coefficients < 7 «i/« 2 | 7 >«> in terms of 
37 -symbols by (106.10), we obtain the following expression; 

<;i2|723> = l){2j2z+ 1)]P -^'i. (108 6) 

W's J jh) ■ ’ 


67-symboIs and the transformation coefficients in 
of 67^symbolI. formulae for the sums of products 
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First of all, since the transformation (108.5) is unitary and its coefficients 
are real, the relation 


y (2; + l)(2;''+l)P M= S.t (108.7) 

^ >J3 74 ; Hji ;4 7 1 


holds. 

Next, let us consider the three coupling schemes of three angular momenta, 
with intermediate sums 712,723 and 731 respectively. The coefficients (108.6) 
of the corresponding transformations are related, according to the matrix 
multiplication rule, by 


? < 7 i 2 iy 23 ><y 23 iy 3 i> = <7121/31 >• 

Jss 


Substituting here (108.6) and renumbering the suffixes we have 


y(-i)...3..(^+i)P^^}P 

^ l;i 75 7 ) 


74 71 7 
■72 75 73 


7 i 72 73 
74 75 76 


(108.8) 


Finally, by considering the various coupling schemes of four angular 
momenta, we can derivef the following addition formula for the products of 
three 67 -symbols: 

V 179 78 7 ^77 7 79H77'78 7 

j 


'71 72 73 U 76 71 75 
74 75 76 * 1/7 78 79 


(108.9) 


(L.'C. Biedenharn, and J. P. Elliott, 1953). 

For reference we shall give some explicit formulae for the 67 -symbols. 
In the general case, a 6 /-symbol can be written as the following sum: 


71 

■f 


71 72 73 

74 75 76 


A(7l7273)A(/l/5/6)A(/4/276)A(747573)^ 

(-1)^(^+1)! 


z 


(z —71 —72 — 73 )!(^“ 7 i ~75 ~ 76 )'-(~ ~74 —h —h —/s)' 

1 


where 


(71 + 72 4-/4 4-/5—-)!02+734-75 4-76 —zfijs 4-/1 -f/e -f/i - .a)! 

(fl4-6-c)!(c-fc-l-c)!(-a4-fc4-c)! 


, (108.10) 


A(afcc) = 1^- 


(C4-64-C4-1)! 


-] • 


and the sum is taken overall positive integers sr for which none of the factorials 
in the denominator has a negativ^e argument. 


■j* See Edmonds’s book quoted in §106. 
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Table 10 gives the values of the 6;-syinbols for cases where one of the 
parameters is 0, ^ or 1. 

Finally, we shall make a few remarks concerning the higher-order scalars 
constructed from the Sj-symbols. 

The next in complexity after the 6j-symbols is a scalar formed by contract¬ 
ing products of six S^-symbols. These Sj-symbols contain 18 numbers j 
equal in pairs, and so the resulting scalar depends on 9 parameters j. It 
is called a 9j-symbol and is defined as foilowsf (E. P. Wigner 1951): 

Table 10 

Formulae for 6j-symbols 


ja b c\ _ (-1)^ 

lO f 6) “ v'[(2i + l)(2t+l)]’ 


s=a+b+c 


la b c ] r 

i c-i i+J ~ L(2 


( 5 - 26 )(s- 2 c+I) -| 1/2 

(2* + l)(2i+2)2c(2c+l)J 


i i+i 

ab r {s^m-2a) -1 

h c-i b-ii L2<i(26+l)2f(2c+l)J 


(1 f-1 i-!l ^ '1(26- 

= (- 1 > 


s(j+ l)(j—2o— l)(j—2o) 


11/2 


jfl 6 c 

(l c-1 6 


(26-1 )26(26 +1 )(2c -1 )2c(2c +1) J 
r 2(f+l)(j-2o)(j-26)(j-2c+l) 


L 26(26+ l)(26+2)(2c- l)2c(2c+1) J 

ja 6 f j ^ _ p(s—26-l)(j-26)(s—2c+l)(j-2c+2)qi'2 

U c-\ 6 + l) ~ ^~ '^1(26 +1)(26 + 2)(26 + 3)(2c-l)2c(2c+ 1)J 

b c \ 2[6(6+l)+f(c+l)-a(a + l)] 


= (-IP 


[26(26 +1 )(26 + 2)2r(2c + 1 )(2c + 2)]i '2 


yii yi2 yi3'\ ... ... ... 

/;il Jl2 Jl3\p2l J22 J23\p31 J32 J33 \ 
J21J22J23) = > { )( )l )X 

I / ' v^ll ^12 W13/ \ri21 WJ22 W23/ '^"31 W 732 WI33/ 

^Pu hi j3l\/;i2 J22 y32\/;i3 723 >33 \ 
\7«11 moi W31/ \^Wl2 "*22 ^^32/ \^13 ^^23 ^33/ 


all m 


This quantity can also be written as the sum of products of three 6y-symbols: 

( hi jl2 jl3\ . 

,Ajn J 2 I J3i\ljl2 J 22 J32){J13 J23 J 33 ) 

721722723 }= y (- 1 )^^( 27 + 1 ) , . . . ..... .(108.12) 

\J32 733 7 ' I 721 7 723 JI 7 7ii 7izl 

731 732 ]33' ^ 


t According to the general rule of contraction (108.1) it would be necessary to write the 
arguments m in the last three 3y-symbols with the minus sign and to include in the summand 
a factor (~^) However, by using the property (106.6) of the 3y-symbols and the fact 

that in this case, as is easily seen, the sum ^fn of all the nine numbers m is zero, we have the 
definition (108.11). 
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The equivalence of (108.11) and (108.12) can be seen by substituting in 
(108.12) the definition (108.2) and using the orthogonality properties of 
the 3y-symbols. 

The 9/-symbol has a high degree of symmetry, which follows directly from 
the definition (108.11) and the symmetry properties of the Sj-symbols. It is 
easily seen that when any two rows or columns are interchanged the 97 -symbol 
is multiplied by (— 1 )“^. Moreover, the 97 -symbol is unaltered by transposi¬ 
tion, i.e. interchange of rows and columns. 

Scalars of still higher orders depend on a still larger number of parameters 
7 '. It is evident that this number will always be a multiple of three Qnj- 
symbols). We shall not pause to discuss their properties, but merely mention 
that for every m > 3 there is more than one type of 3 w 7 -symbol, and these 
do not reduce to one another. For example, there are two different types of 
127 -symbol.f 

§109. Matrix elements for addition of angular momenta 

Let us again consider a system consisting of two parts (referred to as sub¬ 
systems 1 and 2 ), and let/tgd) be a spherical tensor pertaining to sub-system 
1 . Its matrix elements with respect to the wave functions of this sub-system 
are given, According to (107.6), by the formula 

<ni7i'wii'|/A'g<0|niyiOTi>= £*(—l)fi>"*»“’"‘f ^ ^ ^ 

\ —OTi q mi/ 

(109.1) 

The question arises of calculating the matrix elements of these quantities 
with respect to the wave functions of the system as a whole. W'e shall show 
how they may be expressed in terms of the same reduced matrix elements 
as appear in the expression (109.1). 

The states of the system as a whole are defined by the quantum numbers 
71 , 72 , d, did. Ml, M 2 (where J and M are the angular momentum and its com¬ 
ponent for the whole system). Sincerefers to sub-system 1, its operator 
commutes with the angular momentum operator of sub-system 2. Its matrix 
is therefore diagonal with respect to 72 ; it is also diagonal with respect to the 
remaining quantum numbers M 2 of this sub-system. These indices 72 , M 2 will 
be omitted, for brevity, and the required matrix elements will be written as 

<ni'nJ'M'\fygW\nijiJMy. 

According to (107.6), their dependence on the number M is given by 

^ (109.2) 

t A more detailed account of the theorv- of 97-symbols and of the properties of 3«i-symbols 
is given in Edmonds’s book quoted in §106 and by .'t. P. Yutsis, I. B. Levinson and ' • ' • 
Vanagas, Mathematical Apparatus of the Theory of Angular Momentum, Oldboume Press, 
London 1963 {Matematicheskii apparat teorii momenta kolichcstva dvizheniya, Vilnius 1960). 
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To establish the relation between the reduced matrix elements on the right- 
hand sides of (109.1) and (109.2) we write, using the definition of the matrix 
elements, 

<nfh'J'M-\hgi^'>\n^j^My = J d^ 

= y (-l)^-^'‘""V[(2^'+l)(2i+l)](^\ 

^ \mi m2 —M 

TTli.TTti' 

\Wli 7112 — 

Substituting here (109.1) and (109.2) and comparing the resulting relation 
with formula (108.4), we see that the ratio of the reduced matrix elements in 
(109.1) and (109.2) must be proportional to a certain 6y-symbol. A careful 
comparison of the two relations mentioned leads to the final formula 

fk^^A\nihJy = (- l)^-..-.+JW„u+V[(2i+ 1)(2J'+1)] X 

(109.3) 

where;i.„j 3 ,j is the greater of and Jmin the smaller of 7, 7'. A similar 

formula for the reduced matrix elements of the spherical tensor pertaining 
to the second sub-system is 

(”272711 /**^1!”2y27) =( — l)^‘'''^'*-'”‘“+^"—‘'''*V[(27 + l)(27'-i-1)] X 

^M<n2;2'll /fc(2)i!n2;2>. (109.4) 
7 J2 kl 

The lack of complete symmetry between the expressions (109.3) and (109.4) 
(in the exponent of — 1) is due to the dependence of the phase of the wave 
functions on the order of addition of the angular momenta. The difference 
must be borne in mind when calculating matrix elements for both sub-systems 
simultaneously. 

We shall also derive a useful formula for the matrix elements, with respect 
to the wave functions of the whole system, of a scalar product (see the defini¬ 
tion (107.4)) of two spherical tensors of the same rank k pertaining to different 
sub-systems (and therefore commuting). According to (107.10), these matrix 
elements are given in terms of the reduced matrix elements of each tensor 
(with respect to the wave functions of the whole system) by 

(”i ”27i727-47i(/t^^V*^^')oo|”i”2yi_;2 JMy 



where we have used the fact that the matrix of a quantity pertaining to one 
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sub-system is diagonal with respect to the quantum numbers of the other 
sub-system. Substituting (109.3) and (109.4) and using the summation 
formula (108.8), we obtain the desired formula expressing the matrix elements 
of the scalar product in terms of the reduced matrix elements of each tensor 
with respect to the wave functions of the corresponding sub-systems: 

( J ' * * 

/a'^’1!”i)i><”2';2'II/a.-‘'^>|!?J2;2>. (109.5) 

k h h I 


§110. Matrix elements for axially symmetric systems 

The basis for calculating the matrix elements of quantities pertaining to 
systems of the symmetrical-top type is the expression for the integral of the 
product of three D functions. 

To derive this, we return to the expansion (106.11): 

= X ^ = WI1+W2, 

I 

and transform both sides by a finite rotation of the coordinates. Each of the 
functions f is transformed according to (58.7), so that we have 

I = I I jm■. 

mittni j w 

Now, expressing the functions fjm ' on the right by means of the expansion 
(106.9) and comparing the coefficients of the respective products 'Pi 
we find the relations 

= X (110.1) 

/ 

where m = mi + m 2 , m' = mi + m 2 ', and u> denotes the set of three Eulerian 
angles a, y. Expressed in terms of 3y-symbols, this formula becomes 


J \mi m 2 -m }\mi m 2 -mj 


( 110 . 2 ) 


here we have also used the property (58.19) of the D functions. 

Multiplying both sides of equation (110.2) by and integrating 

with respect to uj by means of the orthogonality relation (58.20), we have 


/)'>■> (110.3) 

t ) ^^2 \mi' m2 WiS /V^l W2 W 3 / 


ji ;2 73 

mi m2 m3 

here the indices have been renamed in an obvious manner, in order to make 
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the result more symmetrical. This is the required formula.f 

Let fkq- be a spherical tensor of rank k pertaining to a top, in coordinates 
x', v', z' = ^, rj, I fixed to the top (with ^ along the axis): for example, the 
electric or magnetic multipole moment tensor. Let/j^^ be the components of 
the same tensor relative to the fixed coordinates .v, a', s. The relation between 
these is given by the matrix of finite rotations: 

fka - ^ (110.4) 

The wave functions describing the rotation of the system as a whole differ 
from the D functions only as regards normalization: 

hm, = ( 110 . 5 ) 

where j is the total angular momentum of the system, m its component along 
the fixed s-axis, /x its component along the axis of the system; the phase 
factor is chosen so that, for integral j and /x = 0, the function (110.5) becomes 
the eigenfunction of the free angular momentum (cf. (103.8)). On calculating 
with respect to these functions the matrix element of the quantity (110.41 by 
means of formula (110.3), and expressing the complex conjugate D function 
by means of (58.19), we find 


fkgljt^rny 

= ff-r(-l). V[(2; + l)(2/+l)]x 

( 110 . 6 ) 

here q = /x' — /x, ^ = m' — m. 

This formula gives the solution of the problem proposed, expressing the 
dependence of the matrix elements on the angular momenta j.y' and their 
components m, m'. The dependence on the quantum numbers /x, jj.' is, of 
course, indeterminate; their values are related to the “internal” states of the 
system, between which the “internal” matrix element <p,'| fkq \ix') is taken. 

The dependence of the matrix elements (110.6) on the numbers m, m' is, of 
course, of the same kind as for any system with a given total angular momen¬ 
tum. Separating out this dependence by using the reduced matrix elements 
according to (107.6), we obtain for the latter the expression 

= *^■"^■-"(-1)'"’““" v[(2; + l)(2/+l)]= ( J )<ti'\fkq-\t^>. (110.7) 

_ \-M 9 M/ 

+ For integral values ofj\ = andja = I 3 , and jn,’ = m,' = m 3 ' = 0, the functions 

Oom reduce, according to (58.25), to spherical harmonic functions, and formula (110.3) gives 
an expression for the integral of a product of three such functions (107.14). 


-/X q q mj 
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The squared modulus of the matrix element (110.6), summed over all 
values of the final number m' (and over q = m' — m) for a given m, is indepen¬ 
dent of the value of m and equal, by the general rule (107.11), to 

2 I=:5-^K;V/*!:;»P 

. ^7+1 

= {2j' + \)( V>12- (110.8) 

\-fj. q 

The Hermitian relations (107.9) for the reduced matrix elements in the 
coordinates .v, y, z (110.7) are, as we should expect, in agreement with the 
relations (107.8) 


for the matrix elements in the coordinates -q, C- 

The rotation of such axially symmetric systems as a diatomic molecule (or 
an axial nucleus) is described by only two angles {a = <j>, ^ = 6), which 
define the direction of the axis of the system. The rotational wave function 
differs in this case from (110.5) by the absence of the factor e®»*y/-^(2iT); cf. 
the second footnote to §82. This difference, however, does not affect the 
matrix elements: since the dependence of the functions Z)j/,^(a, y) on y 
is represented by the factor formula (110.3) can be written as 


^m’O 


I 


0)Z)2^>„.(«, iS, 0)DO;>„.(a, ^5, 0): 


sin a dad^ 
1^ 



J2 h \ 

mz mz } 


where m' = mf y-mz d-mz \ the result of calculating the integral is un¬ 
changed. The selection rule for the axial component of the angular momen¬ 
tum is the same as before (/x' -/x = q \ resulting from the orthogonality of 
the electron wave functions (because of the symmetry of the molecule about 
the ^-axis). In formulae (110.6) and (110.7), niust now be 

understood as the matrix elements with respect to the electron states for 
nuclei at rest. 
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MOTION IN A MAGNETIC FIELD 


§111. Schrodinger’s equation in a magnetic field 

A PARTICLE that has a spin also has a certain “intrinsic” magnetic moment //. 
The corresponding quantum-mechanical operator is proportional to the spin 
operator s, and can therefore be written as 

= ( 111 . 1 ) 

where i is the magnitude of the particle spin and ^ a constant characterizing 
the particle. The eigenvalues of the magnetic moment component are 
fj-z = ixajs. Hence we see that the coefficient /x (which is usually called just 
the magnitude of the magnetic moment) is the maximum possible value of 
fj-z, reached when the spin component a = s. 

The ratio ixfhs gives the ratio of the intrinsic magnetic moment and the 
intrinsic angular momentum of the particle (when both are along the z-axis). 
For the ordinary (orbital) angular momentum, this ratio is ejlmc (see Fields, 
§44). The coefficient of proportionality between the intrinsic magnetic 
moment and the spin of the particle is not the same. For an electron it is 
— \e\jTnc, i.e. twice the usual value, as is found theoretically from Dirac’s 
relativistic wave equation (see RQT, §33). The intrinsic magnetic moment 
of the electron (spin i) is consequently — ^b, where 

H-B — \e\hl2mc — 0-927 x 10“20 erg/gauss. (111.2) 

This quantity is called the Bohr magneton. 

The magnetic moment of heavy particles is customarily measured in 
nuclear magnetons, defined as ehjlmpC, withmj, the mass of the proton. The 
intrinsic magnetic moment of the proton is found by experiment to be 2-79 
nuclear magnetons, the moment being parallel to the spin. The magnetic 
moment of the neutron is opposite to the spin, and is 1-91 nuclear magneton. 

It should be noted that the quantities ft and s on the two sides of (111.1) 
are the same type of vector, as they should be: both are axial vectors. 
A similar equation for the electric dipole moment d ( = constant x s) would 
contradict the symmetry under inversion of the coordinates: the relative sign 
of the two sides would be changed by inversion.f 

t Such an equation (and therefore the existence of an electric moment of an elementary 
particle) would also contradict the symmetry under time reversal; a change in the sign of the 
time does not alter d, but does change the sign of the spin (as is evident, for example, from 
the definitions of these quantities in orbital motion, that of d involving only the coordinates, 
whereas that of the angular momentum also involves the velocity of the particle). 

455 
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In non-relativistic quantum mechanics, the magnetic field may be regarded 
as an external field only. The magnetic interaction between the particles is a 
relativistic effect, and a consistent relativistic theory is needed to take it into 
account. 

In the classical theory, the Hamilton’s function of a charged particle in an 
electromagnetic field is 


where <f> is the scalar and A the vector potential of the field, and p the general¬ 
ized momentum of the particle; see Fields, §16. If the particle has no spin, 
the transition to quantum mechanics can be made in the usual manner; the 
generalized momentum must be replaced by the operator p = — i/zV, and 
we obtain the Hamiltonian-j- 

If, on the other hand, the particle has a spin, this procedure does not suffice. 
This is because the intrinsic magnetic moment of the particle interacts 
directly with the magnetic field. In the classical Hamilton’s function, this 
interaction does not appear, since the spin, which is a purely quantum effect, 
vanishes in the limit of classical mechanics. The correct expression for the 
Hamiltonian is obtained by including in (111.3) an extra term—/J.H corres¬ 
ponding to the energy of the magnetic moment n in the field H. Thus the 
Hamiltonian of a particle having a spin isj 

^ = + (111.4) 

In expanding the square (p—eA/c)^, we must bear in mind that p does not 
in general commute with the vector A, which is a function of the 
coordinates. Hence we must write 

i? = p2/2OT—(e/2mc)(A.p-hp.A)-l-e2A2/2m£®_(jii/f)|. H-l-17. (111.5) 

According to the rule (16.4) for thecommutationof the momentum operator 
with any function of the coordinates, we have 

p.A—A.p = —lA divA. (111.6) 

t The generalized momentum is here denoted by the same letter p as the ordinary momen¬ 
tum (and not by P as in Fields, §16), in order to emphasize that it corresponds to the same 
operator. 

J There should be no misunderstanding here caused by the use of the same letter for the 
field and the Hamiltonian, since the latter always has a circumflex over it. 
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Thus p and A commute if div A = 0. This holds, in particular, for a 
uniform field, if its vector potential is expressed in the form 

A = iHxr. (111.7) 

The equation ihd'i'fit = //T' with the Hamiltonian (111.4) is a generaliza¬ 
tion of Schrodinger’s equation to the case where a magnetic field is present. 
The wave functions on which the Hamiltonian acts in this equation are 
symmetrical spinors of rank 2s. 

The wave functions of a particle in an electromagnetic field are not 
uniquely defined, because the choice of the field potentials is not unique: they 
are defined (see Fields, §18) only to within a gauge transformation 

A->A-t-V/,,^^^-l^, (111.8) 

c dt 

where/is an arbitrary function of the coordinates and the time. This trans¬ 
formation does not affect the values of the field strengths, and it is therefore 
clear that it cannot essentially alter the solutions of the wave equation; in 
particular, it must leave unchanged, since it is easy to see that the original 
equation is restored if we make the changes (111.8) in the Hamiltonian and 
at the same time change the wave function according to 

T ->'F exp (ieflhc). (111.9) 

This non-uniqueness of the wave function does not affect any quantity 
having a physical significance (in whose definition the potentials do not 
appear explicitly). 

In classical mechanics, the generalized momentum of a particle is related to 
its velocity by 

m\ = p— eAjc. 

In order to find the operator v in quantum mechanics, we have to commute 
the vector r with the Hamiltonian. A simple calculation gives the result 

m\ = p—eAjc, (111.10) 

which is exactly analogous to the classical expression. For the operators of 
the velocity components we have the commutation rules 

{•Vx, Vy} = i{ehim^c)Hz, ' 

{'Vy,Vz} = i{ehlm~c)Hx, ( 111 . 11 ) 

'Vx} = i{ehim^c)Hy, 

which are easily verified directly. We see that, in a magnetic field, the 
operators of the three velocity components of a (charged) particle do not 
commute. This means that the particle cannot simultaneously have definite 
values of the velocity components in all three directions. 
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In. motion in a magnetic field, the symmetry with respect to time reversal 
occurs only if the sign of the field H (and of the vector potential A) is changed. 
This means (see §§18 and 60) that Schrodinger’s equation //</< = Etjj must 
keep the same form when we take complex conjugates and change the sign of 
H. This is immediately evident for all terms in the Hamiltonian (111.4) 
except — s . H. The term - s . in Schrodinger’s equation becomes 
I* . Hi/i* under the transformation in question, and at first sight this destroys 
the required invariance, since the operator s* is not the same as — I. It must 
be remembered, however, that the wave function is in reality a contravariant 
spinor which has the complex conjugate * transformed as a 

covariant spinor (see §60). The spinor is contravariant. Using 

(57.4) and (57.5) to find the components (LUip)* and expressing them in 
terms of ,, we can see that under time reversal a Schrodinger’s 
equation for the is obtained which has the same form as the original 
equation for the . 


§112. Motion in a uniform magnetic field 

Let us determine the energy levels of a particle in a constant uniform 
magnetic field (L. D. Landau 1930). The vector potential of the uniform 
field is conveniently taken here not in the form (111.7), but as 

A^=-Hy, Ay = A, = 0 (112.1) 

(the a'-axis being taken in the direction of the field) 

The Hamiltonian then becomes 

(pz+eHylcf+p^+^-{f^lt)s\H. ( 112 . 2 ) 

2?n ^ w I'Tu 

/ 

First of all, we notice that the operator commutes with the Hamiltonian, 
since the latter does not contain the operators of the other components of the 
spin. This means that the a-component of the spin is conserved, and there¬ 
fore that Si can be replaced by the eigenvalue = o. Then the spin depen¬ 
dence of the wave function becomes unimportant, and tp in Schrbdinger’s 
equation can be taken as the ordinary coordinate function. For this function 
we have the equation 



+Py^+p2^ = Eip. 

s 


(112.3) 


The Hamiltonian of this equation does not contain the coordinates x and a 
explicitly. The operators ^2 and^z (of differentiation with respect to x and a) 
therefore also commute with the Hamiltonian, i.e. the x and a components of 
the generalized momentum are conserved. We accordingly seek ip in the form 

0 _ (112.4) 



459 


§112 Motion in a uniform magnetic field 

The eigenvalues /)2 2 X\Apz take all values from — oo to + oo. Since Az = 0, 
the ^-component of the generalized momentum is equal to the ordinary 
momentum component mVz- Thus the velocity of the particle in the direction 
of the field can take any value; we can say that the motion along the field is 
“not quantized”. 

Substituting (112.4) in (112.3), we obtain the following equation for the 
function x ( y ) '■ 


x'' + '^\^E + <^H~^-hmo.H\y-yoy^X = 0, (112.5) 

with the notation yo = — cpxjeH and 

coH = \e\H(mc. (112.6) 

Equation (112.5) is formally identical with Schrodinger’s equation (23.6) for 
a linear oscillator, oscillating with frequency oin- Hence we can conclude 
immediately that the expression in round brackets in (112.5), which takes the 
part of the oscillator energy, can have the values (n + i)^tuH, where n = 
0 , 1 , 2 . 

Thus we obtain the following expression for the energy levels of a particle 
in a uniform magnetic field; 

E = {n + h)fiajf{+pz^l2m — fj.aHjs. (112,7) 


The first term here gives the discrete energy values corresponding to motion 
in a plane perpendicular to the field; they are called Landau levels. For an 
electron, ^i/5 = — |e|^/wc, and formula (112.7) becomes 


E = {n + \ + cj)tio}H+pz^l2in. (112.8) 


The eigenfunctions corresponding to the energy levels (112.7) are 

given by (23.12) with the appropriate changes of notation; 


yn(j) = expf- ^^ (112.9) 


where Oh = \/{hlmojH). 

In classical mechanics, the motion of particles in a plane perpendicular to 
the field H (the xj-plane) takes place in a circle about a fixed centre. The 
quantity jo, which is conserved in the quantum case, corresponds to the 
classical j coordinate of the centre of the circle. The quantity xq = cpycH + x 
IS also conserved; it is easy to see that its operator commutes with the 
Hamiltonian (112.2). This quantity xo corresponds to the classical x co- 
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ordinate of the centre of the circle-t The operators xq and yo, however, do 
not commute. In other words, the coordinates .ro andjo cannot take definite 
values simultaneously. 

Since (112.7) does not contain the quantity/ij-, which assumes a continuous 
sequence of values, the energ}' levels are continuously degenerate. However, 
the degree of degeneracy becomes finite if the motion in the xy-plane is 
restricted to a large, but finite, area 5 = Lj.L^. The number of (now 
discrete) possible values of in an interval is (^Lj27rh)Apj.. All values 
of px are admissible for which the orbit centre is inside 5 (we neglect the 
radius of the orbit in comparison with the large quantity Ly). From the con¬ 
dition 0 < Vo < Ly we have Apx = eHLyjc. Hence the number of states 
(for given n,pPj is eHSll-ntic. If the region of motion is bounded in the 
a-direction also (dimension Lz), the number of possible values of pz in 
an interval Apz is [Lzl2TTh)Apz and the number of states in this interval is 

^Ji^I^Ap. = ( 112 . 10 ) 

27rhc27rh 

For an electron there is an additional degeneracy: the levels (112.8) with 
n, (7 = I and n-l-1, cr = - | are the same. 


PROBLEMS 

Problem 1. Find the wave functions of an electron in a uniform magnetic field in states 
in which it has definite values of the momentum and angular momentum in the direction of 
the field. 


Solution. In cylindrical polar coordinates p, 4>y ~ with the c-axi' .n the direction of the 
field, the vector potential has components A<p = ifip, Ap =^0, and Schrodinger’s 

equation isj 


imVp ?pV?p} 




p2 



‘H 


= E4> 

S if> 


( 1 ) 


We seek a solution in the form 


1 


obtaining for the radial function the equation 




0 . 


"I For, in classical motion in a circle of radius cmtit/eFf (where vt is the projection of the 


velocity on the xy’-plane; see Fields, §21). we have 

= —cpijeH = —cmvileH + y. 

It is evident from this that is the y coordinate of the centre of the circle. The other co¬ 
ordinate is 


Xp = cmvyjeH-rx = cpyleH + x. 


I The electron charge is written as e = -kl. and the electron mass is denoted by M to 
distinguish it from the angular momentum m The spin term is unimportant in this problem, 
and is omitted. 
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Defining a new independent variable ^ = {MuinHh)p'‘, we can write this equation in the form 



As^ -»■ 00 the required function behaves as and for f ->■ 0 as ^l’nl/2. Accordingly we 
seek a solution in the form 


R(() = 

the equation for iu(f) is satisfied by the confluent hypergeometric function 

VI = |m| + l, f}. 

If the wave function is everywhere finite, the quantity (3—i|m|—i must be a non-negative 
integer itp. The energy levels are then given by th«> formula 


E = 


= Aw„(n„ + l|m| + ;m + .') + ^ 

2M 

which is equivalent to (112.7). The corresponding radial wave functions are 

Enpm{p) 


1 


*'■ / P- 


L J 



X F{-n,„ im| 4- 1, pi 2air), 

where an = these are normalized by the condition 


( 2 ) 


( R^pdp = I. 

t) 

The hypergeometric function is here a generalized Laguerre polynomial. 

Problem 2. Find the lowest energy level corresponding to a bound state of an electron in 
a potential well (7(r) of small depth (| t/| where a is the range of the forces in the 

well), with a uniform magnetic field superimposed (Yu. A. Bychkov 1960). 

Solution. The condition stated for the field U(r) ensures (in the absence of the magnetic 
field) that perturbation theory is applicable to it, and there are no bound states in the well 
(§45). When the magnetic field also is present, t/(r) can be regarded as a perturbation only 
for the motion in the plane transverse to H; the (discrete) nature of the energy spectrum of 
this motion is unaltered when U is applied. The nature of the motion in the direction of H is 
altered, however, becoming (as we shall see) finite instead of infinite, i.e. the spectrum 
becomes discrete instead of continuous. Thus for this motion the field of the well cannot be 
treated by perturbation theory. 

Accordingly, when the variables are separated in Schrodinger’s equation (equation (1) of 
Problem 1, with the added term f/0 on the left), the radial functions i?(p) are taken in the 
previous form (2); the lowest level corresponds to the values tip = w = 0 of the quantum 
numbers. Substituting in Schrodinger’s equation ^ = Roo(p)x(^). multiplying by R„„(p) 
and integrating over p dp, we obtain for x(-) the equation 


-J-X +t(=)x 


^x- 


( 3 ) 


00 

6(-) = / 6(V(=- + p2))/?g<,(p)pdp, 


where e = 
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and m is again the mass of the particle. This equationjias the same form as Schrodinger s 
eouation for one-dimensionai motion in a potential well Uiz). with e the ener^ of this motion. 
We can therefore simply use the result of §45, Problem 1, according to which the discrete 

level is 




« tC 

^ j* p~))t^o(ip)p tip dcj . 


(4) 


The wave function RUp) damped at distances If the magnetic field is 

that aHi>a. the integral over p is governed by the range p^a. m which we can take i?„o(p) 
^RM = l/oH. Then 






!(Jr, 


(5) 


here dV = 27 Tp dp da ->47rrMr. In the opposite case of a strong magnetic field^, when 
the integral in (4) is governed by the range p<n„. in w-h.ch we can put UW{z + 

Then the integral over p reduces to the normalization integral of the function and 
equal to unity, so that 


--1(1''='--)’ 


( 6 ) 


In either case, an estimate of the integral shows that tcgfiww 

Problem 3. Find the energy levels of a hydrogen atom in a magnetic t^iat is so strong 
that aH<aB, where as is the Bohr radius (R. J- Elliott and R. Loudon 1960). 

Solution With the condition stated, the influence of the Coulornb field 

of the nucleus on the motion of the electron in the plane transverse to H may be regarded as a 
small perturbation. We thus return to the situation considered in Problem 2, and equation (3) 
may be used, with 


U{. 


'='■-‘'1 


^Iq{p)p 


dp. 


(7) 


By writing the radial function /?oo in this expression, we take onl^y the energy levels of the 
longitudinal motion, pertaining to the zero Landau level of the transverse motion. 

The ground-state wave function xoW extends to a distance |«| £ ae and ® 

this disLce (without zeros, so that it does not vanish at a = 0). 
satisfies the conditions used in §45, Problem 1 and we can ^ 

on the solution of that problem. The logarithmical y divergent “ is not per- 

upper limit of distance and at a lower limit |al~n« (where [a]- P and it not per 

missible to replace ■\/(p* + ^’) 6y kl in (7))- The result is 


.?ni£!log2^ 

me* ., 

'2A2 m^-c\e\^' 


( 8 ) 


This formula has what is called logarithmic accuracy, ^he a-u-Ption m^ 
the ratio aelaH but also its logarithm is large. A numerical factor in the argu 

logarithm remains undetermined. ,rvK»Qir»#.r1 «inlutions of Schrodinger's 
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can be brought, by the substitution y = to the form 


A- 1 d / .jd^\ e-i 
2m dc \ ds) = 


(9) 


which is the same as the equation for the radial wave functions of s states in the three- 
dimensional Coulomb problem. The required levels are therefore given by (36.10): 

€„ = (10) 


with n = 1, 2, 3. This expression too has only logarithmic accuracy; the next correction 

term would be small in comparison with the principal term, but only in the ratio 1/log 
{obIoh)- 

Equation (9) gives the wave function only for 2>0. It can be continued into the region 
2<0 as x(~*) = xW or as x(~*) = ~x(*)- Accordingly, in this approximation the levels 
(10) are doubly degenerate. This degeneracy is. however, removed in higher approximations 
with respect to aw/ae. 


§113. An atom in a magnetic field 

Let us consider an atom in a uniform magnetic field H. Its Hamiltonian 
is 


H = 


2m 


2rpa + ^A(ra)T+C/ + i^H. S, (113.1) 

a L C J me 


where the summation is taken over all the electrons (the electron charge being 
written as —1«|); U is the energy of interaction of the electrons with the 
nucleus and with one another, and S = Esq is the operator of the total 
(electron) spin of the atom. 

If the vector potential of the field is taken in the form (111.7), then, as 
already noted, the operator p commutes with A. Expanding the bracket in 
(113.1) and denoting by Hq the Hamiltonian of the atom in the absence of 
the field, we find 


H = ,yo + -^2Aa.Pa + ;^2 + S. 

— 2mc'^ a — 


me 


me 


Substituting A from (111.7), we obtain 


2mc a Sme^ „ me 


The vector Tq x p^, however, is the operator of the orbital angular momentum 
of the electron, and the summation over all the electrons gives the operator 
of the total orbital angular momentum of the atom. Thus 

^ = /?o + mb(L + 2S) .H + (c2/87kc 2) E (Hxr„)2, (113.2) 


where fj.B is the Bohr magneton. The operator 

fi„ = — ;iB(L-i-2S) 


(113.3) 
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mav be regarded as the operator of the “intrinsic” magnetic moment of the 
atom, which it possesses in the absence of the field. 

The external magnetic field splits the atomic levels and removes the 
degeneracy with respect to the directions of the total angular momentum (the 
Zeeman effect). Let us determine the amount of this splitting for atomic 
levels having definite values of the quantum numbers J, L and S (i.e. 
assuming the case of LS coupling for the levels; see §72). 

We shall assume that the magnetic field is so weak that ij-bH is small com¬ 
pared with the distances between the energy levels of the atom, including the 
fine-structure intervals. Then the second and third terms in (113.2) can be 
regarded as a perturbation, the unperturbed levels being the separate com¬ 
ponents of the multiplets. In the first approximation we can neglect the third 
term, which is quadratic with respect to the field, in comparison with the 
second term, which is linear. 

In this approximation, the energy AJ? of the splitting is determined by the 
mean values of the perturbation in the (unperturbed) states which have 
different values of the projection of the total angular momentum on the 
direction of the field. Taking this direction as the r-axis, we have 

A£ = ij.bH{Lz + 2Sz) = + Sz). (113.4) 

The mean value Jz is just the given eigenvalue of Jz = Mj. The mean value 
Sr can be found as follows, usinj stepwise averaging (cf. §72). 

We first average the operator S over a state of the atom with fixed values of 
S, L and J, but not of Mj. The operator § thus averaged must be “parallel” 
to J, the only conserved “vector” characterizing a free atom. We can there¬ 
fore write 

S = constant x J. 

In this form, however, the equation is purely conventional, since the three 
components of the vector J cannot simultaneously have definite values. Its 
^-component can be taken literally: 

Sz = constant xjz = constant x Mj, 


as can the equation 

S.J = constant xJ2 = constant x/(/-I-1), 

which is obtained on multiplying both sides by J. Taking the conserved 
vector J under the averaging sign gives S . J = S ! J. The mean value STJ 
is the same as the eigenvalue 

S.J = i[y(y-t-l)-i^(^+l) + ‘5(5+l)], 

to which it is equal in a state having definite values of L^, and J^; cf. 
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formula (31.4). Determining the constant from the second equation and 
substituting in the first equation, we therefore have 


S, = Mjj.Slp. (113.5) 

Collecting the above expressions and substituting in (113.4), we find the 
following final expression for the amount of the splitting: 

/^E = ^LBgMJ|H, (113.6) 

where 

7(7+l)-Z.(Z, + l) + ^(S+l) (113.7) 

27(7+1) 

is called the Landi factor or the gyromagnetic factor. If there is no spin 
{S = 0, and so J = L),g = 1; if L = 0(and so J = S),g = 2.f 

Formulae (113.6) gives different values of the energy for all the 27+1 
values Mj = —J, -7+1. ■ J- Thus the magnetic field completely 
removes the degeneracy of the levels with respect to directions of the angular 
momentum, unlike the electric field, which leaves the levels with Mj = 
±|Mj’| unsplit (§76).J However, the linear splitting described by (113.6) 
does not occur if ^ = 0; this can refer even to states for which J ^ 0, such as 

We have seen in §76 that there is a relation between the displacement of an 
energy level of an atom in an electric field and its mean electric dipole 
moment. A similar relation exists in the magnetic case. The potential energy 
of a system of charges is given, in classical theory, by — /<. H, where fi is the 
magnetic moment of the system. In the quantum theory, it is replaced by the 
corresponding, operator, so that the Hamiltonian of the system is 

H = Ho-fi.H = Ho-fizH. 


Now, applying (11.16), with the field H as the parameter A, we find that the 
mean value of the magnetic moment is 


fLz = -dAEIdH, (113.8) 

where Afi is the displacement of the energy level for the given state of the 
atom. Substituting (113.6), we see that an atom in a state with a definite 


t The splitting is described by the general formulae (113.6) and (113.7) is often called the 
anomalous Zeeman effect. This unfortunate name arose because, before the spin of the 
electron was discovered the effect described by (113.6) with g = 1 was regarded as normal 

TI? ‘i^^ electric-field case in §76 are not valid for a magnetic field 

The reason IS 'bat H is an axial vector and therefore changes sign on reflection in any plane 
containing in Hence the states obtained from each other by this operation belong to atoms in 
different helds, not in the same field. ® m 
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value Mj of the projection of the angular momentum on some direction z 
has a mean magnetic moment in that direction 

p., = -t^BgMj. (113.9) 


If the atom has neither spin nor orbital angular momentum {S = L = 0), 
the second term in (113.2) gives no displacement of the level, either in the 
first approximation or in any higher one (since the matrix elements of L 
and S vanish). Hence, in this case, the whole effect arises from the third 
term in (113.2), and in the first approximation of perturbation theory the 
displacement of the level is equal to the mean value 

AE = -fi-Y (Hxro)2. (113.10) 


Putting (H X Ta)^ = H^ra^s\n^6, w'here 6 is the angle between ta and H, 
and averaging with respect to the directions of r^, we have sm^6 = 1—cos®0 
= 2/3 (the wave function of a state with L = S = 0 is spherically sym¬ 
metrical, and so the averaging over directions is independent of that over 

distances fa)- Thus 


AE 


I2mc^ 


m2 


ra‘‘ 


(113.11) 


The magnetic moment calculated from (113.8) is then proportional to the 
magnitude of the field (an atom with L = S = 0 has, of course, no magnetic 
moment in the absence of a field). Writing it in the form xH, we can regard 
the coefficient x as the magnetic susceptibility of the atom, given by Langevins 
formula (P. Langevin 1905): 


X = 



(113.12) 


It is negative, i.e. the atom is diamagnetic.f 

If y = 0, but = T # 0, the displacement linear with respect to the field 
again vanishes, but the quadratic effect from the perturbation . H 

in the second approximation exceeds the effect (113.11).| This is because, 
according to the general formula (38.10), the correction to the eigenvalue 
of the energy in the second approximation is given by a sum of expressions 
whose denominators contain the differences betw'een the unperturbed 

t The Thomas-Fermi model cannot be used to calculate the mean square distance of the 
electrons from the nucleus. Although the integral J nr* dr with the Thoims ermi ensity 
n(r) converges, it does so too slowly, and therefore the results are quite different from those 
given by experiment. . crr^c 

J For S = Z.'9^ 0 , the non-diagonal matrix elements of Z.Z, for the transitions .S, n, y o, 

L, I ± \ are not in general zero. 
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energy levels, in this case the fine-structure intervals of the level, vi'hich 
are small quantities. We have remarked in §38 that the correction to the 
normal level in the second approximation is always negative. Hence the 
magnetic moment in the normal state is positive, i.e. an atom in the normal 
state with 7=0, L = S#0is paramagnetic. 

In strong magnetic fields, where /xo is comparable with or greater than 
the intervals in the fine structure, the splitting of the levels differs from 
that predicted by formulae (113.6), (113.7); this phenomenon is called the 
Paschen-Back effect. 

The calculation of the energy of the splitting is very simple in the case 
where the Zeeman splitting is large in comparison with the intervals in the 
fine structure but still, of course, small compared with the distances between 
the different multiplets (when it may be shown that we can, as before, neglect 
the third term of the Hamiltonian (113.2) in comparison with the second). 
In other words, the energy in the magnetic field considerably exceeds the 
spin-orbit interaction.! Hence we can neglect this interaction in the first 
approximation. The projections and Mg of the orbital angular momen¬ 

tum and spin are then conserved, as well as the projection of the total angular 
momentum, so that the splitting is given by the formula 

A£ = fcBH(ML + 2Ms). (113.13) 

The multiplet splitting is superposed on the splitting in the magnetic 
field. It is determined by the mean value of the operator AL, . S (72.4) with 
respect to the state with the given Mg (we are considering the multi¬ 
plet splitting due to the spin-orbit interaction). For a given value of one of 
the angular momentum components, the mean values of the other two are 
zero. Hence L . S = Mg Mg, so that the energy of the levels is given in 
the next approximation by the formula 

A£ = ,jiBH{Mg + 2Ms) + AMBMs. (113.14) 

The calculation of the Zeeman effect in the general case of any type of 
coupling (not LS) is not possible. We can say only that the splitting (in a 
weak field) is linear with respect to the field and proportional to the projection 
Mj of the total angular momentum, i.e. it has the form 


= f^BgnjHMj, (113.15) 

where the gnj are some coefficients characterizing the term in question; n 
denotes the assembly of all the quantum numbers, except J, which charac¬ 
terize the term. Though these coefficients cannot be calculated separately, it 
is possible to obtain a formula, useful in applications, which gives their sum 
taken over all possible states of the atom with the given electron configuration 
and total angular momentum. 


t For intermediate cases, where the effect of the magnetic field is comparable with the soin- 
orbit interaction, the splitting cannot be calculated in a general form; the calculation for S = i 
is given in Problem 1 
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By definition, 

gnjMj = inJMj\L^ + lS^\nJMj'). 

The quantities gsLjMj, whereas lj is the Lande factor (113.7) corresponding 
to LS coupling, are the diagonal matrix elements 

gsLjMj = ^SLJMJ\L^ + 2S^\SLJMJy, 

calculated with a different complete set of wave functions. The functions in 
each set are obtained from the other set by a linear unitary transformation. 
But this transformation leaves unchanged the sum of the diagonal matrix 
elements (§12). Hence we conclude that 

^gnjMj = S gSLjMj, 
n SfL 

or, since gnj and^ 5 Z.j do not depend on M, 

^gnj = ^gsu- (113.16) 

" S,L 

The summation is taken over all states with the given value of J which are 
possible for the given electron configuration. This is the required relation. 


PROBLEMS 

Problem 1. Determine the splitting of a term with S = f by the Paschen-Back effect. 

Solution. The magnetic field and the spin—orbit interaction h^ve to be taken into 
account simultaneously by perturbation theory, i.e. the perturbation operator ist 

P = AL ■ & + ^il^Lz + 2S,)H 

As the initial wave functions for the zero-order approximation, we take functions correspond¬ 
ing to states with definite values of L, 5 = b Aft.-Ms(L given; Ml = —L, ... ,L\Ms = ± i)- 
In the perturbed states, only the sum M=Mj = Ml+Ms is conserved (V commutes with/i), 
so that we can ascribe definite values of M to the components of the split term. 

The values M = ±{L + 4) can occur in only one way each: with = |L4> and 

I —L, — 4>. Hence the corrections to the energy' of the states with these M are simply equal 
to the diagonal matrix elements <(MlMsI HIMlMs' with the indicated values of |MlMs^. 
The remaining values of M can occur in two ways each; |fV/ —i, and |A/ + i, —4>. Here 
two different values of the energy correspond to each M ; they are determined from the secular 
equation formed from the matrix elements for transitions between these two states. The 
matrix elements of L , S are calculated by directly multiplying the matrices <Ml1L]Ml]> 
and <Ms|S|M's>, and are 


<A/l.Ws|L . S .I/l-I/s) = MlMs. 


<.W + 4, -i|L . Sl.U-t, 4> = <-'!/- i, 1|L . SI.1/+I, -i> 


Jv''[<L + M+i><f.-M + l,>]. 


t We do not include in V the term proportional to (L . Slii (the spin-spin interaction). It 
must be borne in mind, however, that, for a spin S = i. the expression (L . S)» reduces by 
virtue of the properties of the Pauli matrices (see §55) to L . S, and is therefore included in 
the formula as written here. 
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§113 An atom in a magnetic field 

In the absence of a magnetic field, the term is a doublet, the distance between the com¬ 
ponents being « = A{L + i)\ see (72.6). We take the lower of these levels as the origin of 
energy. Then the final formulae for the levels in the magnetic field are 

E = € + 1) for .1/ = ±(L + \), 




-V/ = L-l. ..., -L + \. 


For we have 

E- = i + 2(L+\y:(2L+ 1), F.- = . 2/.(2/, + 1), 


in accordance with formulae (113.6), (113.7) (in which we must put S = i, J — L±i). 
For HBFf/e§>l we have 

E± = ubH(M + .'.) + U + 

in accordance with (113.14). 

Problem 2. Determine the Zeeman splitting for the terms of a diatomic molecule in 
case a. 

Solution. The magnetic moment arising from the motion of the nuclei is very small in 
comparison with the magnetic moment of the electrons. Hence the perturbation due to the 
magnetic field can be written for the molecule as for a system of electrons, i.e. in the form 
used previously: V = ^ibH . (L + 2S), where L, S are the electron orbital and spin angular 
momenta. 

Averaging the perturbation with respect to the electron state, we have in case a 
fifl/f«j(.\ + 2Z) = ^nH«,(2n-.\). 

The mean value of nt with respect to the rotation of the molecule is the d-agonal matrix 
element 

<y.vf|„jy.ii> = 1), 


where M = Mj; the matrix element is calculated from the reduced matrix element given by 
(87.4) with J and fi in place of K and A. Thus the required splitting is 


^E = ^xbH.'V/ 


U(2a-.V) 

7(7+1) 


Problem 3. The same as Problem 2, but for case b. 

Solution. The diagonal matrix elements (^/^KJ\V\t\Kjy which determine the required 
splitting could be calculated from the general rules given in §87. However, it is simpler and 
more comprehensible to perform the calculation as follows. Averaging the perturbation 
operator with respect to the orbital and electron states, we obtain 


(the spin operator is unaffected by this averaging). Next, we average with respect to rotation 
of the molecule; the mean value of riz is given by formula (87.4), and so we have 


Lastly, we average with respect to the spin wave function; after the whole averaging, the mean 
values of the vectors must be directed parallel to the total angular momentum J, which is the 
only conserved vector. Hence we have (cf. (113.5)) 


ixbH r A'^ 


1 ) 


K.J-^2S. 
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^E 




+ lJU - 1 ) - A( A- - 1 ) -r S(S - 1)] iW.l / 


Problem 4. A diamagnetic atom is in an external magnetic field Determine the strength 
of the induced magnetic field at the centre of the atom. 

Solution. For S = L = 0 the Hamiltonian contains no perturbation linear in the field, 
and so the wave function of the atom involves no correction of the first order with respect 
to the magnetic field. The change j' in the electron current in the atom induced by the 
external magnetic field is due (again in the first approximation with respect to H) only to the 
addition of the term (|e|/»ir)A to the electron velocity operator. We therefore havef 

j = — p(e-mf)A = — p(e^ 2mc)H x T, (1) 

where p is the electron density in the atom. The magnetic field produced at the centre of the 
atom by this additional current is 




cf. (121.8). Substituting (1) and averaging in the integrand over the directions of r, we obtain 


Hind — — - 


3mc2 


« j:- 


dr 


3mr2 


.(0)H , 


( 2 ) 


where ^e(O) is the potential of the field at the centre of the atom due to its electron envelope 
In the Thomas-Fermi model ^«(0) = -SOZ^^hTje^lti~ (see (70.8)), so that 

H,„a -- O ^ 

= -3-2xlO-5Z«'3H, 


§114. Spin in a variable magnetic field 

Let us consider an electrically neutral particle having a magnetic moment, 
and situated in a magnetic field which is uniform but varies with time. 
We may have in mind either an elementary particle (a neutron) or a complex 
one (an atom). The magnetic field is supposed so weak that the magnetic 
energy of the particle in the field is small compared with the intervals between 
its energy levels. Then we can consider the motion of the particle as a whole, 
its internal state being given. 

Let s be the operator of the “intrinsic” angular momentum of the particle— 
the spin of an elementary particle, or the total angular momentum J for an 
atom. The magnetic moment operator can be represented in the form 
(111.1). The Hamiltonian for the motion of a neutral particle as a whole can 
be written 

/? = -(^/r)s.H; (114.1) 

t This expression corresponds to the Larmor precession of the electron envelope of the 
atom round the direction of the external magnetic field; see Fields, §43. 
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here we write out only the part of the Hamiltonian that depends on the spin. 

In a uniform field, this operator does not contain the coordinates ex- 
plicitlv'l'. Hence the wave function of the particle falls into a product of a 
coordinate and a spin function. Of these, the former is simply the wave 
function of free motion; in what follows, we shall be interested only in the 
spin part. We shall show that the problem of a particle with any angular 
momentum s can be reduced to the simpler problem of the motion of a 
particle of spin J (E. Majorana). To do this, it is sufficient to use the method 
which we have already employed in §57. That is, instead of one particle of 
spin s, w'e can formally introduce a system of 2s “particles” of spin The 
operator s is then represented as a sum £ of the spin operators of these 
“particles”, and the wave function as a product of 2s spinors of rank one. The 
Hamiltonian (114.1) then falls into the sum of 2s independent Hamiltonians: 

fl = Ha, Ha = -{fils)H.Sa, (114.2) 

so that the motion of each of the 2s “particles” is determined independently of 
the others. When this has been done, we need only reintroduce the com¬ 
ponents of an arbitrary symmetrical spinor of rank 2s in place of the products 
of components of 2s spinors of rank one. 

PROBLEMS 

Problem 1. Determine the spin wave function for a neutral particle of spin i. in a uni¬ 
form magnetic field which is constant in direction but varies in absolute magnitude 
according to an arbitrary law H = H(t). 

Solution. The wave function is a spinor ip' satisfying the wave equation 

ih C;li' ('t = - 2nH . iijj’ (]) 

Taking the direction of the field as the z-axis, we can write this equation in spinor com¬ 
ponents: 


Hence 


ih ('V*’ dt = 


The constants c,. c, must be determined from the initial conditions and from the normaliza¬ 
tion condition | | = 1 


Problem 2. The same as Problem 1, but for a uniform magnetic field constant in absolute 
magnitude, whose direction rotates uniformly, with angular velocity w, around the z-axis and 
at an angle 8 to it. 

Solution. The magnetic field has the components 


H, = H sin 8 cos u,l, H,j = H sin 8 sin u,t. H, ^ H cos 8. 


t These arguments can also be applied to the case where anv particle (charged or notl 
magnetic L^rXcT^ril^rarthe parncle mo^^'T quasi-classical. The 

func[r."°" v%u"^.ons"to tCva^tion^fretp'.n it 
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and from (1) we obtain the equations 

CCK P + gip 

ti 2 — sin 6), 


where wh = The substitution ^ ^2 = ^iiio <^2 converts these equa¬ 

tions into linear equations with constant coefficients, whose solution gives 

^1 ^ 2)^ 


=s 2cD//e*“*/2 5ip 


in 6 


. ^ni '2 _ . 


where 


+ CU +2co//cos 0 w^ZcoH cos 6 

n = ^[(cu + lto//cos 0)2 + 4aj//" sin^fi]. 
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§115. The current density in a magnetic field 

We shall now derive the quantum-mechanical expression for the current 
density when a charged particle moves in a magnetic field. 

We start from the formulaf 

SH =-(1/c) Jj.SAdF; (115.1) 


this determines the change in the Hamilton’s function of charges distributed 
in space when the vector potential is varied.| In quantum mechanics this 
formula must be applied to the mean value of the Hamiltonian of the charged 
particle: 

ff= j 'F*[(p-eA/c)2/2m-(;u/j)H . dF. (115.2) 
Effecting the variation and bearing in mind that SH = curl 8A, we find 


f T-’f—^(p.8A+8A.p)+—A-SAl^dF-f^/j) f curl8A.'F*g'FdF 

J L 2mc mc^ J J 


The term in p . SA is transformed by integration by parts: 


(115.3) 


JT'P .8AT dF = - ihj T*V(5A .T) dF 
= iAj'8A.TVT*dF 


+ In this section, j denotes the electric current density, i.e. the particle flux density multi¬ 
plied by the particle charge e. 

X Lagrange's function for a charge in a magnetic field contains a term cv . A/r. or, if the 
charge is distributed in space, (1/c) J j - A dl'^. 

The change in the Lagrange’s funrtion when A is varied is therefore 

BL =(l/c) Jj.aAdr. 

An infinitely small change in Hamilton’s function is. however, equal to the change in 
Lagrange’s function, taken with the opposite sign (see Mechanics, §40). 
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(the integral over an infinitely distant surface vanishing in the usual way). 
The integration by parts is also used in the last term in (115.3), together 
with the well-known formula of vector analysis 

a. curlb = —div(axb)-t-b. curia. 

The integral of the div term vanishes, so that we have 

IT*s’F. curlSA dF = J SA. curl(T*s'F) dF. 

The final result is 

_ ieh f /• 

SA.(TVT*-'F*V'F)dF-t-— A.8ATT*dF- 
2mcJ mc^} 

-(fijs) j SA. curl('F*s'F) dF. 

Comparing this expression with (115.1), we find the following expression 
for the current density; 

+ (115.4) 

We emphasize that, though this expression contains the vector potential 
explicitly, it is nevertheless one-valued, as it should be. This is easily seen 
by direct calculation, recalling that the transformation (111.8) of the vector 
potential must be accompanied by the transformation (111.9) of the wave 
function. 

It is also easy to verify that the current (115.4) and the charge density 
p = £1^12 satisfy, as they should, the continuity equation 

dp/dt + div j = 0. 

The last term m (115.4) gives the contribution of the magnetic moment of 
the particle to the current density. It is c curl m, where 


= (^/r)'F*§T = 'F*/3T 


(115.5) 


is the spatial density of the magnetic moment. 

The expression (115.4) is the mean value of the current. It may be 

reprded as a diagonal matrix element of the current density operator j. 

j® written in the second quantization form, with 

\ operators 'i' and 'F+ (and, according to the general 

deLms^ofTh- non-diagonal matrix 

elements of this operator can be determined also: 


me 

+{fxls)c curl('F„‘s'F„). 


(115.6) 
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§116. Isotopic invariance 

T HERE is as vet no complete theory of nuclear forces —that is, the forces which 
act between nuclear particles or nucleons and hold them together in the nucleus 
of an atom. In consequence, to describe nuclear forces it is still necessary to 
rely on' experiment to a much greater extent than would be needed if a con¬ 
sistent theory were available. 

The two tvpes of particle which are nucleons differ mainly in their electrical 
properties, the proton (/>) having a positive charge, while the neutron (k) is 
neutral. They have the same spin i, and their masses are almost equal (1836T 
and 1838-6 electron masses respectively). This similarity is no accident. 
Despite the difference in electrical properties, the proton and the neutron are 
very similar particles, and this similarity is of fundamental importance. 

It is found that, apart from the relatively weak electric forces, the forces 
of interaction between two protons are very similar to those between two 
neutrons. This is called the charge symmetry of nuclear forces.f 

In so far as this symmetry is maintained we can, in particular, say that 
systems of two protons {pp) and two neutrons {nn) have states yhose properties 
are the same. Here, of course, it is important that protons and neutrons obey 
the same statistics (namely Fermi statistics) and so only states with the same 
symmetry of the wave functions ^(ri, 01 ; r 2 , 02 ) are permissible for the pp 
and nn systems, namely those antisymmetrical with respect to a simultaneous 
interchange of the coordinates and spins of the particles. 

Charge symmetry is, however, only one of the manifestations of a still more 
far-reaching physical similarity between protons and neutrons, known as 
isotopic invariance.X This leads to the existence of an analogy not only between 
pp and nn systems (obtained from one other by interchanging all protons 
and neutrons), but also between these and the pn system, which consists of 
different particles. There cannot be a complete analogy here, of course, 
since the possible states of the pn system, in which the particles are non¬ 
identical, are certainly not restricted to those with antisymmetrical wave 
functions. It is found, however, that among the possible states of the pn 
system there are some whose properties are almost exactly the same as 


t It appears, in particular, m the similarity of the properties (binding energy 

spectrum etc.) of what are called mirror nuclei, i.e. those which differ in that the numbers of 
protons and neutrons are interchanged. 

J Also called isobaric invariance in the literature. 
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§116 Isotopic invariance 

those of systems of two identical nucleonsf; these states are, of course, 
described by antisymmetrical wave functions (the remaining states of the 
pn system are described by symmetrical wave functions and do not occur in 
the pp and nn systems). 

Isotopic invariance, like charge symmetry, is valid only if electromagnetic 
interactions are neglected. Another reason why isotopic invariance is only 
approximately true is the slight mass diflference between the neutron and the 
proton; if there were exact symmetry between neutrons and protons, their 
masses would of course be identical also.J 

A convenient formalism may be used to describe the isotopic invariance. 
It follows naturally from the fact that isotopic invariance is equivalent to 
the possibility of classifying the states of a system of nucleons with respect 
to the symmetry of its coordinate-spin wave functions i/i, independent of the 
types of nucleons concerned. The required formalism must therefore enable 
us to define for the description of the states of the system a new quantum 
number which uniquely determines the symmetry of the functions i/i. A 
similar situation has already been encountered in connection with the pro¬ 
perties of a system of particles with spin i. We have seen in §63 that, if the 
total spin 5 of such a system is specified, then the symmetry of its coordinate 
wave function ^ is uniquely determined, regardless of which of the two possible 
values (± is taken by the component a of the spin of each particle. 

It is therefore reasonable that, for a formal description of isotopic in¬ 
variance, the neutron and the proton should be regarded as two different 
“charge states” of one particle, the nucleon, differing in the value of the 
component of a new vector t, whose formal properties are analogous to those 
of the vector of spin i. This new quantity, which is usually called the 
isotopic spin or isojpi>i,|| is a vector in “isotopic space” f, rj, ^ (which, of 
course, is not related in any way to real space). 

The component of the isotopic spin of a nucleon along the ^-axis can take 
only the two values = + T The value + ^ is arbitrarily assigned to the 
proton and — ^ to the neutron.-j-f The isotopic spins of several nucleons add 
to give the total isotopic spin of the system in accordance with the same 
rules as for the addition of ordinary spins. The ^-component of the total 
isotopic spin of the system is equal to the sum of the values of for the 
component particles. For a nucleus in which the number of protons (i.e. the 
atomic number) is Z, the number of neutrons N and the mass number 
A = Z+ N v/e have 

T^=Zt^=\{Z-N) = Z-\A, (116.1) 

gives the total charge of the system if the number of nucleons is fixed. 

+ This was shown from an analysis of experimental data on the scattering of neutrons and 
protons by protons (G. Breit, E. U. Condon and R. D Present 1936). 

t In reality this mass difference between the neutron and the proton is probably also electro- 
magnetic in origin. 

H^^^enberg (1932), and applied to the description of isotopic invariance 
by B. Cassen and E. U. Condon (1936). 

tt The opposite assignment is also found in the literature. 
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It is therefore clear that there is a strict conservation of the quantity T^, 
which simply expresses the conservation of charge. 

The absolute magnitude T of the isotopic spin of the system determines 
the symmetry of the “charge part” o) of the wave function of the system, just 
as the total spin 5 determines the symmetry of the spin wave function. It 
therefore determines also the symmetry of the coordinate-spin (i.e. the 
ordinary) w'ave function \f), since the total wave function of a system of 
nucleons (i.e. the product ^oS) must have a definite symmetry; as for all 
fermions, it must be antisymmetrical with respect to simultaneous inter¬ 
change of the coordinates, spins and “charge variables” t. of the particles. 
The existence of a definite symmetry of the wave functions ip of any system of 
nucleons is therefore expressed, in this treatment, by the conservation of the 
quantity T. 

We can say, in other words, that isotopic invariance signifies the invariance 
of the properties of the system with respect to rotations in isotopic space. 
States differing only in the value of (with T and the remaining quantum 
numbers having given values) have identical properties. In particular, charge 
symmetry—the invariance of the properties of the system with respect to the 
replacement of neutrons by protons and vice versa, being a particular case 
of isotopic invariance, is described as invariance with respect to a simultan¬ 
eous change of sign of all the t{, i.e. with respect to rotation in isotopic 
space through an angle of 180° about an axis lying in the ^T;-plane. 

It may be noted that the obvious violation of isotopic invariance by the 
Coulomb interaction yis also formally evident from this treatment. The 
Coulomb interaction depends on the charge, i.e. on the ^-components of 
the isotopic spin, which are not invariant with respect to rotations in 
space. 

. Let us consider, for example, a system of two nucleons. Its total isotopic 
spin can take the values T = 1 and T = 0. For T = 1, the possible values 
of the component are 1, 0, — 1. According to (116.1), the corresponding 
charge values are 2, 1, 0, i.e. a system with T = I may be pp, pn or nn. The 
charge part cv of the wave function with T = 1 is symmetrical (just as a 
symmetrical spin function corresponds to a spin 5=1; cf. §62). Hence 
states w'ith antisymmetrical ordinary wave functions xp correspond to the 
value T = \. ForT'=0we can only have = 0, and the corresponding 
function cv is antisymmetrical; this therefore relates to states of the pn 
system with symmetrical wave functions tp. 

The isotopic spin corresponds to an operator t which acts on the charge 
variable in the wave function, just as the spin operator s acts on the spin 
variable a. By virtue of the complete formal analogy' between the two, 
the operators f j, ■?,,, f ^ are given by the same Pauli matrices (55.7) as the oper- 
EtOrS 

Here we may note some combinations of these operators which have a 
simple and evident meaning. The sum 


'.-c:) 


T+ = T| + If. 
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IS an operator which, acting on a neutron wave function, converts it into a 
proton wave function, and acting on a proton wave function gives zero. 
Similarly, the operator 


f- = fj-if. 



converts a proton into a neutron and “annihilates” a neutron. Finally, the 
operator 



leaves a proton wave function unchanged and annihilates a neutron; on 
multiplication by e, it may be called the nucleon charge operator. 

W e shall also show that the operator P of the interchange of two particles 
may be expressed in terms of the operators ^2 of their isotopic spins. 
By definition, the result of the action of the interchange operator on the wave 
function i/.(ri, ci ; r2, 02) of the system of two particles consists in interchang¬ 
ing their coordinates and spins, i.e. interchanging the variables ri, oi and 
tz, 02 . The eigenvalues of this operator are + 1, and occur when it acts on a 
symmetrical or antisymmetrical function 

^^ant = —^ant. (116.2) 

We have seen above that the functions ^tsym and 0ant correspond to charge 
functions wy with values of the total isotopic spin T = 0 and T = 1. Hence, 
in order to put the operator ^ in a form in which it acts on charge variables, 
it must have the properties 


Pi^Q — wo,Puii=—wi- (116.3) 

These conditions are satisfied by the operator 1 -f 2 , as is easily seen by 
noting that is the eigenfunction of the operator f 2 corresponding to the 
eigenvalue T{T+ 1). Finally, writing T = xj-i-Ta and using the fact that Tj 

and Tj have the same definite values t(t-)-I) = f, we find the required ex- 
pressionf 


P=l_f2= -^_2fi.f2. 


(116.4) 


For the matrix elements of different physical quantities in a system of 
certain selection rules for the isotopic spin (L.A. Radicati 
quantity (of any tensor rank) having the property of 
1 i\ity, in the sense that its value for the system is equal to the sum of its 
values for the individual nucleons. We write the operator of such a quantity 

P= '^fv + pn. 

Where the summ ations are over all protons and all neutrons in the system. 

Jr tn"§62! ProbUms" has already been 
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This expression can be written in the identical form 

F= S(^ + fj)/j,+—Tf)/n 

= ^2(/})+/n)-i-S(/p—/n)Tf, (116.5) 

where the summation in each term is over all nucleons (both protons and 
neutrons). The first term in (116.5) is a scalar; the second is the ^-component 
of a vector in isotopic space. The same selection rules therefore apply to them, 
with respect to the isotopic spin, as to scalars and vectors in ordinary space 
with respect to the orbital angular momentum (see §29); the isotopic scalar 
allows only transitions without change of T ; the ([-component of the isotopic 
vector has matrix elements only for transitions in which AT = 0 or ±1, 
and in addition transitions with AT = 0 are forbidden between states with 
Tj = 0, i.e. systems w'ith the same number of neutrons and protons; the 
latter rule follows from the fact that the matrix element of a transition with 
AT = 0 is proportional to T^ (see (29.7)). 

For example, for the dipole moment of the nucleus the quantities fp are 
the products er, and/„ = 0. The first term in (116.5) is then 

|eLr = {ej2m) Ewr, 

is therefore proportional to the radius rector of the centre of mass, and can 
be made to vanish by a suitable choice of the origin. Thus the dipole moment 
of the nucleus reduces to the ^-component of the isotopic %'ector. 


§117, Nuclear forces 

The principal characteristic of the specifically nuclear forces which act 
between nucleons is their short range of action: they decrease exponentially 
at distances of the order of 10"^^ cm. 

In the non-relativistic limit we can say that nuclear forces are independent 
of the velocities of the nucleons and have a potential; the velocities of the 
nucleons in the nucleus are about one-quarter of the velocity of light (see 
below). The potential energy IJ of the interaction of two nucleons depends 
not only on the distance r between them but also quite strongly on their spins.f 
The precise dependence on r could, of course, be established only by a 
consistent theory of nuclear forces. The nature of the spin dependence, 
however, can be found from simple considerations based on the properties of 
spin operators. 

We have at our disposal only three vectors on which the interaction energy 
IJ can depend: the unit vector n in the direction of the radius vector between 
the two nucleons, and their spins Si and S 2 . According to the general proper 
ties of an operator of spin any function of it reduces to a linear function 
(§55). It must also be taken into account that the product n.s is not a true 
scalar but a pseudoscalar (since n is a polar vector and s an axial vector). 


t In this respect the interaction of nucleons 
electrons, for which the spin—spin interaction is 


differs considerably from the interaction of 
purely relativistic and is small (in atoms). 
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Thus it is evident that only two independent scalar quantities linear in each 
of the spins can be constructed from the three vectors n, Si, S 2 , namely 
S 1 .S 2 and (n.Si) (n.S 2 ).t 

Consequently, the operator of the interaction of two nucleons, as regards 
its dependence on the spins, can be written as the sum of three independent 
terms: 

U ora = Ui{f)+ C/2(r)(si.S2)+ f/3(r)[3(si.n)(l2.n) —S 1 .S 2 ], (117.1) 

of which two depend on the spins and one does not. The third term is here 
written in a form which gives zero on averaging over the directions of n. 
The forces described by this term are usually called tensor forces. 

In (117.1) we have used the suffix ord (for “ordinary”) in order to emphasize 
the fact that this operator does not affect the charge state of the nucleons. 
There is another possible interaction which converts a proton into a neutron 
and vice versa. The operator of this “exchange” interaction differs in form 
from (117.1) by the presence of the particle interchange operator (116.4): 

U exch= {Ui{r)+ 6 / 5 (r)(si.S 2 )+ f/ 6 (z)[ 3 (§i.n)(l 2 .n) —li.S 2 ]}A (117.2) 


The total interaction operator is the sum 

C = Cord + Cexch- (117.3) 

Thus the interaction of two nucleons is described by six different functions 
of the distance between them. All these terms are in general of the same 
order of magnitude. 

The spin operators appearing in (117.1) and (117.2) can be expressed in 
terms of the total-spin operator S. By squaring the equations § = §1 +12 
and S.n = Si.n 4 -S 2 .n and using the results = |, (li.n)^ = ( 1 - 2 . 11)2 

= I (see (55.10)), vve find 


li.l 2 = KS2-f). (§i.n)(§ 2 .n) = i[(S.n)Z-^]. (117.4) 

The operator §2 commutes with the operator S, and so the interactions 
described by the first two terms in (117.1) and (117.2) conserve the total 
spin vector of the system. The tensor interaction contains the operator 
(S.n)2, which commutes with the square §2 but not with the vector S itself. 
In consequence, only the magnitude of the total spin is conserved, not its 
direction. 

The total spin 5 of a system of two nucleons can take the values 0 and 1, 
as can the total isotopic spin T. Hence all possible states of this system fall 
into four groups with various pairs of values of 5 and T. For states in each 


"t" Here it is assumed that the nuclear forces are invariant under spatial inversion, i.e. that 
they cannot include pseudoscalar quantities. There are at present no experimental results to 
disprove this assumption. 

J It may also be mentioned that the interaction dependent on the velocities of the nucleons 
in an ‘‘"ear with respect to these velocities, is described by an operator of the 

form + P]L . S, where L = r X p is the orbital angular momentum of the relative 

motion of the nucleons, p the linear momenmm of this motion, and S = Si + S«; this operator 
contains two functions of r. Terms of the form p . n and S . n are excluded by the require- 
merits of invariance under inversion and under time reversal. 
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of these groups there is an interaction operator of the form A{r) (for 5 = 0) 
or A{r)-\-B{r) [(S.n)^ —|] (for 5 = 1), to which the general operator (117.3) 
reduces in these cases (see Problem I).-}- 

For given values of 5 and T the states of the system are classified with 
respect to the values of the total angular momentum J and the parity. As 
we know, the values T = Q and T = \ correspond to the states with sym¬ 
metrical and antisymmetrical wave functions ijj respectively. Since, on the 
other hand, the value of 5 determines the symmetry of the wave function 
with respect to the spin variables (symmetrical for 5 = 1 and antisyrhmetrical 
for 5 = 0), it is clear that, if the two numbers 5 and T are specified, the 
symmetry of the wave function with respect to the space variables (i.e. the 
parity of the state) is also determined. Evidently the states of the system with 
isotopic spin F = 0 can only be even triplets (5 = 1) or odd singlets (5 = 0), 
while those with isotopic spin T = \ are odd triplets or even singlets. 

Since the spin, as a vector, is not conserved, the orbital angular momentum 
also need not in general be conserved; only the sum J = L + S is conserved. 
Nevertheless, the magnitude L may be conserved simply because specified 
values of J, S and the parity (or J, S and T) may be compatible w'ith only 
one particular value of L (the parity of a system of two particles, it will be 
remembered, is ( — 1)^). For example, an odd state with 5 = 1, / = 1 can 
only have L = 1, i.e. it is In other cases two different values of L may 
correspond to given values of 7, S and the parity, so that L is not conserved. 
For example, in an odd state with 5 = 1, 7 = 2 we can have L = 1 or 
i = 3, i.e. it is a superposition 

Thus we arrive at the following possible states of a system of two nucleons 
(the signs + indicating the parity); 

for T= 1 : 3 Po-. 3 Pi-,( 3 P 2 + 3 F 2 )-, 3 F 3 -,... ; 

for r = 0: (35i-|-3£),)+W, (3£>3+3G3)+,... ; 
iPi-,iF3- .... 


Nuclear forces are not in general additive. This means that the interaction 
in a system of more than two nucleons does not reduce to a sum of inter¬ 
actions between each pair of particles. It seems, however, that ternary and 
higher interactions are relatively unimportant in comparison wdth binary 
interactions, and so, in discussing the properties of complex nuclei, we can 
to a considerable extent take as basis the properties of binary interactions. 

Experimental results concerning nuclei show' that, as the number A of 

t The experimental results concerning the properties of the deuteron show that for T = 0, 
S = 1 the nucleon interaction involves a strong attraction with a deep "potential well (the 
presence of tensor forces makes it difficult to formulate this fact in terms of properties ot the 
functions A[r) and B(r)); in addition, it follows from the sign of the observed quadrupole 
moment of the deuteron that in this state the coefficient B(r) in the tensor forces is negative. 
From nucleon scattering results it follows that for 7" = 1, S = 0 there is also an attraction, 
but one which is weaker and. in particular, does not lead to the formation of a stable system 
of two particles. 
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particles increases, the system of nucleons begins to behave like a macro¬ 
scopic “nuclear matter”, whose volume and energy increase in proportion to 
A (apart from effects due to the Coulomb interaction of protons and the 
existence of a free surface of the nucleus). The property of nuclear forces 
which gives rise to this phenomenon is called saturation. 

The existence of this property imposes certain restrictions on the functions 
Ui, ... ,11^ which determine the binary interactions of nucleons. Let us 
suppose that all the particles are concentrated in a volume whose dimensions 
are of the order of the radius of action of nuclear forces. Then every pair of 
particles interact. If there is a configuration of certain nucleons (and an 
orientation of their spins) for which attractive forces act between every 
pair, then the potential energy of such a system is negative and proportional 
to A~-, the kinetic energy is positive and proportional to A^'^, a smaller 
power of A.f It is clear that under such conditions a sufficiently large 
number of nucleons will in fact be concentrated in a small volume independ¬ 
ent of A, i.e. will not form nuclear matter. The condition for saturation of 
nuclear forces must therefore be expressed as the conditions for the absence 
of configurations leading to a negative interaction energy proportional to 
A^ (see Problem 2). 

The proportionality between the volume of nuclear matter and the number 
of particles is expressed by a relation of the form 

R = roA^l^, (117.5) 

which connects the radius R of the nucleus and the number A of particles 
in it. Experimental results (on the scattering of electrons by nuclei) lead to 
the value ro = IT x 10cm. 

We may determine the limiting momentum of nucleons in nuclear matter 
(cf. §70). The volume of phase space corresponding to particles in unit 
volume of physical space and with momentais ‘hrpyz. Dividing by 
{IttHY, we obtain the number of “cells” in each of which two protons and 
two neutrons can be simultaneously. Putting the number of protons equal 
to the number of neutrons, we obtain 4(47!-/3)(/)o/2rr^)3 = AjV, where V is 
the volume of the nucleus. Substitution of (117.5) gives 

po = {2TT'^AI2Vy^^fi = (97t)1/3^/2i'() 

= 1-4 X 10~^'* g.cm/sec. 

The corresponding energy pyimp, where mp is the nucleon mass, is ~ 40 
MeV, and the velocity polmp « ^c. 


PROBLEMS 

values^oYs Ind 7'"'^ operators of the interaction of two nucleons in states with definite 


The total kinetic energy is therefore 


is proportional to (^f. (70.1)). 
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Solution. The required operators UsT^re obtained from the general e.\pression (117,1) 
—(117.3), using (116.3) and (117.4): 

Uoo = b'l — jb 2 + 64 —lbs, 

IJoi = b/l—Jb' 2 — b-A+lbs, 

UlQ = 61 + 46 ^ 2 + b'4 + Jb''5 + 

+i(b’3+b:8)[3(S.n)’-2], 

Uu = b'l+i b'2—t/ 4 —Jb'5 + 

+«b^-b«[3(§.n)=-2). 

Problem 2. Find the conditions for the saturation of nuclear forces, assuming tensor 
forces absent. The radii of action of forces of all other types are supposed equal. 

Solution. Let us consider some extreme cases (between which lie all other possible 
cases) for the state of a system of A nucleons, and write down the conditions for the inter¬ 
action energy of an “average” pair of nucleons in this system to be positive. 

Let the total spin and the isotopic spin of the nucleus have the greatest possible values: 
Sduc = Teuc = iA (when all the particles in the system are protons with their spins parallel). 
Then for each pair of nucleons we have 5 = T — 1, and the condition is 

U,i >0. (1) 

Next, let Tnuc = "Snuc = 0. Then for each pair of nucleons T = 1, and the mean value 
of Si for an individual nucleon is zero. The latter result means that the nucleon can have 
Si = i and Si = —i with equal probability; under these conditions the probabilities that a 
pair of nucleons are in states with S = 0 or 1 are respectively i and f (being proportional to 
the number 2S +1 of possible values of Si). The condition for the mean energy of the pair 
to be positive is therefore 

+ ( 2 ) 

Similarly, a discussion of the state with Tnuc ” Snuc — iA gives the condition 

iU,B+iU„>0. (3) 

In a state with Tnuc = Snuc = 0, the probability for a pair of nucleonrto have S = T = 1 
is i . i, that for r = 1, S = 0 is i . i, and so on. Hence we find the condition 

931 ... 

—C/jiH—(tfio+ I7oi)+—Loo > 0* 

16 16 16 

Finally, let the system consist of iA protons and iA neutrons, with the spins of all the 
protons in one direction and the spins of all the neutrons in the other direction. An individual 
nucleon can with equal probability be p or n, i.e. have t£ = i or = —i; the probability 
for a pair of nucleons to have T = 0 is i. Here one of the pair of nucleons is p and the other 
n, and hence Sz = 0. This value of Sz can occur with equal probability from states with 
s' = 0 and S = 1. Consequently the probabilities for the pair to be in the states with T = 0, 
S = 0 and T = 0, S = 1 are each i . i = i- The probability of the state with T = 1, 
S = 0 is the same, and the remaining f relates to the state w-ith T = S = 1. Thus we have 
the condition 

i( Loo + Loi + Lio) + |6 ti>0. 

The inequalities (l)-(5) form the required set of conditions for the saturation of nuclear 
forces. 


§118. The shell model 

Many properties of nuclei can be well described by means of the shell 
model, which is basically similar to the structure of the electron shells of an 
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atom. In this model each nucleon in the nucleus is regarded as moving in 
a self-consistent field due to all the other nucleons; owing to the small range 
of action of nuclear forces, this field decreases rapidly outside the volume 
bounded by the “surface” of the nucleus. Accordingly the state of the nucleus 
as a whole is described by specifying the states of the individual nucleons. 

The self-consistent field is spherically symmetrical, and the centre of 
symmetry is, of course, the centre of mass of the nucleus. The following 
difficulty arises here, however. In the self-consistent field method, the wave 
function of the system is constructed as the product (or the appropriately 
symmetrized sum of the products) of the wave functions of the individual 
particles. Such a function, however, does not keep the centre of mass fixed; 
although the mean velocity of the centre of mass calculated from this function 
is zero, it gives a finite probability of non-zero values of the velocity.f 

The difficulty can be avoided by first eliminating the motion of the centre 
of mass in calculating any physical quantity by means of the wave functions 
i/f(ri,..., r^) of the self-consistent field method. Let/(r^Pi) be some physical 
quantity, a function of the coordinates and momenta of the nucleons. Then, 
in calculating its matrix elements by means of the functions ip, we must, 
without changing ipitt), alter the arguments of the function/as follows: 




(118.1) 


where R is the radius vector of the centre of mass of the nucleus, A the 
number of particles in it, P the momentum of its motion as a whole; the 
second change in (il8.1) corresponds to subtracting the velocity V of the 
centre of mass from the velocities Vi of the nucleons, the momentum P 
being related to V by P = AmpV (S. Gartenhaus and C. Schwartz 1957). 

For example, the dipole moment operator of the nucleus is d = e'Ltp, 
where the summation is over all protons in the nucleus. To calculate the 
matrix elements in the self-consistent field method, this operator must be 
replaced by eS(rp — R). The coordinates of the centre of mass of the nucleus 
are 

1 

R = —(2rp+ Sr 71)1 

A P n 


where the summation is over all protons and neutrons. Since the number of 
protons in the nucleus is Z, the dipole moment operator must finally be 
changed thus; 

eSry^e(l-—)Irj,-e—Srn. (118.2) 

p A P A ” 


The protons appear here with an “effective charge” e(l—Z/A) and the 
neutrons with a “charge” -eZ/A. It may be noted that the relative order of 
magnitude of the resulting correction terms in the calculation of the dipole 
moment is seen from (118.2) to be of the order of unity. The corrections in 


t For electrons in an atom this difficulty did not arise, because the centre of mass coincided 
in position with the fixed heavy nucleus, and was therefore necessarily at rest. 
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the calculation of the magnetic and higher electric multipole moments are 
easily found to be of relative order IjA. 

In the non-relativistic approximation the interaction of a nucleon with the 
self-consistent field is independent of the spin of the nucleon: such a depend¬ 
ence can be given only by a term proportional to s.n, where n is a unit 
vector in the direction of the radius vector r of the nucleon, and this product 
is a pseudoscalar, not a true scalar. 

A dependence of the nucleon energy on the spin appears, however, when 
relativistic terms depending on the velocity of the particle are taken into 
account. The largest of these is the term linear in the velocity. From the 
three vectors s, n and v a true scalar n x v.s can be formed. The spin-orbit 
coupling operator of the nucleon in the nucleus is therefore 

-4>{r)nx\.s, (118.3) 

where (f){r) is some function of r; see also the third footnote to §117. Since 
Ttipt X V is the orbital angular momentum M of the particle, the expression 
(118.3) can also be written as 

rsi=-/(r)U, (118.4) 

where / = h(j}lrmp. It should be emphasized that this interaction is of the 
first order in vjc, whereas the spin-orbit coupling of an electron in an atom 
is a second-order effect (§72). This difference is due to t’.e fact that nuclear 
forces depend on the spin even in the non-relativistic approximation, whereas 
the non-relativistic interaction of electrons (Coulomb forces) is not spin- 
dependent. 

The energy of the spin-orbit interaction is mainly concentrated near the 
surface of the nucleus, i.e. the function /(r) decreases inside the nucleus. 
This is because, in infinite nuclear matter, there would be no such interaction 
at all, as is clear from the fact that, the system being homogeneous, there is 
no preferred direction in it which could be that of the vector n. 

The interaction (118.4) brings about a splitting of the nucleon level with 
orbital angular momentum I into two levels with angular momenta/ = l±h 

Since 


l.s = il for j = l+i, 

= _J(l-f-l)fory = /-i 


(according to formula (31.3)), the amount of this splitting is 


Af' = E^-^ — El+^ 


(118 6 ) 
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Experiment shows that the level with 7 = l+\ (the vectors 1 and s parallel) 
is below the level with j = / - i; this means that f{r) > 0. 

The spin-orbit coupling of a nucleon in the nucleus is relatively weak in 
comparison with its interaction in the self-consistent field. It is, nevertheless, 
in general large compared with the energy of the direct interaction of two 
nucleons in the nucleus, on account of the more rapid decrease of the latter 
with increasing atomic weight. 

This relation between the energies of the various interactions has the 
result that the classification of the nuclear levels must be of the jj coupling 
type; the spins and orbital angular momenta of the various nucleons are 
added to give the total angular momenta j = l + s, w'hich are definite 
quantities, since the relation between 1 and s is not affected by the direct 
interaction between the particles (M. Goppert-Mayer 1949; O. Haxel, 
J. H. D. Jensen and H. E. Suess 1949)f. The vectors j of the individual 
nucleons are then added to give the total angular momentum J of the nucleus 
(usually called simply the nuclear spin, as if the nucleus were an elementary 
particle). In this respect the classification of nuclear levels differs essentially 
from that of atomic levels: in the electron shells of the atom, the relativistic 
spin-orbit coupling is in general small in comparison with the direct electric 
and exchange interactions, and so the level classification is usually based 
on LS coupling. 

The state of each nucleon in a nucleus, however, is described by its angular 
momentum j and its parity. Although the vectors 1 and s are not separately 
conserved, the absolute magnitude of the orbital angular momentum of the 
nucleon is nevertheless definite. For the angular momentum j can arise 
either from a state with I = j — \ or from one with I = j+\- For a given 
(half-integral) j, these two states have different parities ( —l)h and so, if 
j and the parity are specified, the quantum number I is determined also. 

The states of nucleons with given / and j are customarily numbered (in 
order of increasing energy) by the “principal quantum number” n, which 
takes integral values starting from l.J The various states are denoted by the 
symbols Ijj, \p^, Ipj, etc., where the figure before the letter is the principal 
quantum number, the letters s,p,d,... indicate as usual the value of /, and the 
suffix is the value ofj. Not more than 2j+ 1 neutrons and the same number 
of protons can simultaneously be in a state with given values of n, I and /. 

The states of the nucleus as a whole (in a given configuration) are 
customarily described by a figure giving the value of J and the sign + or — 
indicating the parity of the state (the latter being determined in the shell 
model by the parity of the algebraic sum of the values of / for all the nucleons). 

From an analysis of experimental results concerning the properties of 
nuclei it is possible to derive a number of regularities in the positions of the 
nuclear levels. First of all, it is found that the energy of the nucleon increases 
with the orbital angular momentum /. This rule arises because, when / 


t The coupling is closer to LS onlj- for the lightest nuclei. 

J Unlike the usual procedure for electron levels in an atom, where the number n takes values 
starting from /-l-l. 
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increases, so does the centrifugal energy of the particle, and its binding 
energy is therefore reduced. 

Next, for a given value of I the level with; = / + i (i.e. that which corres¬ 
ponds to parallel vectors 1 and s) lies below the level with j = This 

rule has already been mentioned in connection with the properties of the 
spin-orbit coupling of the nucleon in the nucleus. 

The following rule relates to the isotopic spin of nuclei. The component 
Tj of the isotopic spin is known to be determined by the atomic weight and 
atomic number of the nucleus (see 116.1)). For a given value of T^, the 
absolute magnitude of the isotopic spin can take any value such that 
T \T^\. Usually, the ground state of the nucleus has the smallest of these 
possible values of the isotopic spin, i.e. 

Tsr = m=h{N-Z). (118.7) 


This rule is due to a property of the neutron-proton interaction, namely that 
in the np system the state with isotopic spin T = 0 (the deuteron state) has a 
greater binding energy than the state with T = \ \ see the fourth footnote to 
§117. 

We can also formulate certain rules relating to the spins of the ground 
states of nuclei. These rules determine the way in which the angular momenta 
j of the individual nucleons add to give the total spin of the nucleus. They 
represent the tendency of protons or neutrons in like states in the nucleus 
to “pair off” wdth opposite angular momenta; the binding energy of such 
pp and 7171 pairs is of the order of 1 or 2 MeV. 

This phenomenon has, in particular, the result that, if the nucleus contains 
even numbers of both protons and neutrons (an even-even nucleus), then 
the angular momenta of all the nucleons balance in pairs, so that the total 
angular momentum of the nucleus is zero. 

If the nucleus contains an odd number of protons or neutrons, however, 
with all nucleons outside closed shells being in like states, the total angular 
momentum of the nucleus is usually equal to that of one nucleon, as if a 
single nucleon were left over after the pairing of all possible pairs of protons 
and of neutrons (the total angular momenta of complete shells being 
necessarily zero). 

For odd-odd nuclei (Z odd and N odd) there is no sufficiently general 
rule to determine the spin of the ground state. 

A discussion of the actual manner in which the shells are filled in nuclei 
would require a detailed analysis of the available experimental results, and is 
outside the scope of this book. Here we shall add only some general remarks. 

In studying the properties of atoms we have seen that their electron states 
can be divided into groups such that the binding energy of the electron 
decreases as each group is completed and the next is begun. A similar 
situation occurs for nuclei, the nucleon states being distributed among the 
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1^1/2 

1^3/2. l/’l/2 
l<f5,2i l<f3/2. 2^1/2 
1/7/2. 2p3/2, 1/5/2, 2^1/2, 1^9/2 
2<f5/2, 1^7/2. 1^11/2, 2^3/2, 3si/2 
2/7/2, 1^9/2, lfl3/2, 2/5/2, 3^3/2, 3/'1/2 

For each group the total number of proton or neutron vacancies is shown. 
According to these numbers the occupation of a group is completed when the 
total number Z of protons or N of neutrons in the nucleus is equal to one of 
the numbers 

2, 8, 20, so. 82. 126. 

These are commonly called magic numbers.^ 

The "doubly magic” nuclei, in which both Z and N are magic numbers, 
are particularly stable. In comparison with adjacent nuclei they have an 
unusually small affinity for a further nucleon, and their first excited states are 
unusually high.J 

The various states in each of the groups (118.8) are listed in approximate 
order of successive occupation in the series of nuclei. In reality, however, 
considerable irregularities are observed in the occupation process. Moreover, 
it must be borne in mind that, in heavy nuclei not close to the magic numbers, 
the distances between the various levels may be comparable with the 
“pairing energy”, and the concept of individual states of components of a 
pair is then itself largely meaningless. 

We may make some comments regarding the calculation of the magnetic 
moment of the nucleus in the shell model. By this we mean, of course, the 
magnetic moment averaged with respect to the motion of the particles in the 
nucleus. This mean magnetic moment p, is evidently in the direction of the 
nuclear spin J, which is the only preferred direction in the nucleus; its 
operator is therefore 

A = (118.9) 

where ^0 is the nuclear magneton and g the gyromagnetic factor. The 
eigenvalue of the projection of this moment is /Iz = ix^jgMj. Usually 
(cf. (111.1)) the magnetic moment fx of the nucleus is taken to be simply 
the maximum value of its projection, i.e. [x = fxogJ- In this notation 

_ ^ = (118.10) 

t states 1/7/8 (8 vacancies) are sometimes placed in a separate group, since the number 
28 also has some magic properties. 

j These nuclei include jHe,, ‘-Os, ISCa^o. %^Pb,a*,: the ^He nucleus is incapable of adding 
another nucleon. 
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The magnetic moment of the nucleus is composed of the magnetic moments 
of the nucleons outside closed shells, since the moments of nucleons in 
completed shells cancel out. Each nucleon produces in the nucleus a magnetic 
moment which consists of tvo parts; a spin part and (in the case of the 
proton) an orbital part, i.e. is represented by the sum ^sS + ^jl. (Here and 
henceforward we omit the factor assuming, as is usual, that magnetic 
moments are measured in units of the nuclear magneton.) The spin and 
orbital gyromagnetic factors are= l,^s = 5-585 for the proton and = 0, 
gs = —3-826 for the neutron. 

After averaging w'ith respect to the motion of the nucleon in the nucleus, 
its magnetic moment becomes proportional to j; writing it in the form gj], 
we have 

g]i=gs&+g^ 

Multiplying both sides of this equation by j = 1 + s and taking eigenvalues, 
we obtain 

gjjU+ 1) ^i{gi+gMi+ 1) +K^-^*)[V+1)]. 

and, putting r = =7 +J, 


g) =gi± 


ge-gl 

21+1 


for j = l±^. 


(118.11) 


With the above values of the gyromagnetic factors, this gives for the magnetic 


(118.12) 


moment of the proton /xp = gjj 


( 2-29 \. 

'S' 

II 

1 

My = y+2-29 

for; = /+i. 

and for that of the neutron 


1-91 . 

Mn — . j 

;+i 

'S 

II 

1 

Mn= -1-91 

forj = l+i 


(118.13) 


(T. Schmidt 1937). 

If there is only one nucleon outside the closed shells, formulae (118.12) 
and (118.13) give directly the magnetic moment of the nucleus. For two 
nucleons, the addition of their magnetic moments is also elementary (see 
Problem 1). When the number of nucleons exceeds two, the averaging of the 
magnetic moment must be effected by means of the wave function of the 
system, constructed in the appropriate manner from the wave functions of 
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the individual nucleons. If the nucleon configuration and the state of the 
nucleus as a whole are given, the wave function can be constructed uniquely 
in cases where only one state of the system with the given values of J and T 
can correspond to the given configuration (see, for example. Problem 3); 
otherwise, the state of the nucleus is a mixture of several independent 
states (with the same J and T), and in general the coefficients in the linear 
combination which gives the wave function of the nucleus remain unknown.f 
Finally, we may mention that the existence of spin-orbit coupling of 
nucleons in the nucleus leads to the appearance of a certain magnetic moment 
of the protons in the nucleus, additional to (118.9) (M. Gbppert-Mayer and 
J. H. D. Jensen 1952). The reason is that, when the interaction operator 
depends explicitly on the velocity of the particle, the case where an external 
field is present is obtained by replacing the momentum operator p by p — eA/c. 
Carrying out this replacement in (118.3) and using the expression (111.7) 
for the vector potential, we find that the Hamiltonian of the proton contains 
an additional term 


e e 

4>{f) -X A.s =f(r) -r x (H x r).s 


cm-B 


2ch 


2cn 


This term is equivalent to the appearance of an additional magnetic moment 
whose operator is 

e 

lt8<id= /(r)rx(sxr) 

2cn 


= - -7T^¥(»'){s - (§.n)n}. (118.14) 

2ch 


PROBLEMS 

Problem 1. Determine the magnetic moment of a system of two nucleons (with total 
angular momentum J = ji + ja), expressing it in terms of the magnetic moments m and p .3 
of the two nucleons. 

Solution. Similarly to the derivation of formula (118.11) we obtain 

I ) , ' ('^-1 "■'-Xh +h +1) 

/ "Wi hr '\>i j:/ J{J+l) 

Problem 2. Find the possible states of a system of three nucleons with angular momenta 
j = 'ill (and the same principal quantum numbers). 

Solution. We proceed as in §67 when finding the possible states of a system of equivalent 
electrons. Each nucleon can be in one of eight states with the following pairs of values 
of (mu T{): 

(3/2, 1/2), (1/2, 1/2), (-1/2, 1'2), (-3 2. 1/2), 

(3/2, -1/2), ( 1/2, -1/2), (-1,2, -1 2). (-3 2. -1,2). 

t Note, however, that the ‘'single-particIe" calculation of nuclear magnetic moments is in 
practice fairly inaccurate. The pairs of values (118.12) and (118.13) are upper and lower 
limits rather than exact values of the moments. 
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Combining these states in groups of three different ones, we find the following pairs of 
values of (Mj, T^-for the system of three nucleons; 

(7/2, 1/2), 2(5/2. 1/2), (^2, 3/2), 4(3/2, 1,2). (1/2, 3,2), 5(1'2. 1'2). 

(The number before the parenthesis indicates the number of such states; states with negative 
\’alues of Mj and Tt; need not be written out.) These correspond to states of the system with 
the following values of (J,T ): 

(7/2, i;2). (5/2, 1,2), (3'2. 3/2), (3 7, 17), (1/2, 1 2). 

Problem 3. Determine the magnetic moment of the ground state of a configuration of 
two neutrons and one proton in p 3 /s states (with the same «), taking account of isotopic 
invariance.'f 

Solution. The ground state of such a configuration has J = Zjl, and from the rule 
given in the text its isotopic spin has the minimum possible value T = IT;! = i- 

Let us determine the wave function of the system corresponding to the greatest possible 
value A/j = 3/2. This value can occur (when Pauli’s principle for two like nucleons is applied) 
for the following sets of values of mj for the nucleons p,n,n respectively: 

(3/2, 3/2, -3/2), (3/2, 1/2, -1/2), (1/2, 3,2. -1/2), (-1/2, 3/2, 1/2). 

Hence the required wave function iI/'tt'!. is a linear combination of the form 




(I) 


where [...] denotes the normalized antisymmetrized product (i.e. a determinant of the form 
(61.5)) of the wave functions ijJ^^ of the individual nucleons. 

The function (1) must vanish under the action of the operators 


3 3 

= and 

i-l i-l 


see §67, Problem. The operators fj‘> convert the proton function of the ith nucleon to the 
neutron function, and the latter to zero. It is therefore easily seen that the operator T- reduces 
the first term in (1) to a determinant with two identical rows, i.e. to zero, while the deter¬ 
minants in the three remaining terms become equal; thus we have the condition 
b-^c-hd = 0 . 

Next, for a single nucleon with j = 3/2 and various values of mj we have, according to 
(27.12), 


Hence we see that the action of the operator J+ on the function (1) gives 




-K2(c-<f)[^;a,/>;a./.La.J; 


the change in sign of some terms is due to interchanging the rows of the determinant. The 
conditions for this expression to vanish are 


a + b—c = 0, c—d — 0. 

Together with the normalization condition for the function (1), these relations give 
o = 3,t/I5, fc=-2/tl5, f = d=I/v'15- 

Since the mean value of the magnetic moment component of the proton (or neutron) m 
a state with given mj is j.pm,:j (or j.„m,!j), we find that the mean value of the angular momen- 


t The nucleus Li' has this configuration (outside the closed shell (Is,,2)*). 
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turn of the system calculated by means of the wave function (1) is 

9 4 1 

fj. = p. I = —Fj-*-—+ —+ 

Id Id 

1 + 1 

Id 3 Id 

From formulae (118.12), (118.13) it follovvs that, for a nucleon in the pj/., state, pn = —1-91 
and Pp = 3-79. Thus p = 3 03. 

Problem 4. Determine the magnetic moment of a nucleus in which all nucleons outside 
closed shells are in like states and the number of protons is equal to the number of neutrons. 

Solution. Since, for N = 2, the component Tt; of the isotopic spin is zero, diagonal 
matrix elements occur only for the isotopic-scalar part of the operator 

n p 

see the end of §116. Separating this part in accordance with formula (116.5), we find that 
it is 

= K?b+?p)J ■ 

n.P 

The total mean magnetic moment of the nucleus is therefore i(gn +gp)J- 

Problem S. Calculate the additional magnetic moment of a nucleon with angular momen¬ 
tum y, expressing it in terms of the spin-orbit splitting (118.6) (M. Gbppert-Mayer and 
J. H. D. Jensen 1952). 

Solution. The averaging of the angular part of the operator (118.14) (the expression in 
braces in that formula, which we denote by 3) is effected by means of the formula derived 
in §29. Problem, The result is 


3 = § —(ln)n 

(S,i)i-l(s.i)-§/(/+i)s 

^ (2/-1)(2/-4 3) ^ ^ 

After complete averaging with respect to the motion of the nucleon, the mean value of o 
can Only be in the direction of j, i.e. S = , whence a = Taking the component of 

the vector (2) in the direction of j (noting that the operator j commutes with l.s), and taking 
eigenvalues of the quantities 1-s, F etc., we easily find the following expression for the addi¬ 
tional magnetic moment of the nucleon (in units of the nuclear magneton): 


Madd = +/(^)- 


mpi^ 2)-^\ 

4(> + l) 


for; = 


(3) 


where mp is the nucleon mass and R the radius of the nucleus. In the averaging of r^f, the 
factor r2 is replaced by R!^ owing to the rapid decrease of/(r) inside the nucleus. The mean 
value / in (3) can be expressed in terms of the spin—orbit splitting by means of (118.6). 


§119. Non-spherical nuclei 

A system of particles in a spherically symmetric field cannot have a 
rotational energy spectrum; in quantum mechanics, the concept of rotation 
has no meaning for such a system. This applies to the shell model of the 
nucleus with a spherically symmetric self-consistent field considered in 
§117. 

The division of the energy of the system into "internal” and “rotational” 
parts has no precise meaning in quantum mechanics. It can only be approxi- 
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mate and is possible where, for physical reasons, the consideration of the 
system as an assembly of particles, moving in a given field which is not spheri¬ 
cally symmetric, is a good approximation. The rotational structure of the 
levels is then a consequence of taking into account the possibility of rotating 
this field with respect to a fixed system of coordinates. Such a case occurred, 
for example, in molecules, whose electron terms can be determined as the 
energ}' levels of a system of electrons moving in a given field of fixed nuclei. 

Experiment shows that the majority of nuclei in fact have no rotational 
structure. This means that the spherically symmetric self-consistent field 
is a good approximation for such nuclei, i.e. they are spherical in shape 
apart from quantum fluctuations. 

There exists also, however, a class of nuclei which have an energy spectrum 
of the rotational type; they lie approximately in the ranges of atomic weight 
150 < ^ < 190 and A > 220. This property means that the approximation 
of the spherically symmetric self-consistent field is entirely inapplicable to 
such nuclei, and for them the self-consistent field must in principle be sought 
without any initial assumptions regardmg its symmetry, in order that the 
shape of the nucleus should also be “self-consistently” determined. Experi¬ 
ment shows that a correct model for nuclei of this type is given by a self- 
consistent field having an axis of symmetry and a plane of symmetry per¬ 
pendicular to it (i.e. having the symmetry of a spheroid). The concept of 
non-spherical nuclei has been most extensively developed in the work of 
A. Bohr and B. R. Mottelson (1952-3). 

It should be emphasized that we are concerned here with two qualitatively 
different classes of nuclei. This is seen, in particular, from the fact that 
nuclei are either spherical or else non-spherical with a “degree of deforma¬ 
tion” that is not small. - 

The occurrence of non-sphericity is favoured by the presence of incomplete 
shells in the nucleus, and the phenomenon of nucle. ii pairing also appears to 
be of considerable importance here. Closed shells, on the other hand, tend 
to give spherical nuclei. A characteristic example is the doubly magic nucleus 
‘(,™Pb: owing to the marked completeness of its nucleon configuration, this 
nucleus (and also those adjoining it) is spherical, and this brings about 
a gap in the sequence of non-spherical heavy nuclei. 

The energy levels of a non-spherical nucleus consist of two parts: the levels 
of the “fixed” nucleus and the energy of its rotation as a whole. In even-even 
nuclei the intervals of the rotational structure of the levels are small in com¬ 
parison with the distances between the levels of the “fixed” nucleus. 

The classification of the levels of a non-spherical nucleus is in many ways 
similar to that for a diatomic molecule consisting of like atoms, since the 
svmmetry of the field in which the particles (nucleons or electrons) move is 
the same in each case. We can therefore apply directly a number of the results 
obtained in Chapter XI.f 

i" It must be emphasized that we are referring to the analogy with the classification^ of 
levels of the diatomic molecule, not of the symmetrical top. For .i system of particles mo\ing 
in an axially symmetric field, the concept of rotation about the field axis has no meaning, like 
that of rotation about any axis for a system in a centrally symmetric field. 
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Let us first consider the classification of states of the “fixed” nucleus. 
In a field with axial symmetry, only the component of the angular momentum 
along the axis of symmetry is conserved. Each state of the nucleus is there¬ 
fore described first of all by the value Q of the component of its total angular 
momentum,! which can be either integral or half-integral. The levels are 
described as even {g) or odd («) according to the behaviour of the wave 
function when the coordinates of all the nucleons (with respect to the 
centre of the nucleus) change sign. 

In addition, for Q = 0 positive and negative states are distinguished, 
according to the behaviour of the wave function on reflection in a plane 
passing through the axis of the nucleus (see §78). 

The ground states of even-even non-spherical nuclei are 0^ (the zero 
indicating the value of D), corresponding to zero angular momentum and the 
highest symmetry of the w'ave function. This is a result of the pairing of all 
the neutrons and protons. If the nucleus contains an odd number of protons 
or neutrons, however, we can consider the state of the “odd” nucleon in the 
self-consistent field of the even-even remainder of the nucleus. Here the 
value of D is determined by the component a» of the angular momentum of this 
nucleon. Similarly, in an odd—odd nucleus the value of Q is obtained from the 
angular momentum components of the odd neutron and proton: 

Q = I aip±co„| . 


It should be emphasized at the same time that we cannot speak of definite 
values of the components of the orbital angular momentum and spin of the 
nucleon. The reason is that, although the spin-orbit coupling of the nucleon 
is small in comparison with the energy of its interaction with the self- 
consistent field of the remainder of the nucleus, it is not small compared 
with the distances between adjoining energy levels of the nucleon in that 
field, as it would have to be for perturbation theory to be applicable, so that 
the orbital angular momentum and the spin of the nucleon could, to a good 
approximation, be considered separately.J 

Let us now consider the rotational structure of a non-spherical nucleus. 
The intervals in this structure are small compared with the spin-orbit 
interaction of the nucleons in the nucleus. This corresponds to case a in 
the theory of diatomic molecules (§83). 

The total angular momentum J of a rotating nucleus is, of course, con¬ 
served. For given Q its magnitude / takes values from Q upwards: 

/= a fil-l-l,fi-i-2,...; (119.1) 

see (83.2). An additional restriction on the possible values of / occurs for 


^ molecules) It 

was defined as the sum A + l and Z can be eitheT''^-,'^? ecules could arise only because Cl 
relative directions of the orbiuil angular momentum and'tlTspm"^^'''''^^’ O" the 

and angulaVmomentum'^'* *e simultaneous conservation of parity 
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nuclei with Q = 0; in states 0? and Ok the number J takes onty even values, 
and in states Og and Oi only odd values (see § 86 ). In particular, in the rota¬ 
tional levels of the ground term for even-even nuclei (0^) the number J 
takes the values 0, 2, 4, ... . 

The rotational energy of the nucleus is given by the formula 

Eroi = %J{J+\), (119.2) 

21 

where I is the moment of inertia of the nucleus (about an axis perpendicular 
to its axis of symmetry); this formula corresponds to the similar expression 
in the theory of diatomic molecules (the term depending on J in (83.6)). 
The lowest level corresponds to the least possible value of J, i.e. 7 = Q. 

On account of (119.2) the rotational structure of the levels is described by 
certain interval rules which do not depend on the other characteristics of 
the level (for given Q). For instance, the components of the rotational 
structure of the ground term of an even-even nucleus (with/ = 2, 4, 6 , 8 , ...) 
are at distances in the ratio 1:3-3:7:12 ... from the lowest level {J = 0). 

Formula (119.2), however, is insufficient for states with Q = |, which 
can occur in nuclei with an odd number of nucleons. In this case there is a 
contribution to the energy, comparable with (119.2), due to the interaction 
of the odd nucleon with the centrifugal field of the rotating nucleus. Its 
dependence on J can be found as follows. 

It is known from mechanics {Mechanics, §39) that the energy of a particle 
in a rotating coordinate system contains an additional term equal to the 
product of the angular velocity of rotation and the angular momentum of the 
particle. The corresponding term in the Hamiltonian of the nucleus can be 
written in the form 26K.O', where b is some constant, K the angular momen¬ 
tum of the remainder of the nucleus (excluding the last nucleon), and a the 
angular momentum of that nucleon. Here the latter must be understood in a 
purely formal sense; in reality, the angular momentum vector of the nucleon 
does not exist in the axial field of the nucleus. This sense is that of an 
operator analogous to the operator of spin i, which gives transitions between 
states with values of the angular momentum component ± i, in accordance 
with the value Q = J.f Since K = J —<t, the eigenvalues of this operator are 


26K.ff = b[J{J+l)-K{K+!)-£. 


Adding for convenience the constant 56 , which is independent of we find 
that this quantity equals + b{J + 5 ) when J = K±\. 

This expression can be written (— l)-^"* b{J -t- 5 ) if we use the fact that t e 
angular momentum K of the even—even remainder of the nucleus is even. 


t The specific property of the case Q = i consists precisely in the existence of matrix 
elements of the energy perturbation for transitions between states differing on y 'gj ® 
the angular momentum component and therefore belonging to the same energy. 1 his brings 

about a shift in energy even in the first approximation of perturbation theory. 

The phenomenon concerned is analogous to the A-doubling of the levels of a diatomic 
e with O = i (§88). 
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Thus we have finally the following expression for the rotational energy' of 
the nucleus with Q = 


A2 

£rot = -^(^+1)+(- lK-‘/26(y+^) (119.3) 

(A. Bohr and B. R. Mottelson 1953). Note that, if the constant b is positive 
and sufficiently large, the level with J = 'ijl may lie below that with J = h, 
i.e. the normal order of rotational levels (where the lowest level corresponds 
to the smallest possible value of J) will be altered. 

The moment of inertia of a non-spherical nucleus cannot be calculated as 
that of a solid of given shape. Such a calculation would be possible only if 
the nucleons moving in the self-consistent field of the nucleus could be 
regarded as not directly interacting. In reality, the pairing effect leads to a 
reduction in the moment of inertia, in comparison with the value for a rigid 
body. 

The magnetic moment p. of a non-spherical nucleus consists of the magnetic 
moment of the “fixed” nucleus and that due to the rotation of the nucleus. 
The former (after averaging over the motion of the nucleons in the nucleus) 
is along the axis of the nucleus; denoting its value by p', and the unit vector 
along the axis of the nucleus by n, we can write it in the form p'n. The mag¬ 
netic moment due to the rotation is (after the same averaging) along the 
vector J -tin, the total angular momentum of the nucleus minus that of the 
nucleons in the “fixed nucleus”.f Thus 

p = p'n+^r{J-f2n). (119.4) 

Here gr is the gyromagnetic factor for the rotation of the nucleus. Since the 
contribution to the magnetic moment in rotation comes only from the protons, 
we have 

gr = + (119.5) 

where /„ and Ip are the neutron and proton parts of the moment of inertia 
of the nucleus; for a system of protons only, = 1 simply. The ratio 
(119.5) is in general not the same as the ratio ZjA of the number of protons 
to the total mass of the nucleus. 

After averaging over the rotation of the nucleus, the magnetic moment 
is in the direction of the conserved vector J; 

A = mJ/-/ = {l^'-^gr)a+grj. 

As usual, we multiply both sides of this equation by J and take eigenvalues. 
In the ground state of the nucleus Q = J, and so 

h- = {N+gr)JKI+l). (119.6) 


t This formulation can be used only (see Problem 2) 
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PROBLEMS 

Problem 1. Express the quadrupole moment Q of a rotating nucleus in terms of the 
quadrupole moment Qc relative to axes fixed to the nucleus (A. Bohr 1951). 

Solution. The operator of the quadrupole moment tensor of a rotating nucleus is given 
in terms of Qd by 

Qik = i!?o(Ki«r-JS ia); 

this is a symmetrical tensor with zero trace, formed from the components of the unit vector 
n along the axis of the nucleus, and £)« = Qo. The averaging with respect to the rotetional 
state of the nucleus is effected similarly to the solution in §29, Problem (with the difference 
that ntfi = n, not zero), and leads to an expression of the form (75.2) with 

302-7(7+1) 

Q = Oo--- 

^ ^ (27+3)(7+l) 

For the ground state of a nucleus with 0 = 7 we obtain 

(27-1)7 

^ (27+3)(7+l) 

As 7 increases, the ratio QlQo tends to 1, but only slowly. 

Problem 2. Determine the magnetic moment in the ground state of a nucleus with 
O = i. 

Solution. In this case the magnetic moment operator can be written by means of the 
operator o introduced in the text, in the form 

p. = 2ij.'a+gr^, K = J—S- 

The subsequent calculation is similar to that in the text. If the value 7 = i corresponds to 
the ground level of the nucleus (and fC = 7-i = 0), we have ^ m 1 >f the ground state 
7 = 3/2 (and K = 7 + i = 2), then m = (9g,-3i/)l5. 

Problem 3. Determine the energies of the first few levels of the rotational structure of 
the ground state of an even-even nucleus having ellipsoidal symmetry. 

Solution. The ground state of an even-even nucleus corresponds toxjhe most symmetrical 
wave function of the “fixed” nucleus, i.e. the function whose symmetry corresponds to the 
representation A of the group Ds. There ate therefore altogether i7+l (for even 7) or 
i( 7 _ 1 ) (for odd 7) different levels for a given value of 7. For 7 - 2 they are given by formu a 
(7) in §103, Problem 3, and for 7 = 3 by formula (8) in §103, Problem 4. 


§120. Isotopic shift 

The specific properties of the nucleus (finite mass, dimensions, spin) 
which distinguish it from a fixed point centre of a Coulomb field have a 
certain influence on the electron energy levels of the atorn. 

One such effect is called the isotopic shift of levels, that is, a change in the 
energy of a level from one isotope of an element to another. In Practice, 
of course, what is of interest is not the change in energy of one level but the 
change in the distance between two levels observed as a spectral line. For 
this reason we must in practice consider not the energy of the entire e ec 
envelope of the atom but only the part due to the electron involved in the 

transition in question. , c thp 

In light atoms the isotopic shift is due mainly to the ^ 

nucleus When the motion of the nucleus is taken into account 
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appears in the Hamiltonian, where M is the mass of the nucleus and the pi 
are the momenta of the electrons.f The isotopic shift due to this effect is 
therefore given by the mean value 

calculated from the wave function of the relevant state of the atom (Mi and 
M 2 being the masses of the nuclei of the isotopes). 

In heavy atoms the main contribution to the isotopic shift comes from the 
finite size of the nucleus. This effect is in practice appreciable only for the 
levels of an outer electron in the s state, since the wave function of the 5 state 
(unlike those of states with / # 0) does not vanish as r -> 0, and so the 
probability of finding the electron “within the nucleus” is comparatively 
large. We shall calculate the isotopic shift for this case. J 

Let be the true electrostatic potential of the field of the nucleus, as 
opposed to the potential Zejr of the Coulomb field of a point charge Ze. 
Then the change in the electron energy in comparison with its value in a 
purely Coulomb field Zejr is given by the integral 

A£ = -e f {<j>-Zelr)^%r)dV, (120.2) 


where ip{r) is the electron wave function; in the r state this function is 
spherically symmetric and real. Although the integration here is formally 
extended to all space, in practice the difference (f>~ Ze/r in the integrand is 
zero except within the nucleus. The wave function of the J state tends to a 
constant limit as r -> 0 (see §32), and this constant value is practically reached 
even outside the nucleus. We can therefore take outside the integral and 
replace ip{r) by its value at r = 0, calculated for the Coulomb field of a point 
charge. 

For a further transformation of the integral we use the identity = 6 
and write (120.2) as 

A£= -^eip^{0)j{^-Zelr)/\r^.dV 
= -i4-(0) jr^-A{4>-Zelr)dV-, 


in transforming the volume integral we have used the fact that the resulting 


t In the centre-of-mass system of the atom, the sum of the momenta of the nucleus and the 
electrons is zero; Pnuc + 2p> = 0, Their total kinetic energy is therefore 




t The calculation given below does not take account of relativistic effects in the motion of 
the electron near the nucleus, and is valid only if the condition holds. 
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integral over an infinitely remote surface is zero. But A(1A) = -47T8(r), 
and r28(r) = 0 for all r. According to the electrostatic Poisson’s equation, 
= - 477 p, and in this case p is the density of the electric charge distribu¬ 
tion in the nucleus. The final result is 

^E = |77^i2(0)ZeV, (120.3) 

where 



is the proton mean square radius of the nucleus; for a uniform distribution 
of protons in the nucleus, 7^ = where R is the geometrical radius of 

the nucleus. The isotopic shift of the level is given by the difference of the 
expressions (120.3) for the two isotopes. 

In §71 an estimate has been given of and it was shown to depend on 
the atomic number (assumed large) as -^Z. Hence the splitting (120.3) is 
proportional to R^Z^. 


§121. Hyperfine structure of atomic levels 

Another effect in atoms due to the properties of the nucleus is the splitting 
of atomic energy levels as a result of the interaction of electrons with the 
spin of the nucleus. This is called the hyperfine structure of the levels. On 
account of the weakness of this interaction the intervals in the hyperfine 
structure are very small, even in comparison with those in the fine structure. 
Hence the hyperfine structure must be considered separately for each com¬ 
ponent of the fine structure. 

The spin of the nucleus will be denoted in this section (in accordance with 
the notation usual in atomic spectroscopy) by i, the notation J being retained 
for the total angular momentum of the electron envelope of the atom. The 
total angular momentum of the atom (including the nucleus) is denoted 
by F = J + i. Each component of the hyperfine structure is described by a 
definite value of this angular momentum. According to the general rules for 
addition of angular momenta, the quantum number F takes the values 

F= ( 121 . 1 ) 


so that each level with given J is split into 2i +1 components if i < J, or 

2J+\\{i > J. , , 

Since the mean distances r between the electrons in the atom are large 
compared with the radius R of the nucleus, an important part in the hyperhne 
splitting is plaved by the interaction of the electrons / 

multipole mom^ents of the nucleus. These are the magnetic dipole and electric 
quadrupole moments; the mean dipole moment is zero (see §73). 

The magnetic moment of the nucleus .s of the order of /xnuc 
wlire are the velocities of the nucleons in the nucleus. The energy of 
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its interaction with the magnetic moment of the electron (/ngi ~ efilmc) is of 
the order of 


r mc^ r® 


( 121 . 2 ) 


The quadrupole moment O ~ ei?-; the energy of interaction of the field 
which it produces with the charge on the electron is of the order of 

eQlr^-e^mjr^. (121.3) 

Comparison of (121.2) and (121.3) shows that the magnetic interaction (and 
therefore the resulting splitting of the levels) is (t^nuc/c) {hjmcR) ~ 15 times 
greater than the quadrupole interaction; although the ratio v^^^jc is 
relatively small, the ratio hjmcR is large. 

The operator of the magnetic interaction of the electrons with the nucleus 
is of the form 


(121.4) 

(similarly to the spin-orbit interaction of the electrons (72.4)). The depend¬ 
ence of the resulting splitting of the levels on F is therefore given by 

JaF(F-t-l); (121.5) 

cf. (72.5). 

The operator of the quadrupole interaction of the electrons with the nucleus 
is constructed from the operator Qnc of the quadrupole moment tensor of 
the nucleus and the components of the angular momentum vector J of the 
electrons. It is proportional to the scalar QtkJtJk formed from these operators, 
i.e. has the form 

b[uik+tkU - |»(f + i)bik]jijk ; (121.6) 

here we have used the fact that Qik is given in terms of the nuclear spin 
operator by a formula of the type (75.2). On calculating the eigenvalues of 
the operator (121.6) (in a manner entirely similar to the calculations in §84, 
Problem 1), we find that the dependence of the quadrupole hyperfine splitting 
of the levels on the quantum number F is given by the expression 

1)2 + ^bF{F+ 1)[1 - 27(7+1) - 2i(* +1)]. (121.7) 

The magnetic hyperfine splitting effect is especially noticeable for levels 
due to an outer electron in the r state, owing to the comparatively high 
probability that such an electron will be near the nucleus. 

Let us calculate the hyperfine splitting for an atom containing one outer s 
electron (E. Fermi 1930). This electron is described bv the spherically 
symmetric wave function i/-(r) of its motion in the self-consistent field of the 
other electrons and the nucleus.f 

t The following calculation assumes that the condition Ze^lHc< \ is satisfied (cf. the second 
footnote to §120). 
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We shall seek the operator of the interaction with the nucleus as the operator 
— /i.H of the energy of the magnetic moment fi = of the nucleus in the 
magnetic field H created (at the origin) by the electron. According to a 
well-known formula of electrodynamics, this field is 

H^iff^dF, (121.8) 

c J r2 

where j is the operator of the current density due to the moving electron spin, 
and r = nr the radius vector from the centre to the element dF.f According 
to (115.4), 

j= -2^BCCurl (\i2g) 

s, 

r2 drdo and carrying out the 


X (n X s) do 


dr 

where is the Bohr magneton. Writing dF = 
integration, we find 

ft - 

0 

= -2mb^2(0)^S. 


The interaction operator is, finally, 

1^18= -/«. H = ^^/ifiB0^(O)i. s. (121.9) 

3i 

If the total angular momentum of the atom 7 = S = the hyperfine 
splitting leads to the appearance of a doublet {F = i±\)] according to 
(121.5) and (121.9) we find for the distance between the two levels 

= (87r/3i)^^B(2* + l)</'^(0). (121.10) 

Since the value of ^(0) is proportional to \/Z (see §71), the magnitude of 
this splitting is proportional to the atomic number. 


PROBLEMS 

Problem 1. Calculate the hyperfine splitting (due to magnetic " Pern,i 

containing (outside closed shells) one electron with orbital angular momentum ( . 

1930). 


t See Field,, (43.7). In that formula, the vector R is in the opposite direction, from dV 
to the centre (the point at which the field is observed). 
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Solution. The vector potential and the magnetic field strength due to the magnetic 
moment n of the nucleus are 

A = ^ _ 3n(^.n)-/i 

,2 ’ ,3 


(div A = 0). Using these expressions, we can write the interaction operator in the form 

i£lA.^ + !i!^H.S = ^5;l.[T+3(S.n)n-l]. 


After averaging over a state with a given value of j, the expression in the brackets is in the 
direction of j. We can therefore write 

f'ij = 2^B;J.j[l.j + 3(S.n)(n.j)-s.j]r-3/y(y+l). 


The mean value of nint has been calculated in §29, Problem. Using this and taking eigen¬ 
values, we find 


Itsti ifi i 1 2^(^+i)s-j-6(s-i)(j-in ~:;/., 
i L (2/-l)(2/ + 3) J '''' 


>+l). 


whence, after a simple calculation, we have finally 


tStJiL±}lF(F+ l)j-3, 

<• yo+i) ^ 


where F = j + i, andy = /±§. The averaging of r-® is with respect to the radial part of the 
electron wave function. 

Problem 2, Determine the Zeeman splitting of the components of the hyperfine structure 
of an atomic level (S. A. Goudsmit and R. F. Bacher 1930). 

Solution. In formula (113.4) (the field being assumed so weak that the splitting which 
it causes is small in comparison with the hyperfine structure intervals), the averaging must 
be effected not only with respect to the electron state but also with respect to the directions 
of the nuclear spin. From the first averaging we get AF = fiBgjJzH, with the same gj 
(113.7). The second averaging gives, analogously to (113.5), 

7 , = a . F)MfIFK 

Thus we have finally 


CiE = fj-Bgr HMf, gr 


^ F(F-H)+7(7+!)-.(. +1) 
" 2F(F+ 1) 


§122. Hyperfine structure of molecular levels 

The hyperfine structure of the energy levels of molecules is similar to that 
of the atomic levels. 

In the great majority of molecules the total electron spin is zero. The main 
source of the hyperfine splitting of the levels is then the quadrupole inter¬ 
action of the nuclei and the electrons; here, of course, only those nuclei 
participate in the interaction whose spin i is neither 0 nor J, since otherwise 
their quadrupole moment is zero. 

On account of the comparative slowness of the motion of the nuclei in the 
molecule, the averaging of the quadrupole interaction operator with respect 
to the state of the molecule is effected in two stages: first we must average 
with respect to the electron state for fixed nuclei, and then with respect to 
the rotation of the molecule. 
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Let us first consider the diatomic molecule. The first averaging gives an 
interaction of each nucleus with the electrons that is expressed by an operator 
proportional to the scalar Qiknin/c formed from the operator of the quad- 
rupole moment tensor of the nucleus and the unit vector n along the axis of 
the molecule—the only quantity which determines the orientation of the 
molecule with respect to the direction of the nuclear spin. Since Qu = 0, 
this operator can be written in the form 

buikintn^-^Bik)-, ( 122 . 1 ) 

for a given value of the component of the nuclear spin along the axis of the 
molecule, this quantity is —Jf(i +1)]- 

When the operator (122.1) is averaged w^ith respect to the rotation of the 
molecule, it is expressed in terms of the operator ft of the conserved rotational 
angular momentum. The averaging of the product is effected by means 
of the formula derived in §29, Problem (with the vector K in place of I), 
and the result is 

- - iitk[i^iR:k+Mt-^BaK{K+ 1 )]. ( 122 . 2 ) 

{2K--i){2K+3) 3 t yj v y 

The eigenvalues of this operator are found in the same way as for (121.6). 

For a polyatomic molecule we obtain in general, instead of (122.1), an 
operator of the form 

bikhik, (122.3) 

where bik is a tensor with zero trace which is a certain characteristic of the 
electron state of the molecule. After averaging with respect to the rotation of 
the molecule, this tensor is given in terms of the total rotational angular 
momentum J by a formula of the type 

bik = b[JiJk+JkJi-lAJ+ l)aa]. (122.4) 

The coefficient b can in principle be expressed in terms of the components 
of the tensor bik relative to the principal axes of inertia of the molecule 
since these axes are fixed in the molecule, the components b^^ etc. 
are a property of the molecule and unaffected by the averaging. Let us con¬ 
sider the scalar bfkJiJk- A calculation using (122.4) gives 


bikJiJk = bJ[J+ l)[M-^+1) - 1]; (122.5) 

the method is similar to that used in §29, Problem. Expanding the tensor 
product in components along the axes we obtain 

bikJiJk = + (122.6) 


where we have used the fact that the mean values of the products JgJ^ etc. 
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are zero.f The mean values of the squares 7 ^ etc. are found, in principle, 
from the wave functions of the corresponding rotational states of the top! 
In particular, for a symmetrical top we have simply 

J'i = A2; j|, jf= i[J(J+ 1)_;^2]. 

If the spins of the nuclei are the quadrupole interaction is absent. In 
this case one of the main sources of hyperline splitting is the direct magnetic 
interaction between the nuclear magnetic moments. The operator of the 
interaction of two magnetic moments ^ = juiii/q, fia = ^ 212/12 is given by 

7-rT[‘i-‘2- 3(ii.n)(t2.n)]. 

To calculate the splitting energy, this must be averaged with respect to the 
state of the molecule, as described above. 

When the molecule contains heavy atoms, comparable contributions to the 
hyperfine splitting are given by the direct interaction and by the indirect 
interaction of the nuclear moments through the electron envelope. Formally, 
this interaction is an effect In the second approximation of perturbation 
theory with respect to the interaction of the nuclear spin with the electrons. 
By means of the results of §121 we easily find that the ratio of this effect to 
the direct interaction of the nuclear moments is of the order {Ze^/hcf, and it 
comparable with unity for large Z. 

Finally, some contribution to the hyperfine splitting of molecular levels 
comes from the interaction of the nuclear magnetic moment with the rotation 
of the molecule. The rotating molecule, being a moving system of charges, 
creates a certain magnetic field, which may be calculated, using the formulae 
of electrodynamics, from the given current density j = pSl x r, where p is 
the charge density (of electrons and nuclei) in the molecule at rest, and £2 its 
angular velocity of rotation. The magnitude of the level splitting is found as 
the energy of the magnetic moment of the nucleus in this field; the com¬ 
ponents of the angular velocity of the molecule must be expressed in terms 
of those of its angular momentum (cf. §103). 


t For in a representation where the matrix of one component of J {Jr, say) is diagonal the 
hv T have non-aero elements only when th'^ quantum fumber^ 

fnnXs V’ ^“"‘^hons of stationary states of an asymmetrical top include 

functions ijijk with values of k differing by an even number (see §103). 



CHAPTER XVII 


ELASTIC COLLISIONS 


§123. The general theory of scattering 

In classical mechanics, collisions of two particles are entirely determined 
by their velocities and impact parameter (the distance at which they would 
pass if they did not interact). In quantum mechanics the very wording of the 
problem must be changed, since in motion with definite velocities the concept 
of the path is meaningless, and therefore so is the impact parameter. The 
purpose of the theory is here only to calculate the probability that, as a result 
of the collision, the particles will deviate (or, as we say, be scattered) through 
any given angle. We are speaking here of what are called elastic collisions, 
in which the particles, or the internal state of the colliding particles if these 
are complex, are left unchanged. 

The problem of an elastic collision, like any problem of two bodies, amounts 
to a problem of the scattering of a single particle, with the reduced mass, in 
the field I17(r) of a fixed centre of force.f This simplification is effected by 
changing to a system of coordinates in which the centre of mass of the two 
particles is at rest. The scattering angle in this system we denote by B. 
It is simply related to the angles &, and giving the deviations of the two 
particles in the laboratory system of coordinates, in which the second particle 
(say) was at rest before the collision; 

tan S-i =/n 2 sin &/(mi+7712 cos&), ^z=^{n—6), (123.1) 

where mi, m 2 are the masses of the particles (see Mechanics, §17). In par¬ 
ticular, if the masses of the two particles are the same {mi = m 2 ), we have 
simply 

^i = ie, &2=K"-^); (123.2) 

the sumS'i + ^j= i.e. the particles diverge at right angles. 

In this chapter we shall always use (unless the contrary is specifically 
stated) a system of coordinates in which the centre of mass is at rest, and m 
will denote the reduced mass of the colliding particles. 

A free particle moving in the positive direction of the z-axis is described 
by a plane wave, which we take in the form ip = i.e. we normalize so that 
the current density in the wave is equal to the particle velocity v. The 
scattered particles are described, at a great distance from the scattering 

t Here we neglect the spin—orbit interaction of the particles (if they have spin). By assuming 
the field to be centrally symmetric, we exclude from consideration also processes such as the 
scattering of electrons by molecules. 
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centre, by an outgoing spherical wave of the form f{e)eii‘rlr, where /(d) is 
some function of the scattering angle 6 (the angle between the’xr-axis and the 
direction of the scattered particle). This function is called the scattering 
amplitude. Thus the exact wave function, which is a solution of Schrodinger’s 
equation with potential energy L\r), must have at large distances the asymp¬ 
totic form ^ 

>p X ei’‘^+f{e)e*>‘'lr. (123.3) 

The probability per unit time that the scattered particle will pass through 
a surface element dS = r^do (where do is an element of solid angle) is 

) I/I* = zj|/|*do.f Its ratio to the current density in the incident 
wave IS 

da = |/(6»)|2 do. (123.4) 

This quantity has the dimensions of area, and is called the effective cross- 
section, or simply the cross-section, for scattering into the solid angle do. 
If we put do = In sin 0 d6, we obtain for the cross-section 

do = 2n sin & \f{6)\^ d6 (123.5) 

for scattering through angles in the range from B to B-^-dB. 

A solution of Schrodinger’s equation for scattering in a central field U(r) 
must evidently be axially symmetric about the tr-axis, the direction of the 
incident particles. Any such solution can be represented as a superposition 
of wave functions of the continuous spectrum, corresponding to motion, in 
the field concerned, of particles with given energy H^k^Zm and orbital 
angular momenta having various magnitudes I and zero ^-components ■ 
these functions are independent of the azimuthal angle f round the ^r-axis’ 

i.e. they are axially symmetric. Thus the required wave function has the 
form 


^ e)Rki{r), 


(123.6) 


where the Ai are constants and the R^i are radial functions satisfying the 
equation ^ ^ 

i_j r, ^ /(/+!) 2m,., 

r* dri" + L ~ = 0- (123.7) 

distances the function 

(123.6) has the asymptotic form (123.3). We shall show that this implies that 


- ^21+ l)ii exp{i8i). 


_ (123.8) 

effects) but finite diaphragm" as happen?in^actuafe* defined by a wide (to avoid diffraction 
fore no interference between the t?o terms of , / scattering. There is there- 

is taken at points where there is no incident wavr''**’"" squared modulus 
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where the 8i are the phase shifts of the functions Rici- This will also solve 
the problem of expressing the scattering amplitude in terms of these phases. 
The asymptotic form of the function R/d is given by (33.20): 

Rhl ~ - sin (kr - U-n 4- Sj) 
r 

= -riC -iy exp[i(/!r + Sj)] -f' exp[ - i{kr + S^)]. 
ir 

Substituting this and (123.8) in (123.6), we obtain the asymptotic expression 
for the wave function in the form 
00 

0 % (2/4-1)Pj(cos 0)[(-l)'+ie-«'='-4-5jei*’-], (123.9) 

2ikr jzi 

with the notation 

Si = exp(2fSi)- (123.10) 

The expansion of the plane wave (34.2), with the same transformation, is 
00 

eikz a —y (2/+ l)Pt(cos e)[(- l)'+ic-<*'-+ «<*’•]. 

2ikr ^ 


We see that, in the difference ^ —all terms containing the factors 
disappear, as they should. For the coefficient of in this difference, i.e. 
the scattering amplitude, we obtain 

1 ” 

/(®) =Try(2/+l)[S,-l]P,(cose). (123.11) 

2tk ^ 

1-0 


The formula solves the problem of expressing the scattering amplitude in 
terms of the Sj (H. Faxen and J. Holtsmark 1927).t 

If we integrate dcr over all angles, we obtain the total scattering cross- 
section (T, which is the ratio of the total probability (per unit time) that 
the particle will be scattered to the probability current density in the incident 

t The problem of recovering the form of the scattering potential from the phases 
(assumed known) is of fundamental interest. This has been solved by I. M. Gel’fand, B. M. 
Levitan and V. A. Marchenko. It is found that, to determine C/(r), it is in principle sufficient 
to know 8(|(A) as a function of the wave number throughout the range from k = 0 to k = <xi, 
together with the coefficients an in the asymptotic expressions (for r-»co) Rnii^(finlr)e~ n’’ 
( k „ = \/(2m\En\)lli) of the wave functions of states corresponding to the discrete (negative) 
energy levels En (if any). Th.; determination of U(r) from these data requires the solution of a 
certain linear integral equation. This topic is fully discussed by V. de Alfaro and T. Regge, 
Potential Scattering, North-HoIIand, Amsterdam. 1965. 
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wave. Substituting (123.11) in the integral 
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(T = Zrr j |/(^)P sin ff d6, 

0 

find rec allin g that the Legendre polynomials with different / are orthogonal, 
while 

77 

J Pi2{cos 0) sine d^ = 2/(21+1), 

0 

we have for the total cross-section 

4 ^ ^ 

O = — '^(2l+l)sin2Si. (123.12) 

/-o 

Each of the terms in this sum is a partial cross-section ai for the scattering 
of particles with given orbital angular momentum /. It may be noted that the 
maximum possible value of this cross-section is 

<Jl.max = (47r/A2)(2/+l). (123.13) 

Comparing this with formula (34.5), we see that the number of particles 
scattered with angular momentum / may be four times the number of such 
particles in the incident flux. This is a purely quantum effect due to inter¬ 
ference between the scattered and unscattered particles. 

It will be useful later to employ also the partial scattering amplitudes 
fi, which we define as the coefficients in the expansion 

/(6>) = Z(2/-f-l)/iP,(cos0). (123.14) 

According to (123.11) these are related to the phases S; by 

1 1 

/' = ^‘5t-l) = —(e2«.-l), (123.15) 

and the partial cross-sections are 

a, = 477(2/4-1)1/,|2. (123.16) 


PROBLEM 

L'=T(p,!‘'; =7""+ “crflux Scti^n field 


■ IS a super- 




(!) 
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Here (b is the angle between the e-axis and the direction of scattering ,/(<^) the scattering amplitude, 
which in the two-dimensional case has the dimensions of square root of length. The factor 
^ (.xp(- 5 i 7 t) under the root sign is included in order to simplify the subsequent formulae. Ihe 
scattering cross-section per unit length in the j-direction is 

do = 1/Pd^- 


This has the dimensions of length. 

The wave function is to be expanded in terms of functions having a definite jv-component m ot 
the angular momentum, in the form Q„{p)e""*. At large distances from the scatterer the radial 
functions differ from those found in §34, Problem, for free motion only by a phase shilt; 

Q„(p) aii”7(2/tt^p)sin[A:p -|jt (m -|) +5„], 

with = Repeating the arguments of §123 and using the plane wave expansion from §34, 
Problem, we "find thai the function having the asymptotic form (1) is given by the series 

>l<= 1 e-‘-QAp)e-’^, 


and the scattering amplitude is 




Integration gives the total cross-section 


ZJl 


l/l^d^ = X where tr„ = ff-n = (4/A) sin^ 5„. 


( 2 ) 


It is easily seen that 


im/(0) = V(A/8a:)(T, 


(3) 


which is the optical theorem for the two-dimensional case; see (125.9). 

§124. An investigation of the general formula 

The formulae which we have obtained are in principle applicable to 
scattering in any field U{r) which vanishes at infinity. The use of these 
formulae involves only an examination of the properties of the phases Sj 
which appear in them. 

To estimate the order of magnitude of the phases S, for large values of /, 
we use the fact that the motion is quasi-classical for large I (see §49). Hence 
the phase of the wave function is determined by the integral 

r, 

where is a zero of the expression under the radical (r > Tq being the classi¬ 
cally accessible region of motion). Subtracting from this the phase 


§124 An investigation of the general formula 509 

of the wave function of free motion, and letting r ->■ co, we obtain, by 
definition, the quantity S;. For large values of /, the value of also becomes 
large; U{r) is therefore small throughout the range of integration, and we 
have approximately 

8, = - jmU{r)drlh2 (124.1) 

r. 

In order of magnitude this integral (if convergent) is 

Si ~ mU(ro)rolkfi^. (124.2) 

The order of magnitude of is ~ Ijk. 

If i7(r) vanishes at infinity at l/r”withw > 1, the integral (124.1) converges, 
and the phases 8^ are finite. On the other hand, for « < 1 the integral 
diverges, so that the phases S^ are infinite. This holds for any I, since the 
convergence or divergence of the integral (124.1) depends on the behaviour 
of U{r) for large r, while at large distances (where the field U(r) is weak) 
the radial motion is quasi-classical for all 1. We shall show below how the 
formulae (123.11), (123.12) are to be interpreted when Si is infinite. 

Let us first consider the convergence of the series (123.12) which gives the 
total scattering cross-section. For large /, the phases Sj <| 1, as is seen from 
(124.1) if we take into account the fact that U{r) decreases more rapidly 
than 1/r. Hence we can put sin^Si « Si^, and so the sum of the high terms 
in the series (123.12) will be of the order of ZJSi^. From the well-known 

integral test for the convergence of series, we conclude that the series in 

CO 

question Converges if the integral | ISi^dl does so. Substituting here (124.2) 
and replacing I by kr^, we obtain the integral 

CO 

J i72(ro)ro3dro. 

If U{r) decreases at infinity as 1/r" with w > 2, this integral converges, 
and the total cross-section is finite. If, on the other hand, the field U{r) 
decreases not more rapidly than l/r^, the total cross-section appears to be 
infinite. The physical reason for this is that, when the field falls off only 
slowly with distance, the probability of scattering through small angles 
becomes extremely large. In this connection we may recall that, in classical 
mechanics, in any field which vanishes only as r -> oo, a particle passing 
at any finite impact parameter p, however large, always undergoes a deviation 
through some angle which, though small, is not zero; hence the total 
scattering cross-section is infinite for any law of decrease of U{r).\ In 
quantum mechanics, this argument is invalid, since we can speak of scat¬ 
tering through a certain angle only if this angle is large compared with the 
indeterminacy in the direction of motion of the particle. If the impact 
parameter is known to within Ap, an indeterminacy hjC^p is caused in the 

f This is seen from the divergence of the integral j 27r/> dp which gives the total 
section in classical mechanics. 


cross- 
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transverse component of momentum, i.e. an indeterminacy hlmvisp m 

the angle. . 

In view of the important part played by small-angle scattering when U{r) 
decreases only slowly, the question naturally arises whether the scattering 
amplitude /{B) diverges for 6=0, even when U{r) decreases more rapidly 
than l/r2. Putting 6 = 0 in (123.11), we obtain for the high terms in the sum 
an expression proportional to^S^/Sj. Arguing as in the previous case, our 
search for the criterion of the convergence of the sum leads us to the integral 

CO 

I t/(ro)ro2 drc, 

which diverges for U{r) ~ 1/r" with « ^ 3. Thus the scattering amplitude 
becomes infinite at 6 = 0 for fields which decrease not more rapidly than 

. ... 

Finally, let us consider the case where the phase S, itself is infinite, as hap¬ 
pens when U{r) ~ 1/r" with w ^ 1. It is evident from the results obtained 
above that, when the field decreases so slowly, both the total cross-section 
and the scattering amplitude for 6 — 0 will be infinite. There remains, 
however, the problem of calculating/(6) for 6^0. First of all, we notice 
that the formuIaT 


2{2/+1)Pj{cos 6) = 48(l-cos6) (124.3) 

1-0 

holds. In other words, the sum vanishes for all 6 ^ 0. Hence, in the 
expression (123.11) for the scattering amplitude, we can omit unity in the 
square brackets in each term of the sum when 6 0, leaving 

CO 

= —- y (2/-bl)P,(cos6)e2«i. (124.4) 

2tk ^ 
i-o 


If we multiply the right-hand side of the equation by the constant factor 
the cross-section will be unchanged, since it is determined by the 
squared modulus \f{6)\^, while the phase of the complex function/(6) 
is changed only by an unimportant constant. On the other hand, the diver¬ 
gent integral of U{r) cancels in the difference Sj —So of expressions such as 


+ This formula is the expansion of the delta function in Legendre polynomials, and c 
immediately verified by multiplying both sides by sin 6 Ti(cos 6) and integrating 
Here the integral 



dx 


of the even function 6 (jc) is taken to be 
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(124.1), and a finite quantity remains. Thus, to calculate the scattering 
amplitude in the case considered, we can use the formula 

1 

f{e) = — 2 (2/+l)P/(cose)e2i«i-«.). (124.5) 

i-o 


§125. The unitarity condition for scattering 

The scattering amplitude in an arbitrary’ (not necessarily central) field 
satisfies certain relations which follow from general physical requirements. 

The asymptotic form of the wave function at large distances for elastic 
scattering in an arbitrary field is 

1 

4> X e'^~^' + -/(n,nV*r (125.1) 

r 

This expression differs from (123.3) in that the scattering amplitude depends 
on the directions of two unit vectors, one (n) in the direction of incidence of 
the particles and the other (n') along the direction of scattering, and not only 
on the angle between them. 

Any linear combination of functions of the form (125.1) with different 
directions of incidence n also represents a possible scattering process. 
Multiplying the functions (125.1) by an arbitrary coefficient F{n) and inte¬ 
grating over all directions n (solid angle element do), we can write such a linear 
combination as the integral 

r ^ 

F(n)e<‘^“'do+— J F(n)/(n,n') do. (125.2) 

Since the distance r is arbitrarily large, the factor ci*rn.n' jn the first integral 
is a rapidly oscillating function of the direction of the variable vector n. 
The value of the integral is therefore determined mainly by the regions near 
those values of n for which the exponent has an extremum (n = ± n'). In 
each of these regions the factor F(n) x F{± n') can be taken outside the 
integral, and the integration then givesf 

g-ikT ^kr gikr g 

27 riF{-n’) -2Trt-F(n')-+- /(n,n')F(n) do. 

kr kr r j 

This expression can be written in a concise operator form, omitting the 
common factor Irrilk: 

g-ikr ^kr 

—F{-n')-—SF{n'). (125.3) 

■f To calculate the integral, we displace the path of integration with respect to the variable 
= cos 6 (6 being the angle between n and n') in the complex ^-plane in such a way that it 
bends into the upper half-plane, the end points ^ = ± 1 being kept fixed. Then the 
function decreases rapidly as we move away from these end points. 
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S=l+2ikf (125.4) 

and/is the Integral operator defined by 

/F(n') = - f /(n,n')F(n) do. (125.5) 

47r J 

The operator 5 is called the scattering operator, the scattering matrix, or simply 
the S-matrix\ it was first used by W. Heisenberg (1943). 

The first term in (125.3) represents a wave going in to the centre, and the 
second a wave going out from the centre. The conservation of the number of 
particles in elastic scattering is expressed by the equality of the total fluxes 
of particles in the ingoing and outgoing waves. In other words, these two 
waves must have the same normalization. To achieve this, the scattering 
operator must be unitary (§12), i.e. we must have 

= 1, (125.6) 


or, substituting (125.4) and carrying out the multiplication, 

/_/+ = 2ikff\ (125.7) 

Finally, using the definition (125.5), we can write the urdtarity condition for 
scattering in the form 

/(n,n') - /*(n',n) = ^ J/(n,n")/*(n',n'') do". (125.8) 

For n = n' the integral on the right-hand side of the equation is just 
the total scattering cross-section o = f |/(n»n'')l^ do". The difference 
on the left-hand side of the equation reduces in this case to the imagmarj' 
part of the amplitude /(n,n). Thus we obtain the following general relation 
between the total elastic scattering cross-section and the imaginary part of 
the amplitude of scattering through an angle zero: 

im/(n,n) = fta/47r. (125.9) 


This is called the optical theorem for scattering. 

Another general property of the scattering amplitude can be derived from 
the requirement of symmetry with respect to time reversal. In quantum 
mechanics this symmetry is expressed by the fact that, if a function describes 
any possible state, then the complex conjugate function <p also correspon s 
to a possible state (§18). Hence the wave function 


Akr 


-ikr 


-F*(-n') - S*F*{n'), 


which is the complex conjugate of (125.3). also describes some possible 
scattering, process. We define a new arbitrary function by putting 


iTAn/riTlnO Usinrt^ unit^rity of the operator 5, we then have 
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The unilarity condition for scattering 
F*(n')= = -fa)(-n'); 
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using the operator P of inversion of the coordinates, which changes the sign 
of the vectors n and n', we can write 

F*(-n') = PF*(n') = -P§P<i>{n'). 

Thus we obtain the time-reversed wave function in the form 

g-lkr gtkr _ 

-(D(-n')-P,§P<D(n'). 

r r 

This must be essentially the same as the original wave function (125.3). 
Comparison shows that this implies the condition 

Mp = (125.10) 

then the two functions differ only in the notation for the arbitrary function. 

The corresponding relation for the scattering amplitude is found by 
changing from the operator equation (125.10) to a matrix equation. Trans¬ 
position interchanges the initial and final vectors n and n', while inversion 
changes their sign. Hence we have 

5(n,n') = 5(-n',-n), (125.11) 

or, what is the same thing, 

/(n,n')=/(-n',-n). (125n2) 

This relation (called the reciprocity theorem) expresses the obvious result that 
the amplitudes are the same for tw'o scattering processes such that each is the 
time reversal of the other. Time reversal interchanges the initial and final 
states and reverses the direction of motion of the particles in those states. 

For scattering in a central field, the general relations obtained above can be 
simplified. In this case the amplitude /(n,n') depends only on the angle 6 
between n and n'. The equation (125.12) therefore becomes an identity. 
The unitary condition (125.8) becomes 

imm = A J /(y)/*(/)'do", (125.13) 

where y, y‘ are the angles between n, n' and some direction n" fixed in space. 
If we use the expansion (123.14) for/ (0), the addition theorem (c.lO) for 
spherical harmonics gives from (125.13) the following relation for the partial 
amplitudes: 


im/i = k\fi\^. 


(125.14) 
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This formula can also be derived directly from the expression (123.15), 
according to which | likfi + 11 ^ = 1. The optical theorem (125.9) is also easily 
deduced directly from formulae (123.11) and (123.12) for the case of scatter¬ 
ing in a central field. 

Rewriting (125.14) as im(l//i) = —k, we see that the amplitude fi must 
have the form 

= (125.15) 

where= gi{k) is a real quantity; it is related to the phase 8; by 

gi = k cot 8/. (125.16) 

We shall several times make use of this formula for the amplitude. 

Let us examine (for scattering in a central field) the relation between the 
scattering operator defined above and the quantities which appear in the 
theory given in §123. 

Since the orbital angular momentum is conserved in a central field, the 
scattering operator commutes with the angular momentum operator. In 
other words, the S matrix is diagonal in the I representation, and since the 
operator S is unitary its eigenvalues must have unit modulus, i.e. must be of 
the form with real 8/. It is easy to see that these quantities are the same 
as the phase shifts of the wave functions, so that the eigenvalues of the S- 
matrix are the quantities Si defined in (123.10). The eigenvalues of the 
operator f = {S— \)j2ik are the partial amplitudes (123.15). For, if we take 
Pj(cos 6) as the function F{n) (so that F{ — n) = Pj( —cos 6) = ( —l)*Pj 
(cos 6)), the wave function (125.3) must be the solution of Schrodinger’s 
equation represented by a term in the sum (123.9). Thus SPi{cos 6) = 
SiPi{cos 6). 

For a plane wave incident along the z-axis. the function P(n) in (125.3) is 
the delta function F = 48(1 — cos 8), where 6 is the angle between n and the 
a^-axis, the delta function is defined as indicated in the second footnote to §124, 
and the coefficient of it is so chosen as to give simply f{6) on substitution on 
the right-hand side of the definition (125.5); 6 is now the angle between n' 
and the a-axis. Writing the delta function in the form (124.3): 

P= 48(l-cose) = |;(2/+l)P/(cos0), (125.17) 

i-o 

and applying the operator / to it, we find that the scattering amplitude has the 
form (123.14), as it should. 

Finally, we may add the following remark. Mathematically, the unitary 
condition (125.8) signifies that not every' specified function/ (n,n') can be the 
scattering amplitude in some field. In particular, not every function/(6) can 
be the scattering amplitude in some central field. From (125.13), a certain 
relation must hold between its real and imaginary parts. If we write 
f(e) = |/|e‘“, then, when the modulus [/j is given for all angles, (125.13) 
gives an integral equation from which the unknown phase ct(^) can in principle 
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be determined. In other words, from a scattering cross-section (i.e. ] /12) 
known for all angles we can in principle recover the amplitude. This process 
is, however, not completely unique and determines the amplitude only to 
within the alternative 

m - (125.18) 

which leaves the equation (125.13) unchanged (and of course does not alter 
the cross-section J f l^; the transformation (125.18) is equivalent to a simul¬ 
taneous change of sign ot all the phases in (123.11)). This non-uniqueness 
is, however, removed if the scattering amplitude is regarded as a function of 
energy as well as angle. We shall see below (§§128, 129) that the analytical 
properties of the amplitude as a function of energy are not invariant under 
the transformation (125.18). 


§126. Born’s formula 

The scattering cross-section can be calculated in a general form in a very 
important case, namely that where the scattering field may be regarded as a 
perturbation.! It has been shown in §45 that this is possible when either of 
the two conditions 


|t/KA2/ma2 (126.1) 

and 

|f/[ hvla = {h^jma^)ka (126.2) 

holds, d being the range of action of the field U{r) and U the order of magni¬ 

tude of the field in the range where it is significant. When the first condition 
is satisfied, the approximation is valid for all velocities; the second condition 
shows that it is always applicable for sufficiently fast particles. 

In accordance with §45, we seek the wave function in the form tp — 
where = c*’’ corresponds to an incident particle having 
wave vector k = p/^. From formula (45.3) we then have 

^^Kx,y,z) = f ( 126 . 3 ) 

J R 

Taking the origin at the scattering centre, we introduce the radius vector 
Rq from the origin to the point where the value of is required, and 
denote by n' a unit vector along R^. Let the radius vector of a volume 
element dV be r ; then R = ^.t large distances from the centre, 

Rq P so that 

R = |Ro —r'l a Rq— r' . n'. 

Substituting this in (126.3), we have the following asymptotic expression for 

t In the general theory derived in §123 this approximation corresponds to the case where all 
the phases S, are small; it is also necessary that these phases can be calculated from Schrodin- 
ger’s equation with the potential energy regarded as a perturbation (see Problem 4). 
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eikR, 




Zrrh^ Ro 


I dV' 


(where k' = An' is the wave vector of the particle after scattering). Compar¬ 
ing this with the scattering amplitude given by formula (123.3), we find for 
the latter the expression 

f -- — f (126.4) 

where we have renamed the variable of integration and introduced the vector 


q = k'—k, 

(126.5) 

whose absolute magnitude is 


q = 2k sinjfi. 

(126.6) 


e being the angle between k and k', i.e. the scattering angle. 

Finally, squaring the modulus of the scattering amplitude, we have the 
following expression for the cross-section for scattering into the solid angle 
element do; 


do 


m2 

4^ 


IJ 


Ue-ii-rdV 


do. 


(126.7) 


We see that the scattering with a momentum change hq is determined by the 
squared modulus of the corresponding Fourier component of the field U. 
Formula (126.7) was first obtained by M. Born (1926). In the theory of 
collisions, the approximation considered here is often called the Born approxi¬ 
mation. 

It may be noted that, in this approximation, the relation 

/(k.k')=/*(k',k) (126.8) 


holds between the amplitudes of the direct and inverse scattering processes, 
i.e. processes differing by the interchange of the initial and final momenta, 
without the change of sign such as occurs in time reversal. Thus another 
symmetry property, in addition to the reciprocity theorem (125.12), appears 
in scattering. This property is closely related to the smallness of the scatter¬ 
ing amplitudes in perturbation theory, and follows immediately from the 
unitarity condition (125.8) if we neglect the integral term quadratic in^.t 
Formula (126.7) can also be obtained by another method (which, however, 
does not determine the phase of the scattering amplitude). ^ We c^ 
from the general formula (43.1), according to which the transition probability 


+ Hence u .is clear that this property no longer holds .n even the second approximation of 
perturbation theory. This will be proved directly in §130; cf. (130.13). 
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between states of the continuous spectrum is given by the expression 
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Awfi = {l-nlh)\lJfi\^h{Ef-Ei)Avf. 

In the case under consideration, we have to apply this formula to a transition 
from the state of the incident particle with momentum p to the state of the 
particle, with momentum p', scattered into the element of solid angle do'. 
As the interval of states dvf we can take d®/)'/(2Tr^)3. Substituting for the 
difference of the final and initial energies 

Ef-Ei = {p'2-p2)l2m, 

we obtain 

-p2) dZp'l(2rrk)S. (126.9) 

The wave functions of the incident and scattered particles are plane waves. 
Since we have taken as the interval of states dvf an element of pllnh space, the 
final wave function must be normalized by the delta function of p/27tA ; 

(126.10) 

We normJiize the initial wave function to unit current density: 

(126.11) 

Then (126.9) will have the dimensions of area, and is the differential scattering 
cross-section. 

The presence of the delta function in formula (126.9) means that/)' = p, 
i.e. the absolute magnitude of the momentum is unchanged, as it should 
be in elastic scattering. We can remove the delta function by changing to 
spherical coordinates in momentum space (i.e. by replacing d^p' by p'^dp' 
do' = J/)'d(/)'2)do'l) and integrating over p'^. The integration amounts to 
replacing/)' by/) in the integrand, and we obtain 

do = {mpl^^h^)\ J^p.*C7^pdrpdo'. 

Substituting the functions (126.10), (126.11), we reach once more the final 
expression (126.7). 

In the form (126.7), this formula is applicable to scattering in a field 
U{x, y, z) which is any function of the coordinates, and not only a function of 
r. In the case of a central field U{r), however, this formula can be further 
transformed. In the integral 

I £7(r)e-<q-rdF 

we use spherical space coordinates r, Q., with the polar axis in the direction 
of the vector q, denoting the polar angle by to distinguish it from the 
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scattering angle 6. The integration over S- and<^ can be effected, and we obtain 


CO JT 


J* J* U{r)e*i^ sinfi- dSd^dr ~ ^ j ^(’')-’’ 


0 0 0 


Substituting this expression in (126.4), we obtain the following formula 
for the scattering amplitude in a centrally symmetric field: 


/= - 



(126.12) 


For 0 = 0 (i.e. q = 0), the integral diverges when lJ{r) decreases at infinity 
not more rapidly than l/r^ (in acordance with the general results of §124). 

We may call attention to the following interesting fact. The momentum p 
of the particle and the scattering angle 0 enter (126.12) only through q. Thus, 
in the Born approximation, the scattering cross-section depends on p and 0 
only in the combination p sin |0. 

Returning to the case of arbitrary fields U{x,y,z), let us consider the 
limiting cases of small velocities {ka 4, 1) and large velocities {ka > 1). For 
small velocities, we can put f-"*-*’ « 1 in (126.4), so that 


while liV — U{t), 


/ = 



UdV, 


/ = 


2m 


CO 

J f/(r)r2dr. 
0 


(126.13) 


(126.14) 


Here the scattering is isotropic and independent of the velocity, in accord¬ 
ance with the general results of §132. 

In the opposite limiting case of high velocities, the scattering is markedly 
anisotropic and mainly forward in a narrow cone of angle A0 ~ 1/Aa; since 
outside this cone the quantity q is large, the factor is a rapidly oscillating 
function, and the integral of its product with the slowly varying function 
U is almost zero. 

The law of decrease for large q is not universal and depends on the specific 
form of the field. If the field I7(r) has a singularity at r = 0 or at any 
other real value of r, the integral (126.12) is mainly determined by the range 
near the singular point, and the cross-section decreases according to a power 
law. The same applies to the case where the function U{r) has no singularity 
but is not an even function; here the region near r = 0 is the most irnportant 
in the integral. If U{r) is an even function of r, however, the integration may 
be formally extended to negative values of r, i.e. taken along the whole of the 
real axis of the variable r, after which (if U{r) has no singularity on the real 
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axis) the path of integration may be moved into the complex plane until it 
meets the nearest complex singularity. Then, for large q, the integral will 
decrease exponentially. It should be borne in mind, however, that the Born 
approximation is in general inadequate to calculate this exponentially small 
quantity (see also §131). 

Although the value of the differential scattering cross-section within the 
cone A0 ~ Ijka does not depend greatly on the velocity, the total scattering 
cross-section (assuming that the integral J do does converge) decreases at high 
energies owing to the decreasing angle of the cone, in proportion to the solid 
angle of the cone, i.e. as (Afl)^ ~ or inversely as the energy. 

In many physical applications of collision theory the quantity which 
describes the scattering is the integral 

otr =J (1—cos6)do, (126.15) 

often called the transport cross-section. Arguments similar to those given above 
show that at high velocities this quantity is inversely proportional to the square 
of the energy. 


PROBLEMS 

Problem 1. Determine, in the Bom approximation, the scattering cross-section for a 
spherical potential well: U = —Uf, lor r < o, C7 = 0 (or r > a. 

Solution. The calculation of the integral in (126.12) gives 

( m C/oo* \ * (sin 50 — qa cos qaY 

-I -do. 

/ {qaf 


The integration over all angles (which is conveniently effected by using the variable 
q = 2k sin \6 and replacing do by 2 it 5 d?/^*) gives the total scattering cross-section 


o 


2 ir/m£/oa 2 \S r 1 sin 4^ 
*2 / L ~ (Ikap^ (Zkaf 


sin® 2 Ao“| 

(2Aa)«J’ 


In the limiting cases this formula gives 


c 


a 


<) \ hi } 

2tt 

hi } 


for 

ka <1 1 , 

for 



Problem 2. The same as Problem 1, but in a field U = 

Solution. The calculation is conveniently effected from formula (126.7), taking the 
direction of q along one of the coordinate axes. The result is 


and the total cross-section is 


do = Jirat 

Tri / mUoai\^ 


do. 


2*2 V hi 


fmUoai'\i 
\ hi ) 

^ (l-e- 2 *'«'). 
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The condition for these formulae to be applicable is given by the inequalities (126.1), (126.2) 
with C/o in place of U. The formula for do is also inapplicable if the exponent is large in 
absolute magnitude.t 

Problem 3. The same as Problem 1, but in a field U = (a/r)e“’’'“. 

Solution. The calculation of the integral in (126.12) gives 


The total cross-section is 


/ama 

do = 4o2( _ \ 


do 


\ *2 / ( 9 ^ 02 + 1)2 

1 


( ixma\ 

- 1 - 

^2 ) ik^a^+\ 


The condition for these formulae to be applicable is found from (126.1) and (126.2) with 
a/o instead of C7; amajh^ 1 or ajhv I. 

Problem 4. Determine the phases 8i for scattering in a centrally symmetric field for the 
case corresponding to the Bom approximation. 

Solution. For the radial wave function x = fi? for motion in the field U{r), and for the 
function for free motion, we have the equations (see (32.10)) 


X<oi'+[ 


/(/+1) 2m 


2m “I 

-^4=0. 


* 2 - 


/(/+!) 1 
r2 J 


x'®' = 0. 


Multiplying the first equation by x*°*> the second by x> and subtracting, followed by integra¬ 
tion with respect to r (using the boundary condition x = 0 at r = 0), we obtain 


x'(>')x'®‘('-)-x(t)x'“'W = J l/xx<®' dr. 


V 


Regarding U as a perturbation, we can put uu the right-hand side. For r-»oo the 

asymptotic expressions (33.12), (33.20) can be used on the left-hand side, while in the integral 
we substitute the exact expression (33.10). The result is 


00 

TTtft r 

sinSi !=»8| = - — b’(r)[/n.i,z(Ar)]2r dr. 

0 


This formula could also be derived by a direct expansion of the Bom scattering amplitude 
(126.4) in Legendre polynomials in accordance with (123.11) (for small Si). 

Problem 5. Determine in the Born approximation the total scattering cross-section in a 
field U = a/(r*-t-o*)”‘'* with k> 2, for fast particles (/ro^l). 

Solution. We shall see that in this case the partial amplitudes with large angular 
momenta / are predominant in this scattering. The cross-section may therefore be calculated 
from formula (123.11). replacing the summation over / by integration; in the Born approxi¬ 
mation, all Si<^\, so that 

oc 

a 5: 2/8,2 d/. (1) 

0 

f The inapplicability of perturbation theory in this case is easily seen by calculating the 
scattering amplitude in the second approximation (see (130,13)); although the coefficient of the 
exponential is small in comparison with the coefficient in the first-approximation term, the 
magnitude of the negative exponent is only half as great. 
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The phases &i with large / are calculated from (124.1); 

CO 

j. _ am r dr 

' ~ J (r2 + fl2)>.2(/,2_/2 >2)1.2 


By the substitution r* + a“ = + the integral is brought to the familiar Euler form, 

and the result is 


mak”-^ r(l)r(i>i-i) 

2/i2{a2/,2 + ;2)(n-i)'2 r(ln) 


( 2 ) 


The integral (1) is determined by the range /~flA>l, and this justifies the assumption made. 
A calculation of the integral gives the result 


o 


it2 rr(ln-l)-|2/ ma \2 

K- 2 L r(ln) J Wi2fln-2j ■ 


(3) 


According to (126.2), the condition for the Born approximation to be valid in this case is 
Note the dependence which is in accordance with the general 

statement made above. 

Problem 6 . Determine in the Born approximation the scattering amplitude in the two- 
dimensional case of a field U = U(x, a) with the particle flux incident along the z-axis. 

Solution. Using the second footnote to §45 and the kno’ u asymptotic expression of the 
Hankel function 

* /—as ii-*oo, 
vl vu 


we find for the correction to the wave function at large distances i?o from the field axis (the 
y-axis) the expression 


^ ' 


V-Rc ’ 


where the scattering amplitude is 


with p = (x, >) the two-dimensional radius vector, d'^p = d.vd^, and (j) ihe scattering angle in the 
-plane. In the two-dimensional case, the scattering amplitude has the dimensions of square root 
of length, and the scattering cross-section d<T = |/pd^ those of length. 


§127. The quasi-classical case 

Let us investigate the manner in vtLich the passage occurs from the 
quantum-mechanical theory of scattering to the limit of the classical theory. 

Omitting from consideration a scattering angle 6 of zero, we can write 
the scattering amplitude given by the exact theory in the form (124.4): 

m = (l/2iA)jS (2/-|-l)jP,(cos (127.1) 

We know that the quasi-classical wave functions are characterized by having 
large phases. It is therefore namral to suppose that large phases S, 
correspond to the passage to the limit of the classical theory of scattering. 
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The value of the sum (127.1) is mainly determined by the terms with large /. 
Hence we can replace P, (cos 6) by the asymptotic expression (49.7), which 
we write in the form 

Pl(cosfl) a_^- [e«I+l/2)tf+l,T/4_e-IU+l/2W-l»r/4]_ 

\/{2-tTl sin 6) 

Substituting this expression in (127.1), we obtain 


/(») 


--2 /—^ 
k ^ V 2-n sin 6 


^grt2i,-('+t/2)fi-»r/41_g«2i,+(I+l/2)ff+iT/4lJ, 


(127.2) 


The exponential factors, regarded as functions of Z, are rapidly oscillating 
functions, since their phases are large. The majority of the terms in the 
sum in (127.2) therefore cancel. The sum is mainly determined by the range 
of values of / near that for which one of the exponents has an extremum, 
i.e. near the root of the equation 


2 d8,/dZ±e = 0. 


(127.3) 


In this region there are a large number of terms in the series for which the 
exponential factors have almost the same value (since the exponents vary 
slowly near the extremum), and which therefore will not cancel. 

The phases hi in the quasi-classical case can be written (see §124) as the 
limit to which the difference between the phase 


T 

J ^{2m{E-V{r)]-m{l+\flr^) dr 


of the quasi-classical wave function in the field L/(r) and the phase 

kr—\hr 

(see §33) of the wave function of free motion tends as r ^ co. Thus 
00 

8, = J jiv[2;n(£- C/)-^2(/-|-i)2/r2]-*j dr+iir(/+J)-Aro. (127.4) 

r. 

This expression is to be substituted in equation (127.3), In finding the 
derivative of the integral, it must be remembered that the limit of integration 
also depends on Z; the term k dr^jdl arising from this, however, cancels 
with the derivative of the term —kr^ in Sj. 

^(/-p^) is the angular momentum of the particle. In classical mechanics, 
it can be written in the form mpv, where p is the impact parameter, and v 
is the velocity of the particle at infinity. We make this substitution; equation 
(127.3) then takes the final form 
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J 


mvp dr 


r^y/\lm{E— U)—(mvplr)^] 




(127.5) 


In a repulsive field this equation has a root (for p) only for a minus sign in 
front of 6 on the right-hand side, and in an attractive field only for a plus 
sign. 

Equation (127.5) is exactly the same as the classical equation which deter¬ 
mines the scattering angle from the impact parameter (see Mechanics, §18). 
It is easy to see that the classical expression for the cross-section is in fact 
obtained. 

To prove this, we expand the exponent in (127.2) in powers of/' = 1 — Iq{6), 
where lo{6) is determined by equations (127.3)-(127.5). We shall take in 
particular the first term in (127.2), and accordingly the lower sign in (127.3) 
(repulsion). According to (127.3), 


[d 28 ,/d/ 2 ]i=j. = ide/d/o. 


and so 


/[2Si - (/+ i)e - iTr] »/[28,. - (lo+i)0 - H -t- ii(de/dio)n. 

The summation over / in (127.2) is now replaced by integration over /' near 
the point /' = 0. Regarding /' as a complex variable, we take the path of 
integration near this point in the direction of steepest decrease of the ex¬ 
ponent, i.e. at an angle of Jtt or — Jtt to the real axis, according to the sign of 
d0/dZo. In other words, we put I' = i exp( ± JtV) and integrate over real 
values of owing to the rapid convergence of the integral, it can be extended 
from — 00 to 00 : 


J 


exp(-K2|de/d/ol)d| = (277ld/o/de|)»/2. 


The result is 


^ {/[2\-(/o + i)e-H}. (127.6) 


Hence 


da = \f\- .2-77 sin 6 d6 

= 277(/o//i2)|d/o/d(9|d0, (127.7) 

and with the impact parameter p = lo/h we arrive at the classical formula 
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dcT = 2ttp dp. 

Thus the conditions for classical scattering through a given angle 6 are 
that the value of / for which (127.3) holds should be large, and that 8; should 
also be large for this value of Z.f This latter condition has a simple inter¬ 
pretation. If we can speak of classical scattering through an angle 6 when 
the particle is incident at an impact parameter p, it is necessary that the 
quantum-mechanical indeterminacies of these two quantities should be 
relatively small: Ap < p, A6 6. The indeterminacy in the scattering 
angle is of the order of magnitude Afl ~ ^plp, where ^ is the momentum of 
the particle and A/) is the indeterminacy in its transverse component. Since 
Ap ~ ^ Pi we have A6 > filpp, and thus 

6 > hipmv. (127.8) 

Replacing the angular momentum mpv by hi, we obtain 61 p I, which is 
the same as Sj > 1 (since 8j ~ 16, as we see from (127.3)). 

The classical angle of deviation of the particle can be estimated as the 
ratio of the transverse momentum increment Ap during the “collision time’’ 
T ~ p/v and the original momentum mv. The force acting on the particle at a 
distance p is F = -dt/(p)/dp; hence Ap ~ Fpjv, so that 6 ~ Fplmv^. This 
estimate is strictly valid only if 6 <| 1, but it can be applied to give an order 
of magnitude even if 0 ~ 1. Substitution in (127.8) gives the condition for 
quasi-classical scattering in the form 

|F|p2 > hv. (127.9) 

This inequality must hold for all values of p such that | U{p)\ ^ E. 

If the field U{r) decreases more rapidly than l/r, the condition (127.9) 
always ceases to be satisfied for sufficiently large p. Small 6, however, 
correspond to large p; thus scattering through sufficiently small angles is 
never classical. If, on the other hand, the field decreases less rapidly than 
l/r, the scattering through small angles is classical; whether the scattering 
through large angles is classical in this case depends on the behaviour of the 
field at small distances. 

For a Coulomb field, U = ajr, the condition (127.9) is satisfied if a > hv. 
This is the opposite condition to that for which the Coulomb field can be 
regarded as a perturbation. We shall see, however, that the quantum theory of 
scattering in a Coulomb field leads to a result which, as it happens, is always 
in agreement with the classical result. 


■f- The relation between 6 and p given by (127.S) may not be one-to-one; more than one 
value of p may correspond to the same value of d. In such a case, the amplitude/(0) is given 
by the sum of (127.6) with the appropriate values of /„. At extrema of e(p) the derivative 
dp/dS and therefore the classical differential cross-section do/do become infinite; near such 
an angle, the classical approximation is of course invalid (see Problem 2). 
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The quasi-classical case 

PROBLEMS 

Problem 1 . Find the total cross-section for cjuasi-classical scattering in a held which has 
the form U = ajr” (ti > 2) at sufficiently large distances. 

Solution. Bearing in mind that the phases S, with large I are the most important, we 
calculate them from (124.1); 

00 

tnx r dr 

S, --- 

J r"V(A2-P/r2) 

Hk 

maA"-2 r(J)r(in-i) 

“ ~2A=/"-l r(Jn) ■ 

see §126, Problem S, for the calculation of the integral. 

Replacing the summation in (123.12) by an integration, we write 


4ir r 

c = — \ 21 sin^S; d/. 

J 

0 

We substitute Si = u and integrate by parts with respect to h, reducing the integral to a 
gamma function. The result is 


o 


2j,n/m-I) jiri 



n-lj Vn-l/LTTj^’J Wj 


( 2 ) 


For n = 3. the indeterminacy can be resolved to give o = 2»r*a/fiu. 

The chief condition for the applicability of this result is that / > 1 for S| ~ 1; this gives 
the inequality 

^ 1 . 

A further condition arises from the requirement that the field C/(r) should have the form in 
question from distances 


r~llk 

outwards (/ being obtained from 5; ~ 1), these distances playing the principal part in the 
integral (1). If this form is reached only at distances r > o, where a represents the charac¬ 
teristic dimensions of the field, we have the condition 


malk^ka”-^ > 1, 

which places an upper limit on the permissible velocities. In this case, for sufficiently high 
velocities (ma/fi»*o"-> « 1), c ~ (cf. §126, Problem 5), 

angular distribution of scattering near an extremum of the classical 
scattering angle e{p) as a function of the impact parameter p = Ijk. 

n2^7°3rthirr rhJ‘’L / = /. implies, according to 

(1Z7.3), that the phase 5, near this point has the form 

2bi % 26/^ +6o/'+ W 

rlVlLTj'tL re^bv'^’aXTsitfvrretV^" ”.3). 

function m. For the scattering rmplitude w^^ave instad oTo 27.^ " 

“ ^( 2 ;^^)''’ /"’‘P ;'(-2-e-t-ix/-3)}d/'. 
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where B' = 6—B„. Expressing the integral in terms of the Airy function by means of (b.3), 
we finally have for the scattering cross-sectiont 


da = 





dr 


The differential cross-section do/dS' decreases with increasing distance into the classically 
inaccessible region of scattering (^'>0 for a<0, or 5'<0 for a>0); on the other side of the 
point 6'>0, it o'^cillates between zero and a gradually decreasing amplitude. Its maximum 
value occurs for = 102, where = 0 00. 

Problem 3. Find the angular distribution of quasi-classical scattering at small angles, if 
the classical angle of deviation 6 is zero for some finite value of p = Ijk. 

Solution. The assumption of quasi-classical scattering means here that /o ^ 1 find 
< 1. Then the values of / close to /q are important in scattering. For small /' = /—/q we 
have 

then, according to (127.3), 0 = 0 for /' = 0. This expression is to be substituted in (127.1), 
and Fi(cos 0) can be written in the form (49.6). The summation over / is again replaced by 
integration over I' near the point /' = OiJ 


/ = (Iti'ik) exp (2iS,) I Jo(l6) exp {ipi"-) dl'. 


The integral is determined by the range /' ~ For angles B <^ \/p, we can take the 

function JoilB) outside the integral and use its value at / = /o- The remaining integral is 
calculated as shown above. The result for the cross-section is II 

do = (‘Tlo‘^!^k'-)Jo^(lQ6) do 

A similar result is found for the cross-section for scattering at angles close to w if the clas¬ 
sical scattering angle tends to ii for some finite (non-zero) value of p. 


§128. Analytical properties of the scattering amplitude 
A number of important properties of the scattering amplitude can be 
established by considering it as a function of the energy E of the particle 
undergoing scattering, this energy being formally regarded as a complex 
variable. 

Let us consider the motion of a particle in a field U{r) which vanishes 
sufficiently rapidly at infinity (the necessary degree of rapidity will be specified 
later). To simplify the discussion we shall first suppose that the orbital 
angular momentum / of the particle is zero. We can write down the asymp¬ 
totic form of the wave function (the solution of Schrodinger’s equation with 
/ = 0 for any given value of E) as 

t This type of scattering occurs in the theory of the rainbow, and it is therefore called 

rainbow scattering. . ^ -t 

I Strictly speaking, the amplitude should include a term representing t e <^n ri 
small-angle scattering from impact parameters p^oo. This contribution, owever. is in 
general small in comparison with that shown 

II This type of scattering is called luminescence, from its occurrence in the theory of certain 

meteorological, phenomena. 
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X = = A{E) exp{^ - - - 'rj +£(£) - -rj, (128.1) 

and regard £ as a complex variable, defining \/—E as being positive when E is 
real and negative. The wave function is assumed normalized by some definite 
condition, say ip(0) = 1. 

On the left half of the real axis (E < 0) the exponential factors in the two 
terms in (128.1) are real; one decreases and the other increases as r co. 
From the condition that y is real it follows that the functions A{E) and B{E) 
are real for £ < 0, and from this in turn it follows that these functions have 
complex conjugate values at any two points lying symmetrically about the 
real axis: 

A(E*) = A*{E), £(£*) = £*(£). (128.2) 

On going from the left half to the right half of the real axis through the 
upper half-plane we obtain an asymptotic expression for the wave function 
for £ > 0 in the form 

X = A{E)e^'‘r+B{E)e-<i^, k = ^{2mE)lh. (128.3) 

If a path through the lower half-plane is used, however, the result is 

X = ^•(£)e-‘*’-+jB*(£)e<*^ 

Since x must be a single-valued function of £, this means that 

A{E) = £•(£) for £ > 0; (128.4) 

this relation also follows directly from the fact that y real for £ > 0. 
Nevertheless, because the root yf—E in (128.1) is not single-valued, the co¬ 
efficients A(E) and £(£) themselves are not single-valued. To avoid this, we 
cut the complex plane along the right half of the real axis. The cut makes 
■yJ—E single-valued, and so the functions A{E) and £(£) are uniquely 
determined. They have complex conjugate values on the upper and lower 
edges of the cut (in (128.3), A{E) and £(£) are taken on the upper edge). 

The complex plane cut in the manner described above will be called a 
physical sheet of the Riemann surface. According to our definition we have 
everyw'here on this sheet 

reV--E'>0. (128.5) 

In particular, on the upper edge of the cut \/ —£ thus defined becomes 
-iVE.\ 


t In the rest of this section we shall be considering the properties of the scattering amplitude 
on the physical sheet. Later, however, it will sometimes be necessary to consider another 
non-physical sheet of the Riemann surface (see §134). On this sheet 


reV-£<0. (128.Sa) 

The passage from the right half of the axis to the non-physical sheet is made directlv down 
through the cut 
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In (128.3) the factors and and so also the two terms in Xi are 

quantities of the same order of magnitude; an asymptotic expression of the 
form (128.3) is therefore always legitimate. Everywhere else on the physical 
sheet the first term in (128.1) decreases exponentially, and the second term 
increases exponentially, as r co (because of (128.5)). Hence the two terms 
in (128.1) are of different orders of magnitude, and this expression may not 
be legitimate as the asymptotic form of the wave function: the small term 
compared with the large one may represent an unjustified exaggeration of 
accuracy. For the expression (128.1) to be legitimate the ratio of the small 
and large terms must not be less than the relative order of magnitude of the 
potential energy UjE, which is neglected in Schrodinger’s equation on going 
to the asymptotic region. In other words, the field U{r) must be such that 


/ 2-\/{2m) 

U(r) decreases more rapidly than exp I-r re 

\ h 

When this condition is satisfied, for any re.^( 
decreases more rapidly than 


\/ — Ej asr ^ CO. (128.6) 
— £) > 0, that is, if U (r) 


e-" (128.6a) 

with any positive constant c, the asymptotic expression of the form (128.1) 
is valid everywhere on the physical sheet. Being a solution of an equation 
with finite coefficients, it has no singularity with respect to E. This means 
that the functions A E) and B(E) are regular everywhere on the physical 
sheet except the point E = 0, which, being the point where the cut begins, 
is a branch point of these functions. 

The bound states of a particle in the field U{r) correspond to wave functions 
which vanish as r ^ co. This means that the second term in (128.1) cannot 
appear, i.e. the discrete energy levels correspond to zeros of the function 
B{E). Since Schrodinger’s equation has only real eigenvalues, all the 
zeros of B{E) on the physical sheet are real (and lie on the left half of the real 
axis). 

The functions A{E) and B{E) for E > 0 are directly related to the scattering 
amplitude in the field U{r): comparing (128.3) with the asymptotic expression 
for X written in the form (33.20), 

X = constant X — (128.7) 

we see that 

-A{E)IB{E) = e2«c(E>. (128.8) 

The Scattering amplitude with angular momentum / = 0 is, according to 
(123.15), 

1 h (A \ 

fo = - 1 ) =-(— +1 ) ; 

2ik 2^/{-2mE)\B / 


(128.9) 
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here A and B are taken on the upper edge of the cut 

phvs°S .W amplitude as a function of E over the whole 

func tion Ifth^Lw^ ]’Tr^ simple poles of this 

cu^cn she. .,.a. .he „.a..e..i„g amph.ud. S othertSaf^^S 
discretrieTelf*” & Tcf To V''' amplitude at its pole for some 

b. the fuocof . aS r.s^de^:t“;,:;^~r4r 


2m 

= 0 , 


/ \“ 2m dy, 

fe) - 


2m 




(cx 
CE ^[pE 




(128.10) 


e apply this relation for E - En and r rr, Tt... • ► i 

suDstitute X from (128.1), using the fact that, near the point E = Eo, 

API se A(,E„) . A,. B(£, . (ffT!£i|)fdB/<l£7e.e. ■ «£H.|£i|). 

The result is 






m 


2\Eo\ 


By means of these expressions we find that, near the point E = F th. r. ■ 
term .„ the scattering amplitude (i.e. .he amplLde fori .% has"™; 


/= - 


1 


(128.11) 


2m B+jBol’ 

mtaeVw S M^ffietat'r'“r 

' coetticient Aq m the asymptotic expression 

V'(2«|£'o|) \ 

oexp^ --(128.12) 

of the normalized wave lunction of the corre.. r 

Returning to the examination of the anak i stationary state, 

amplitude, let us consider cases where Properties of the scattering 

_ condition (128.6) is not satisfied. 

t Except the point E = 0 , which is singular h, 
previously mentioned The scattering amplitude h si'^K^laritv of A(E) and RfPl 

In future we shall, for brevity, omit this qualifia,,^®''®''. ''^'^ains finite as (see §132). 
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In such fields only the increasing term in (128.1) is the correct part of the 
asymptotic form of the solution of Schrodinger’s equation over the whole 
of the physical sheet. Accordingly, we can, as before, assert that the function 
B{E) has no singularity. 

The function A{E) under these conditions can be determined in the complex 
plane only as an analytical continuation of the function which is the coefficient 
in the asymptotic expression for x on the right half of the real axis, where the 
two terms in x are both legitimate. In general, however, such a continuation 
now gives different results according as it is carried out from the upper or the 
lower side of the cut. To obtain a single-valued function, we shall agree to 
define A{E) in the upper and lower half-planes as the analytical continuation 
from the upper and lower sides of the right half of the real axis respectively; 
the cut must then in general be extended to the whole of the real axis. The 
function thus defined has as before the property = A*(E), but in 

general is not real either on the right or on the left half of the real axis. It 
may also, in principle, possess singularities. 

We shall show, however, that there is nevertheless a class of fields for 
which the function A(E) has no singularity on the physical sheet, although 
the condition (128.6) is not satisfied. 

To do so, we regard x as a function of a complex variable r for a given 
(complex) value of E. Here we need only consider values of E in the upper 
half-plane, since the values of the function A(E) in the two half-planes are 
complex conjugates. For values of r such that Er^ is real and positive, the 
two terms in the wave function (128.1) are of the same order, i.e. we return 
to the situation which occurs when £ > 0 and r is real, when both terms in the 
asymptotic expression for x are legitimate for any field U(r) which tends to 
zero at infinity. We can therefore say that A(E) cannot have singular points 
for values of E such that U(r) ->■ 0 when r -> co along a line on which Er^ > 0. 
When E takes all values in the upper half-plane, the condition Er^ > 0 
selects the lower right quadrant in the complex r-plane. Thus w'e conclude 
that A{E) also has no singularity on the physical sheet when lJ{r) satisfies the 
condition! 

U{r) -> 0 when r ^ oo in the right half-plane (128.13) 

(L. D. Landau 1961). 

'I’he conditions (128.6) and (128.13) cover a very wide class of fields. We 
can therefore say that the scattering amplitude usually has no singularity in 
the two half-planes. On the left half of the axis (which is part of the physical 
sheet if not cut) the scattering amplitude has poles corresponding to the 
energies of the bound states; when the cut exists, there may be other singu¬ 
larities also. 

This happens, in particular, in fields of the form 


t Since U(r) is real on the real axis V(r*) = thus the romlition (12S.13) is sattslieil 

throughout the right half-plane if it is satisfied in the lower right t|U;ulr:int. 
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(128.14) 


with any K. On the segment 0 < -E < h^/Sma^ of the left half of the axis, 
the condition (128.6) holds, and so there need not be a cut; the scattering 
amplitude has only poles corresponding to the bound states. On the remainder 
of the left half of the axis there may be redundant poles and other singu¬ 
larities-(S. T. Ma 1946). The appearance of these is due to the fact that the 
function (128.14) no longer tends to zero when r oo along a line on which 
Er'^ > 0, as soon as E moves below the left half of the axis (i.e. this line falls 
to the left of the imaginary axis in the complex r-plane). 

Next, let us consider the analytical properties of the scattering amplitude 
as |£'| -v CO. When £■->-(- co along the real axis, the Born approximation is 
valid and the scattering amplitude tends to zero. According to the above 
discussion, this situation also occurs whefi E tends to infinitj' in the complex 
plane along any line arg E = constant, if we consider complex values of r 
for which Er^ >0. If f/ -»• 0 when r -*■ co along a line arg r = — ^ arg E, 
and U{r) has no singular point on this line, then the condition for the Born 
approximation to be valid is satisfied and the scattering amplitude again tends 
to zero. When arg E takes all values from 0 to -r, arg r takes values from 
0 to 

We therefore conclude that the scattering amplitude tends to zero at 
infinity in all directions in the £:-plane if the function U{r) has no singular 
point in the right half-plane of r and tends to zero at infinity. 

Although we have have spoken throughout of scattering with angular 
momentum 1=0, all the above results are in fact valid for the partial scatter¬ 
ing amplitudes with any non-zero angular momentum. The ordy difference 
in the derivations is that, instead of the factors asymptotic expres¬ 

sions for Xt we should have to use the exact radial wave functions for free 
motion (33.16).-t- 

Some changes are needed in formulae (128.9) and (128.11) when 1^0. 
Instead of (128.7) we now have 


XI = rRi = consxzntx{cxp[i{kr-iln + 8i)]-exp[-i(kr-il7r+Si)]}, (128.15) 
and for the partial amplitude/; (defined according to (123.15)) we obtain 

h 


fi = 




(128.16) 


The prmcipal term in the scattering amplitude near the level E = Eo with 
angular momentum I is given by the formula 


limiting expressions would involve^n error in y wh'ich'^i ° magnitude, the use of these 
arises from neglecting U in Schrodinger’s equation. * greater than that which 
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/ « (2/ + l)/iP/(cos 6) 

1 

^ (- 1 ) 1^1 (2/+l)P;(cosg) (128.17) 

zm ii4-|Co| 


instead of (128.11). 


§129. The dispersion relation 

In the previous section we have studied the analytical properties of the 
partial scattering amplitudes with given values of I, and have seen that these 
properties are complicated by the possible appearance of “redundant” 
singularities and non-regularity at infinity. The total amplitude, regarded as 
a function of energy for given values of the scattering angle, evidently has 
similar properties. The scattering amplitude for scattering angle zero forms 
an exception, however; as we shall now show, its analytical properties are 
considerably simpler. 

Writing Schrodinger’s equation for the wave function of the particle 
undergoing scattering as 

A4'+k^ = {2mUlh^)4>, (129.1) 


we may formally regard it as a wave equation with a non-zero right-hand side, 
i.e. as the equation of retarded potentials well known in electrodynamics. 

The solution of this equation which describes the “emission” in some 
direction k' at large distances Rq from the centre has the form (see Fields, 
§ 66 ) 

I 


0SC 


1 C 2mU 


4-jt Rq 


J 


^2 


-'dF. 


(129.2) 


In the present case this represents the wave function of the scattered particle, 
and the coefficient of gives the scattering amplitude f{S,E). In 

particular, putting k' = k (where k is the wave vector of the incident particle), 
we obtain the scattering amplitude for scattering angle zero: 

/(0,£')= r t/v!,e-‘**dF (129.3) 

2iTh^ J 

(the a-axis being taken in the direction of k). This expression has, of course, 
only formal significance, since the integrand again involves the unknown wave 
function. However, it allows certain conclusions to be drawn concerning the 
analytical properties of the quantity f{0,E) as a function of the energy. F-t 
The function i/r in the integrand consists of two parts when r is large, the 

t It is assumed, of course, that the field J7(r) decreases, as r—ao, sufficientlv rapidly for 
/ iO,E) to exist (when £’>0); see §124 
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incident wave and the outgoing wave. The latter is proportional to so 
that the corresponding part of the integral contains in the integrand. 

On the other hand, in the complex plane (going from the upper edge of the cut 
along the right half of the real axis) ik is replaced by - ^(-ZmEyh, and 
Te\/-E > 0 everywhere on the physical sheet. Since r ^ xr, re[iA(r-rxr)] < 0, 
and the integral converges for any complex E. For the incident wave in ip, 
proportional to the exponential factors cancel in the corresponding part 
of the integral, so that this part also converges. 

The function ip in the integral (129.3) is uniquely defined for all complex 
E as the solution of Schrodinger’s equation which contains, in addition to the 
plane wave, only a part which is damped as r -> oo. The whole of the con¬ 
vergent integral (129.2) is therefore uniquely determined also, and so its 
singularities can arise only through p's becoming infinite. This occurs at 
discrete energy levels.f 

It is also easy to see that /{0,E) remains finite as IFj -> oo. For large 
|£'| the term in U can be neglected in Schrodinger’s equation (129.1), so that 
only the plane wave remains in p: i/- ~ e^'^. Thus the integral (129.2) 
becomes 


/(O.oo) 


m r 

2^ J 


UdV, 


which agrees, as it should, with the Born amplitude (126.4) for scattering 
through zero angle (? = 0); we denote it by/^O). 

Thus we conclude that the scattering amplitude for scattering angle zero is 
regular over the whole physical sheet (including infinity), except for the 
necessary poles on the left half of the real a.xis at the discrete energy levels.^ 
Let us consider the integral 


_ 2 _ r /{o.^')-/B 
Ziri J E' — E 

c 


(129.4) 


taken along the contour shown in Fig. 46, which consists of an infinitely 
distant circle and an indentation round the cut along the right half, of the 


t To avoid misunderstanding, we should emphasize that here we are discussing the 
complete wave function ^4 of the system, normalized by the condition that the coefficient of 
the plane wave in its asymptotic expression should be equal to unity (cf. 123.3)). In the 
ssere considering the parts of the wave function which correspond to 
definite values of /, and ^4i was assumed to be normalized in some arbitrarv manner If we 
expand the complete function ^4 m terms of the functions ,4/. the latter will appear in i4 with 
rfm the (’^8.3) with / = 0 must appear 

constant 1 

~ ■ —sin ArJ. 

functions i.e. at the discrete energy levels 

I The idea of the foregoing proof is due to L. D. Faddeev (1958) 
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real axis. The integral along the circle is zero, since /(O, co) —fs 
integration along the two sides of the cut gives 



0 


E'-E 


dE’\ 


0. The 


here we have used the fact that, according to the definition adopted in §128, 
the physical scattering amplitude for real positive values of E is given on 
the upper side of the cut, and has the complex conjugate value on the lower 
side. 

According to Cauchy’s theorem, the integral (129.4) is equal to the sum of 
f(0,E)-fB and the residues Rn of the integrand at all the poles E' = £‘n of 
the function f{0,E')/{E'- E), where En are the discrete energy levels. These 
residues a: j determined by formula (128.17), and are 


R-n — 


dn 


En-E 


dn= -(-l)K2/n+l)- 


hMon^ 


2m 


(129.5) 


where In is the angular momentum of the state with energy En- Thus we find 



im f{Q,E') 
E'-E 


dF+2 

n 


dn 

E-En 


(129.6) 


This dispersion relation determines f{0,E) at any point on the physical sheet 
from the values of its imaginary part for £ >0 (D. Y. Wong 1957, N. Khun 

1957). . , , 

When the point E tends to the upper side of the cut, the integral along the 
real axis in (129.6) must be taken by passing below the pole E' = E\ if this is 
done along an infinitesimal semicircle (Fig. 47), the corresponding part o t e 

0 


Fig. 47 

integral gives i im f{0,E) on the right-hand side of (129.6), while the remain- 
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ing integral from 0 to oo must be taken as a principal value. The result is 


re/(0,£) =/b + 


77 J E'-E ^ R- 


E-En 


(129.7) 


which, for £■ > 0, determines the real part of the scattering amplitude for 
scattering through angle zero from its imaginary part. It may be recalled 
that the latter, according to (125.9), is directly related to the total scattering 
cross-section. 


§130. The scattering amplitude in the momentum representation 

The concept of the scattering amplitude involves only the directions of the 
initial and final momenta of the particle undergoing scattering. It can there¬ 
fore naturally be approached also b}' formulating the scattering problem in 
the momentum representation, where there is no question of the spatial 
distribution of the process. We shall now show how this may be done. 

First of all, let us transform to the momentum representation the original 
Schrodinger’s equation 

-£ A^(r) + [t/(r)-£],^(r) = 0, (130.1) 

changing from coordinate to momentum wave functions, i.e. to the Fourier 
components 

«(q) = I " dF. (130.2) 

Conversely, 

</-(r) = I a(q)e">-" d3f/(27r)3. (130.3) 


We multiply equation (130.1) by and integrate over dF. In the first 
term, a repeated integration by parts gives 

J e-’^A</-(r)dF = J ^(r)Ac-'‘‘-'-dF = -q2fl(q). 

In the second term, substituting (130,3) for we obtain 

J F(r)./r(r)c-'«-'dF = J J U{r)e-''''a{q')e''i'-'^ dV d^q' 

= / F(q-q')a(q')d397(277)3, 
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where J7(q) is the Fourier component of the field {7(r):t 

t;'(q) = J [/(r)e dF. 

Thus Schrodinger’s equation in the momentum representation becomes 

Note that this is an integral, not a differential, equation. 

The wave function describing the scattering of particles with momentum 
hV. has the form 


4(r) = £-•"'+Xk(r), (130.5) 

where XkC*") is a function whose asymptotic form (as r ^- co) is that of an out¬ 
going spherical wave. Its Fourier component is 

^k(q) = (2^)3S(q-k) + Xk(q). (130.6) 

and substitution in (130.4) gives the following equation for the function 

Xfc(q):t 


—(^^-?^)Xk(q) = f 6/(q-q')Xk(q')dY/(27r)®- (130.7) 

2m 

This equation may conveniently be transformed by using instead of Xfc(q) 
another unknown function defined by 


_ 2m F^k, q) 


(130.8) 


This eliminates the singularity at in the coefficients of equation 

(130.7), which becomes 


F(k. q) = - 


F(q-q')F(k, q') dY 
q'^ — k^ — iO ( 27 t )3 


(130.9) 


The term iO, which denotes the limit of TS as 8^ + 0, is included in the 
definition (130.8) in order to give a definite sense to the integral in (130.9), 


■f por convenience of notation, we write q as an argument of the Fourier component instead 
of as a subscript 

I .According to the properties of the delta function, the product k) gives zero 

when multiplied by any function/ (q) (not having a singularity at q = k) and integrated over 
d’g. In this sense, ( 9 ”—A”)S(q —k) =0. 
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since it establishes the manner of passage round the pole q'^ = (cf. §43). 
We shall show that this manner of passage in fact corresponds to the required 
asymptotic form of the function 


2 w r F(k, q)e“’ '’ d^^ 
~ 'W] q^-k^-iO (Znf 


(130.10) 


To do so, we write d^^ = q^ dg do^ and first integrate over do^, i.e. over 
the directions of the vector q relative to r. An integration of this type has 
already been effected in transforming the first term in (125.2); in the region 
of large r, the result is 


Iml-ni ' F(k, qn')e^<t’' — F(k, — qn')e~^ft'' q dq 
r ^ q^ — k^ — iO (^Tr)^ 


where n' = r/r, or 


Xi.(r) 


00 

tm r F(k, qn')e^<!r q iq 

Irr^h^r J q^ — k^ — lO 

^ oo 


The integrand has poles at the points q = k + iO and q = —k — iO \ the path 
of integration in the complex 9 -pIane passes respectively below and above 
these (Fig. 48a). The path can be moved slightly into the upper half-plane 



( a) ( b) 

Fig. 48 


and replaced by a straight line parallel to the real axis together with a closed 
loop round the pole q = k (Fig. 48b). The integral along the straight line 
tends to zero as r -> 00 (because the integrand contains the factor ’), and 
the integral round the loop is given by 2rd times the residue of the integrand 
at the pole q — k. The final result is 

Xu(r) = ^—F{kn,kn'), (130.11) 

where n is a unit vector in the direction of k. We have derived the required 
asymptotic form of the wave function, and the scattering amplitude is 

/(n, n') = ^ F{kn, kn'). (130.12) 

Thus the scattering amplitude is determined by the value at q = k of the 
function jP(k, q) which satisfies the integral equation (130.9). 
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When perturbation theory is applicable, equation (130.9) is easily solved by 
iteration. In the first approximation, omitting the integral term, we have 
_ _ t/(q —k). In the next approximation, we substitute this in the 
integral term; the scattering amplitude (130.12) is then found to be (with a 
slight change of notation) 




f/(k'-k")f/(k"-k) d^k" 
k'^ — k"^+i0 (27r)3 


(130.13) 


withk = kn,k' = kn'. The first term is the same as (126.4) in the first Born 
approximation; the second term shows the contribution of the second 
approximation to the scattering amplitude.f 

From (130.13) we have the result already mentioned in §126: even in the 
second approximation, the scattering amplitude does not have the symmetry 
property (126.8). At first sight it may seem that the integral term in (130.13) 
is also symmetrical with respect to interchange of the initial and final states. 
Actually, however, this symmetry does not exist, because the path of in¬ 
tegration and the direction of passage round the pole are altered when the 
complex conjugate expression is taken. 


§131. Scattering at high energies 

If the potential energy is not small compared with h^jma^ {a being as usual 
the range of action of the field), a situation can occur where the energy of the 
particles undergoing scattering is so large that 

\U\^Er~^h^jma^){kaf, " (131.1) 

yet the condition 

I {71 -^{h^lma^)ka = hvja (131.2) 

holds; here it is, of course, assumed that 

ka>\. (131.3) 


In such a case we have scattering of fast particles to which the Born approxi¬ 
mation is not applicable; neither of the conditions (126.1) and (126.2) is 
satisfied. 

To examine this case, we can use the expression for the wave function in 
the form (45.9): 

z 

^ F{r) = exp(-^ j Udz^ (131.4) 


t Th.s result cart, of course, also be eas.Iy obtairted wthout recour^ to 
representation: the fact that .econd-approx™ .X braces in 

approximation formula by the replacement ot L/( ,. 2 ^^ 

(130.13) is evident from a comparison of (43.1) and (4J.o). 
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for this to be applicable, the energy need only satisfy the condition | L/| 4 , E. 
In §45 it has been noted that this expression is valid only for z 4 ka^, and so it 
cannot be immediately extended to distances where the asymptotic expression 
(123.3) holds. This is not necessary, however ; to calculate the scattering 
amplitude, it is sufficient to know the wave function at distances z such that 
a 4 z 4 ka\ and the integral in the exponent of F{t) can be extended to 
infinity: 


Ip = 


with the notation 

S(p) = exp[2z8(p)], 8(p) = 


00 



(131.5) 


(131.6) 


p being the radius vector in the jcjy-plane. 

The scattering of fast particles takes place mainly through small angles, 
and these will be considered here. The change in the momentum is 
relatively small (q 4 k), and hence the vector q may be regarded as being 
perpendicular to the wave vector k of the incident particle, i.e. as lying in the 
x'^'-plane. The scattered wave is obtained by subtracting from (131.5) the 
incident wave (the function (131.4) for = - co). The amplitude for 
scattering with wave vector k' = k + q is proportional to the corresponding 
Fourier component of the scattered waverf 

J [‘5(p)-l]e-'‘'-'d2p 

(d2p = dx dy). The proportionality coefficient in this expression can then 
be derived by comparison with the limiting case of the Born approximation 
(see below). 

The calculation can also be made by a different method, which leads 
directly to a completely definite expression. For this, we use (129.2) and 
substitute, ip from (131.4). Since, according to (45.8), 

{2mlh^)UF = ZikdFjdz, 

we obtain for the scattering amplitude (the coefficient of 

^ ^ f "" co) - F(z = - oo)]c-'‘>-''dx dy. 


t This method of determining the scattering amplitude is analogous to the one used in the 
discussion of Fraunhofer diffraction [Fields, §61). Diffraction effects make formula (131.4) 
inapplicable for z> ka^. 



Elastic Collisions 


§131 


540 

Substituting the expression for F, we have finallyf 

— { [5(p)-l]e-"*-^d2/)- (131.7) 

2-m J 


If the energy is so high that 1, the Born approximation is 

valid: expanding S — 1 ~ 2i8, we obtain from (131.7) 


/= - 


— f 


f d2p dz. 


in accordance with (126.4). 

Using the optical theorem (125.9), we can derive the total scattering cross- 
section from (131.7). The amplitude for scattering at zero angle is the value 
of/for q = 0. We thus have 

<7 = J 2 re (1 -5)d2p ^ J ^ (131.8) 


The integrand may be regarded as the scattering cross-section for particles 
with impact parameter in the range d2p.| 

Formula (131.7) does not presuppose that the field has central symmetry. 
It is instructive to see how this formula can be derived, for a centrally 
symmetric field, directly from the exact general formula (123.11). 

" Under the conditions (131.1)-(131.3), the main role in the scattering is 
played by the partial amplitudes with large angular momenta 1. The quasi- 
classical condition is therefore satisfied for the wave functions, and we can 
use formula (124.1) for 8i. Putting there ro » Ijk, + we find 


00 



m! 

Ilk 


U{r) dr 

V(A2_/2/,.2) 


m 

Wk 


CO 

ju[VCz^ + W]d^. 

0 


■f In the two-dimensional case, the scattering amplitude in the field U{x^z) is determined, 

§123, Problem, by the analogous formula 

/ = i |[S(x)-!]« -■''dx, (131.7a) 

The square 1/P d.^. is the scattering cross-section per unit length along the^-axis, and 4> is the angle 
of scattering in the x^-plane: cf. also §126, Problem 6 , , • k 

: In §152 a generalization of formulae (131.7) and (131.8) to the case of scattermg by a 
system of particles will be given. 



§131 Scattering at high energies 541 

in accordance with the value of S(p) (131.6) when p = Ijk.f Next, for small 
angles {6 1) the Legendre polynomials with large I can be put in the form 

(49.6): 


P;(C0S 6) 


2n 


cos <i> 


d<l>. 


Substituting this in (123.11) and changing from summation (over large /) to 
integration, we obtain 



TT 


fie 


_i6l cos <^ 


0 


d4>ldl 





(131.9) 


where q and p are two-dimensional vectors with magnitudes 9 = kO, p — Ijk. 
Lastly, substituting for/j in the form (123.15) with S; = S(//y^), we return 
to (131.7). 

For scattering in a centrally symmetric field, formula (131.7), after the 
integration over the polar angle <}> in the jcy-plane {d^p = p dp d(f>) has been 
carried out, becomes 


/= -ik j {exp[2i8{p)]-l}Jo{gp)pdp. (131.10) 


It has already been mentioned in §126 that the Born approximation is not 
applicable to the scattering of fast particles through large angles if the cross- 
section is exponentially small. The method given here is also inapplicable 
under these conditions. Such cases are actually quasi-classical, and pertur¬ 
bation theory cannot be used. 

In accordance with the general rules of the quasi-classical approximation 
(cf.§§52, 53), the exponent in the exponential law of decrease of the scattering 


t The quasi-classical function 2hS(p} is the change in the action, caused by the field U, 
when the particle traverses a classical path. For a fast particle, this path may be taken as a 
straight line, and 2S(p) is then the difference of the classical action integrals 





A d^ St 


OD 



In this sense, the function 2S(p) here acts like the eikonal in geometrical optics. The approxi¬ 
mation in scattering theory is therefore often called the eikonal approximation. It must be 
ernphasized, however, that the scattering amplitude does not reduce to its quasi-classical 
value, since the conditions fi/ ^ 1, S, ^ 1 are not in general satisfied. 
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cross-sections can be determined by considering “complex paths” in the 
classically inaccessible region of motion.f 

In the classical scattering problem the relation between the angle of devia¬ 
tion 6 of the particle in a field 17(r)andthe impact parameter p is given by 


K^+^) = J 

To 


p dr 


(131.11) 


where tq is the minimum distance from the centre, a root of the equation 

I_p2/y2_f//f:= 0; (131.12) 

see (127.5). The case of interest to us corresponds to the range of angles 
which cannot occur in the scattering of a classical particle.;); \ These angles 
therefore correspond to complex solutions p{6) of equationi(l31.11)| (with 
corresponding complex values of ro)- From the function p(6) thus found and 
the classical orbital angular momentum mvp of the particle we calculate the 
action 


S{6) — mv j p{0) d^, 


(131.13) 


where v is the velocity of the particle at infinity. The scattering amplitude is 


/ ~ exp 



(131.14) 


Equation (131.12) has in general more than one complex root. The value of ro 
in (131.11) must be taken as that root which gives the smallest positive 
imaginary part im 5. In addition, if the function U{r) has complex singu¬ 
larities, they must also be considered as possible values of ro. {| 

The region r ~ ro is the most important in the integral (131.11). For large 
energies E, the term U/E under the radical can be omitted. Carrying out the 
integration, we then have 

p = ro<xs^6. (131.15) 


If ro is a singular point of the function U{r), it depends only on the pro¬ 
perties of the field, but not on p or E. Calculating 5 from (131.13), we find 
in this case that the scattering amplitude is 


/~ exp 


( 


2fiw 

~h~ 



(131.16) 


A discussion of the coefficient of the exponential is given by A. Z. Patashinskii, V. L. 
Pokrovskii and I. M. Khalatnikov, Soviet Physics JETP 18, 683, 1964. 

X The method described here is valid not only for large E but generally for all cases of 
exponentially small scattering. 

II It may be recalled (see §126) that, if U{r) has a singularity for real r, the decrease of the 
rmss-section is not exponential. 
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If, however, tq has to be taken as a root of equation (131.12), the form of the 
exponent depends on the particular properties of the field. For example 
with the function ^ ’ 

[/ = Uoe-<’'/<^>’ 

(which has no singularity at a finite distance) we obtain from the equation 

^lE = l — K sin^Jfi 
To = ia^/ log([£/t/o] sinZ^e). 


the result 


(131.17) 

Owing to the very slight dependence on 6. may be regarded as constant in 
the integration in (131.13), and we find for the scattering amplitude the 
formula (131.16) with ro given by (131.17). 


PROBLEMS 

Problem 1. Determine the total scattering cross-section for a spherical square potential 
well of radius a and depth with the condition (131.1): Uo 

Solution. We have 


J f/da = —2Uo\/(a^ — p^). 


According to (131.7), the forward-scattering amplitude (q = 0) is 


- ika^ j (e^ivz _ 1 djr 


hka^ j^i- 




« 

o = 2na^[ 1 +J- - Einir _ 

L 2 i /2 ,, 2 p 2 J 

In ftfopS® iSgTase" ^ ‘"“sreement with § 126 , Problem 1. 

cross-section. The lattef result has a sirple s^L.hT ' " ? ’ I "' geometrical 

parameter p<aare scattered, i.e. are removed^frorri^rh^*' ^ *’ Particles with impact 

behaves as an “absorbing” sphere; and, accordino m 

§61), the total cross-section is twice the “absomri ^ '• s principle (see Fields, end of 

ausorption cross-section. 

Problem 2. The same as Problem 1, but for a field V = V, exp( -rVn»). 

Solution. In this case ^ 


J O ds = a^/77^,'o exp (_ p2/a^y 
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Substituting in (131.7) and making an obvious change of variable in the integral, we obtain 
for the scattering amplitude at zero angle 


/(O) = -AiAa2 J (e-<“-l)du/a, 
0 

where again v = Uffifhv. Hence the total cross-section is 


o = J* (1 — COS u) du/w* 


For V \ the integrand is \u and the cross-section a = in accordance with the 

result of §126, Problem 2 (for Aa 1). For v > 1, we write the integrand as (1cos «)/u 
with a small parameter A, which afterwards is made to tend to zero. Integration by parts then 
gives 

CD 

Jo — cos u) du/u a: log{i/V"’)~ J log u sin u du 
0 0 


= log (r V"')+ C, 


where C is Euler’s constant Thus 

a — 2wa* log (vVirf c) for 1. 

Problem 3. Determine the cross-section for small-angle scattering of electrons in a 
magnetic field concentrated in a cylindrical region of radius a (Y. Aharonov and D. Bohm 
1959). 

Solution. Let the magnetic field be along the y-axis, which is also the axis of the cylin¬ 
drical region, and let the direction of incidence of the electrons be taken as the z-axis. Then 
the scattering is independent of the coordinate y, and we can consider a two-dimensional 
problem in the xz-plane. 

Outside the cylindrical region, the field H = 0, but the vector potential is not zero: 


A = (<I>/2it)V^, (1) 

where ^ is the polar angle in the xz-plane and <I> the magnetic flux; for, integrating over the 
area of a circle (with radius r > a) in this plane, we have 

iHdxdz = f A . dl = = O. 

The potential (1) changes the phase of the electron wave function (plane wave); according to 
(111.9), we have 


iji s e**' exp (2) 

This expression, however, is inapplicable in a narrow region along the half-axis z > 0, since 
the motion of the particles that have passed through the field region is perturbed by the field. 
This explains the apparent non-uniqueness of the function (2) when the angle ^ increases by 
2?! as we pass round the origin. In reality, there is a cut (of finite width) near the half-axis 
z > 0, resulting from the invalidity of formula (2); on the two sides of the cut, has values 
differing by 2ir, for example + ir. 

For scattering at small angles 6 with a small momentum transfer q^k8 (qa 1, 6 ^ 1), 
distances x~llq S> a are important, and the width of the cut may be neglected. 
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Considering the region z > |*|, we can also neglect the dependence of on x on either side 
of the a-axis, obtainingt 


ij, = eftiF(x), /■(*) = exp(-ieO/2Af), jc> 0 , ) 

= exp(ie<I)/2^c), I< 0. I 

The “two-dimensional” scattering amplitude is calculated from formula (131 7a) t For 
95^0 we have 


/ 


7 \/^ ~ 2 fe) j' complex conjugate 

0 


The integral is calculated by including a factor and then taking the limit A-vO 
result is 


The 


^ i /2A r<I> 
/ = - /—sin —. 
9 V " 2 fe: 


Hence the scattering cross-section is 


do 


l/|2de = Asin2-^5-. <iBie\ 

nk 2hc 


(4) 


For e<blhc 1. we obtain 


do = — 

e^' 

which corresponds to the case where perturbation theory is applicable. 

Note the periodic dependence of the cross-section (4) on the magnetic field strength, and 
the divergence of the total cross-section when 0 -»0, although the field is concentrated in a 
finite region of space. These are both specifically quantum effects. 


§132. The scattering of slow particles 

Let us consider the properties of elastic scattering in the limiting case 
where the velocities of the particles undergoing scattering are so small that 
their wavelength is large compared with the radius of action a of the field U{r) 
(i.e. ka 4: 1), and their energy is small compared with the field within that 
radius. The solution of this problem requires an elucidation of the limiting 
form of the dependence of the phases on the wave number k when the 
latter is small. 

< a we can neglect only the term in in the exact Schrodinger’s 
equation (123.7): 


Ri"-^2Ri'lr-l{l+\)Ri(^ = 2mU{r)Rilh^. 


(132.1) 


In Ae range a 4 r 1/A, on the other hand, we can also omit the term in 
U{r), leaving 

^j''+2/2i7r—/(Z+l)/?,/r2 = 0 . (132.2) 

for very Urge when diffraction effects become 
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The general solution of this equation is 

Ri = Cir^+C2lrt+^. (132.3) 

The values of the constants and can in principle be determined only by 
solving equation (132.1) for a particular function t/(r); they are, of course 
different for different 1. At still greater distances, r ~ 1/A, the term in 
lJ(f) can be omitted from Schrodinger’s equation, but the term in cannot 
be neglected, so that we have 

Ri"+\’+ 


i.e. the equation of free motion. The solution of this equation is (see §33) 

ikr 


(2/+1)!! /d\Jsin; 

Ri = ri(-l)‘- -rH -)- 

^ A2'+i \rdrj r 


* cos kr 


H / d \ * cos 
+r2(-l)'-(-)- 

^ (2/-l)!!\rdr/ r 


(132.5) 


The constant coefficients have been chosen so that, for Ar 1, this solution 
becomes (132.3); this ensures the “joining” of the solution (132.3) in the 
region Ar 1 to the solution (132.5) in the region Ar ~ 1. 

finally, for Ar ^ 1 the solution (132.5) takes the asymptotic form (§33) 


i?, « ri(2/+l)!! 


sin(Ar—^/ tt) 




czA' 

(21-1)!! 


-cos(Ar—^I tt). 
r 


This expression can be put in the form 

sin(Ar—J/ tt+Sj) 
Ri X constant X- 

T 


where the phase 8^ is given by the equation 

tanS, » S, = c2A2i+i/ri(2/-l)!!(2/+l)!! 


(132.6) 


(132.7) 


(since A is small, all the phases Si are small). 

According to (123.15) the partial scattering amplitudes are 

2tk 

and so we conclude that in the limit of low energies 

fi~m. (132.8) 

Thus all the partial amplitudes with / ^ 0 are small compared with the 
scattering amplitude with I = 0 (called s-wave scattering). Neglecting them. 
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we obtain for the total amplitude 

f{6) a/o = Bojk = ajci = -a, 
so that do = do, and the total cross-section is 

a — ^TTOL^. 

At low velocities the scattering is isotropic, and the cross-section is inde¬ 
pendent of the particle energy.f The constant a is called the scattering 
length; it may be either positive or negative. 

In the above discussion it has been tacitly assumed that the field U{r) 
decreases at large distances (r > a) sufficiently rapidly for the approximations 
made to be legitimate. It is easy to see how rapidly U(r) must in fact decrease. 
For large r, the second term in the function Ri (132.3) is small in comparison 
with the first. In order for the retention of this term to be nevertheless 
legitimate, the small terms retained in equation (132.2) must 

be large compared with the term URi ~ C/cir* omitted in going from (132.1) 
to(132.2). Hence it follows that D'(r) must decrease more rapidly than l/r^^+s 
if the result (132.8) is to be valid for the partial amplitude/;. In particular, 
the calculation of/o, and therefore the result (132.9) of isotropic scattering 
independent of energy, are valid only when U{r) decreases at large dist¬ 
ances more rapidly than l/r^. 

If the field U{r) decreases exponentially at large distances, we can draw 
certain conclusions regarding the nature of the subsequent terms in the 
expansion of the amplitudes /; in powers of k. We have seen in §128 that in 
this case the amplitude /;, regarded as a function of the complex variable 
E, is real when E is real and negative. | The same is therefore true of the 
function gi{E) in the expression (125.15); 
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(132.9) 

(132.10) 


/. = 1 /(^ 1 -*) 


{ik is real for E < 0). The function gi{E) is also real (by definition) when 
E > 0. Thus this function is real for all real E, and can therefore be expanded 
in integral powers of E, i.e. in even powers of k. The amplitude/;(^) itself, 
therefore, can be expanded in integral powers of ik; all terms with even 
powers of k are real, while those with odd powers of k are imaginary. Accord¬ 
ing to (132.8) the expression of fi{k) begins with the term '^Sijk 
accordingly, the expansion of gi(k) begins with a term proportional to 

When the field decreases at large distances according to a power law 
U X fr-‘" with n < 3, the result (132.9) that the amplitude is constant is, 
as already stated, invalid. 

t In the scattering of electrons by atoms, the length a with which 1 Ik must be compared (the 
condition <? 1) is represented by the radius of the atom, which is several times the Bohr 
radius (several times for complex atoms. Owing to the large value of this radius, the 

constancy of the effective cross-section actually applies here only up to energies of the order 
of fractions of an electron-volt; at greater electron energies there is a marked energy depen- 
dence of the cross-section (called the Ramsauer effect). 

X For small E, the condition (128.6) is satisfied even when U decreases as 



548 Elastic Collisions §132 

Let us now consider the situations which occur for various values of n. 
For M ^ 1 and sufficiently small velocities, the condition 

p\U{p)\^hv (.132.11) 

is satisfied for practically all values of the impact parameter p, and so the 
scattering is described by the classical formulae (cf. the condition (127.9)). 

For 1 < n < 2 the inequality (132.11) is satisfied over a considerable 
range of fairly small values of p\ accordingly, the scattering is classical for 
angles which are not too small. There is also, however, a range of values of 
p for which 

p\U(p)\ ^ hv. (132.12) 

i.e. the condition for perturbation theory to be valid is satisfied (cf. (126.2)). 
For M >2 the inequality 

1C/| « A2/»nr2 (132.13) 

holds at large distances, and therefore the contribution to the scattering 
which arises from interaction at these distances can be calculated by means of 
perturbation theory (whereas at smaller distances the condition for perturba¬ 
tion theory to be applicable may not be satisfied).'}' Let ro be a value of r 
such that for r p tq the inequality (132.13) holds, while ro 1/k. The 
contribution to the scattering amplitude from the region r > ro is, according 
to (126.12), given by the integral 


00 

2m^ f 1 sin^r 

--r2 dr 

^2 J r" qr 

ro 


00 



9ro 


(132.14) 


For 2 < n < 3 this integral converges at the lower limit, and for low 
velocities {krQ 1 ) we can replace this limit by zero, so that the integral 
is proportional to i.e. a negative power of the velocity. This contri¬ 

bution to the amplitude is therefore in this case the main one, so that 

5 - 0 - 71 )^ 2 < K < 3. (132.15) 

This determines the dependence of the scattering cross-section on the velocity 
of the particles and on the angle of scattering. 

For n = 3 the integral (132.14) diverges logarithmically at the lower limit. 
It is still the main part of the scattering amplitude, so that 

log(constant/ 5 ), n = 3. (132.16) 

For w > 3 the contribution from the region r ^ ro decreases as A ->■ 0. 
and the scattering is determined by the constant amplitude (132.9)). However, 
the contribution (132.14), despite its relative smallness, is still of some 
interest through being “anomalous”. The normal situation when C/(r) 


t The scattering at low velocities is in this case nowhere quasi-classical, since the inequality 
(132.11) is incompatible with the simultaneous requirement that |?7(p)| £ E 
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decreases sufficiently rapidly is that/(^) can be expanded in integral powers 
of k, and all the real terms in the expansion are proportional to even powers 
of k. When the integral (132.14) is ffitegrated several times by parts (lowering 
the power of ^ in the denominator), we can separate from it a part containing 
even powers of k and leave an integral convergent as qr^ -> 0 and proportional 
to which is not in general an even power.f 


PROBLEMS 

Problem 1. Determine the scattering cross-section for slow particles in a spherical square 
potential well of depth C7o and radius a. 

Solution. The wave number of the particle is assumed to satisfy the conditions ka<^\ 
and k <^K, where k = ■\/{2mUo)lh. We are interested only in the phase So. Hence we put 
/ = 0 in equation (132,1), and obtain for the function x(.r) = rRoi’') the equation 

x" -h K*x = 0 for r < a. 

The solution which vanishes at r = 0 (x/r must be finite at r = 0) is 

X = sin *cr (r < a). 

For r > a, the function x satisfies the equation x” + *‘x = 0 (i.e. equation (132.4) with 
I = 0), whence 

X = B sin(fo'-|-8o) (r > a). 

From the continuity of x'lx at r = a, we obtain the equation 

K cot Ka — k cot(^a + 8,) kUka + Sj), 

from which we determine So- As a result, we have for the scattering amplitude^ 

tan Kfl— KO 

/ =- • 

K 

For (fa 1 (i.e. L/o tfiitrufi) this formula gives a = (47ro^/9)(Ko)^, in accordance with 
the result of the Born approximation (see §126, Problem 1). 

Problem 2. The same as Problem 1, but for scattering by a spherical "potential hump” 
of height L/j. 

Solution. The solution is obtained from that of Problem 1 if we change the sign of t/o 
(which means replacing k by ik), and obtain for the scattering amplitude 

^ tanh Ka — #c <2 

K 

In the limit ka ^ 1 we have 

f = — c 5= 47ra2_ 


t If n is an odd integer 2p-|-l, then n-3 = 2p-2 is an even number. In this case also, 
however, the integral (132.14) has an "anomalous” part, which gives a contribution to the 
scattering amplitude proportional to log q. 

t This formula becomes inapplicable if the width and depth of the well are such that ko is 
close to an odd multiple of in. For such values of xa the discrete spectrum of negative energy 
levels includes one which is close to zero (see §33, Problem 1), and the scattering is described 
by formulae which we shall derive in the next section. 
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This corresponds tascattering from an impenetrable sphere of radius a; we note that classical 
mechanics would give a result four times smaller (a — Tta^). 

Problem 3. Determine the scattering cross-section for particles of low energy in a field 
U = a/r", a >0. n > 3. 

Solution. Equation (132.1) with / = 0 is 

x'—rxl'” = 0, >• = \’(2m3.)jh. 

By the substitutions 

X = ' = [2y/(n-2)A:P'<"-=' 


it can be brought to the form 

Id^i / 1 \ 

1 +- U = 0 . 

d*2 jcd.r \ (n-2)^x^J 

i.e. Bessel’s equation of order i/(n—2), with imaginary argument {x. The solution which 
vanishes at r = 0 (i.e. jt = oo) is, apart from a constant factor, 


Using the well-known formulae 

= i[e-‘'”’yp(2)-y-p(a)]/sinp7r, 

Jf(s)^^i‘l2Pr(p+\) (=« 1 ), 


we obtain for the function x a* distances (y < r < 1/A) the expression 

X = constant x(eir-l-ca), and from the ratio cj'ci we find the scattering amplitude 


, y y./(n- 2 ,rp„- 3 )/(n- 2 )] 

\n-2/ r((fi-l)/(n-2)]' 


Problem 4. Determine the scattering amplitude for slow particles in a field which 
decreases at large distances as U x pr~’' with 2 < n < 3. 

Solution. The principal term in the scattering amplitude is given by the expression 
(132.14), in which the lower limit in the integral can be replaced by zero. The calculation 
of the integral leads to the result 


and for n = 3 


TTWlS 5""® 
h- r(n — 1) cos Ittb 


2 < n < 3, 


2m3 constant 

/ = - -pr '"g—-• 

ft- q 


( 1 ) 

( 2 ) 


Expanding (1) in Legendre polynomials, we obtain the partial scattering amplitudes 
(defined in accordance with (123.14): 

_ yVmP r(i"-i)n^-*"+ (3) 

2ft2 r(in)r(in + i + 0 


For n > 3 the same formula (1) determines the ‘’anomalous’ ’ part of the scattering amplitude. 
In the partial amplitudes the quantity (3) is always the principal part for values of I such 
that 2/>n-3. and instead of (132.8) we then have/i-ft" ^ 


Problem 5. Determine the scattering amplitude for slow particles in a field f/(r) 
— Do exp(—r/o). Uo>0. 

Solution. After the change of variable 


X = 2aKe~^f'^y K 


= y/{2mUii)lh, 
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equation (132.1) for the function x = rR^ becomes 


X dx 


X 


0. 


The general solution of this equation is 

X = AMx) + BNb(x), 

where Jq and No are the Bessel functions of the first and second kinds. The condition x = ^ 
for r = 0 gives 

AjB = — No{2Ka)IJo^Ka). 


The region a < r < \.jk corresponds to * < 1 (it is assumed, of course, that ok exp( —1/aA) 
1; here 

, o2, , , 2B, Br 

y A + B- log Jy* = A H-log KOy -, 

TT ” “tT 'na 


where y = = T78 ... (C is Euler’s constant). This expression corresponds to formula 

(132.3), and from the values of Ci and Cj thus obtained we find the scattering amplitude 

/= -c^^ + 21ogxfly) 

yo(2KC)L rr J 

In the limit ko <g 1, / = 2<2®«*, in accordance with the Born approximation (126.14). For 
KC ^ 1 we have / = — 2o log Koy. 

Problem 6. Determine, in the second approximation of perturbation theory, the scattering 
amplitude in the limit of low energies (I. Ya Pomeranchuk 1948). 

Solution. For k -»-0 the integral in the second term of (130.13) becomes 

- J - = -jjt/(r)t/(r')e’- ' <'-'>^'dI/dF' 

-2trZ {{MlMfldVAV’; 

JJ |r-r'| 

here we have used the formula 


f = _L-. 

J A2(2,t)3 jr-r'l’ 

see Fields, §51. Thus the scattering amplitude is 

f= -— f U dF+ (f f dF dV. (1) 

2,r^2j \2„hJ JJ |r-r'| 

For a central field, this formula gives 

f = -^1 ■ 

The second term in (1) is always positive (as is dear from the original form of the integral in 
k-space). In a repulsive field (C/ > 0), the first Born approximation therefore always gives too 
high a value, and in an attractive field (D < 0) too low a value, for the scattering cross-section 
at low energies. 

Problem 7. Determine the energy dependence of the scattering amplitude for slow particles in 
the two-dimensional case. 

Solution. The wave function at large distances in the two-dimensional case is given by (1) in 
§124. Problem. Arguments similar to those for the three-dimensional case show that the main 
contribution to the scattering at low energies comes from the state with m = 0, so that the scattering 
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amplitude f is independent of the scattering angle The wave function can then be represented 
at all distances p > a by simply replacing by the exact solution of Schrodinger’s equation 

for free motion, which has the same asymptotic form; see the first footnote on page 161 and §126, 
Problem 6. Thus 


> 1 ^ ( 1 ) 

Here we take small distances p 1/A, using the approximate expression for when x is small: 

w -(2i/Jt)log(2i/v*), |x| « 1, 
where y = and C is Euler’s constant. The result is 

+/V(2A/Jt)!og{2*7yA)] -fjmin) logp. (2) 

This agrees, as it should, with the general solution of the equation 

2m p Ap\ dp J 

valid in the range \ jk P p ^ a where the U{x) and E terms in Schrodinger’s equation are negligible; 

^ « C| + Cj log P- 

As in (132.3) and (132.9), the ratio of constants C| /c, is given by the solution of Schrodinger’s equation 
with £ = 0 in the range p ~ a. This ratio is real and independent of the energy. With the notation 

C|/cj=-logro, (3) 

where td is a constant having the dimensions of length, a comparison of (2) and (3) gives 


/= -V(tt/2A:) 


1 

log(2t7y<;ro)’ 


whence the cross-section is 


=271 |/l*= (7t^/*) 


I 

log'(2/y*rd) +i7t*' 




We see that in the two-dimensional case, unlike the three-dimensional one, the cross-section increases 
with decreasing energy. 

For scattering by an infinitely high cylindrical potential barrier with radiiis fl, the constant Tq in 
(3) is equal to a. 


§133. Resonance scattering at low energies 
Particular consideration must be given to the scattering of slow particles 
{ka 1) in an attractive field when the discrete spectrum of negative energy 
levels includes an s state whose energy is small compared with the value of the 
field U within its range of action a. We denote this level by «(e > 0). The 
energy E of the particle undergoing scattering, being small, is close to e, 
i.e. it is, as we say, almost in resonance with the level. This leads, as we shall 
see, to a considerable increase in the scattering cross-section. 

The existence of the shallow level can be taken into account in scattering 
theory by means of a formal method based on the following arguments. 

In the exact Schrodinger’s equation for the function X = ri?o(with/ = 0), 

x’ + (2m/h^)[E-U{r)]x = 0 
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in the “inner” region of the field (r < a) we can neglect E in comparison 
with U ; 

g"-{2mjffl)U{r)x = 0. r ~ a. (133.1) 

In the “outer” region (r ^ a), on the other hand, we can neglect U\ 

/ + (2m/^2)£x = 0, r^ a. (133.2) 

The solution of equation (133.2) must be “joined” at some ri (such that 
Ijk ri > a) to the solution of equation (133.1) which satisfies the Ifoundary 
condition ;(;(0) = 0; the joining condition is that the ratio g'/x should be 
continuous. This ratio does not depend on the normalization factor in the 
wave function. 

However, instead of considering the motion in the region r ~ a, we apply 
to the solution in the outer region a suitably chosen boundary condition on 
x'/x for small r; since the solution in the outer region varies only slowly 
as r 0, we can formally apply this condition at the point r = 0. The 
equation (133.1) for the region r does not contain E; the boundary 
condition which replaces it must therefore also be independent of the energy 
of the particle. In other words, it must be of the form 

[x7xKo = -K, (133.3) 

where « is some constant. But, k being independent of E, the same condition 
(133.3) must also apply to the solution of Schrodinger’s equation for small 
negative energy E — — [e], i.e. to the wave function of the corresponding 
stationary state of the particle. EotE= — [ej we have from (133.2) 

X = (133.4) 

where Aq is a constant, and substitution of this function in (133.3) shows that 
(c is a positive quantity, 

K = V{2m\€\)IH. (133.5) 

Let us now apply the boundary condition (133.3) to the wave equation for 
free motion, 

X = constant X sin(A7-+So), 

which is the exact general solution of equation (133.2) for £ > 0. Thus we 
have for the required phase So 

cot So = —Kjk 

= -V{\^\IE). (133.6) 

Since the energy E is here restricted only by the condition ka I, and need 
not be small compared with |e|, the phase So and the wave scattering 
amplitude may not be small. 

The phases S; with / > 0 and the corresponding partial amplitudes are 
again small. Hence we can again regard the total amplitude as being equal to 
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the s-wave scattering amplitude 

2ik 

= l/A(cotSo—0, 

Substituting (133.6) we obtain 

/= -\l(K + ik) 

and for the total scattering cross-section 

47r 277^2 1 

K^+k^ m £'+le| 


§133 


(133.7) 


(133.8) 


Thus the scattering is again isotropic, but the cross-section depends on the 
energy, and in the resonance region {E ~ |e|) is large compared with the 
squared range of action of the field ^2 (since 1). The form of (133.8) is 

not affected by the details of the interaction of the particles at small distances, 
and depends only on the value of the resonance level.f 

The above formula is somewhat more general than the assumption made 
in its derivation. Let the function U{r) be slightly modified; this alters also 
the value of the constant k in the boundary condition (133.3). By an appro¬ 
priate change in t/(r), k can be made to vanish, and then to become small and 
negative. This gives the same formulae (133.7) for the scattering amplitude 
and (133.8) for the cross-section. In the latter, however, the quantity 
|e| = is now simply a constant characteristic of the field U{r), and 

not an energy level in that field. In such cases the field is said to have a 
virtual level, since, although there is no actual level close to zero, a slight 
change in the field w'ould be sufficient to cause one to appear. 

In the analytical continuation of the function (133.7) in the complex plane 
of E, ik becomes —\/{ — 2mE)lh on the left half of the real axis (see §128), and 
we see that the scattering amplitude has a pole at £ = — |e|, in accordance 
with the general results of §128. On the other hand, the virtual level corres¬ 
ponds, as we should expect, to no singularity of the scattering amplitude on 
the physical sheet. (The scattering amplitude has a pole at £ = — |e| on the 
non-physical sheet; see the first footnote to §128.) 

Formally, the expression (133.7) corresponds to the case where in the 

expression (125.15), 

1 

gfik)-ik' 

the first term in the expansion of the function ^o(^) is negative and anomalously 
small. To refine the formula, we can take account of the second term in the 
expansion: 

t Formula (133.8) was first derived by E. Wigner (1933); the idea of the derivation given 
here is due to H A. Bethe and R. E. Peierls (1935). 
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fo 


1 

— — tA 


(133.9) 


(L. D. Landau and Ya. A. Smorodinskii 1944); it may be recalled that, 
when the field decreases sufficiently rapidly, the functions gi(M) can be ex¬ 
panded in even powers of k (see §132). In (133.9) we have denoted by — kq 
the value of ^o(O), in order to retain the notation k for the quantity (133.5), 
which is related to the energy level e. According to the above discussion, k 
is given by the value of —ih which makes the denominator in (133.9) equal to 
zero, i.e. by the root of the equation 

« = Ko+JroK®. (133.10) 


The correction term irgk^ in the denominator in (133.9) is small compared 
with (CO, since h is assumed small, but it is itself of “normal” order of magni¬ 
tude: the coefficient ro a and is always positive (see Problem 1). It should 
be emphasized that the inclusion of this term is a legitimate refinement in 
the formula for the scattering amplitude when contributions from angular 
momenta / 0 are neglected; it gives a correction to / of relative order ka, 

whereas the contribution from scattering with / = 1 is of relative order 
(ka)^. When k -»0, the amplitude/o ^l/»co. i.e. I/kq is equal to the scattering 
length a defined in §132. The coefficient ro in the formula 

go(k) = k cot So 

= -l/a+|roA2 (133.11) 

is called the effective range of the interaction.f 
For the cross-section we have, from (133.9), 

47r 

{>so-\rok^f^+ki 


If we neglect the term in k‘^ in the denominator (though it may legitimately 
be included), this formula can be written (using (133.10)) in the form 


477-(1 +ro(c) A7Th'^\+roK 
k'^+K^ m f+le] 


(133.12) 


Let us return to the expression (133.4) for the wave function of the bound 
state in the “outer” region, and relate the normalization coefficient to the 


t The values of the constants a and Tq may be mentioned for the important case of the 
interaction of two nucleons. For a neutron and a proton with parallel spins (isotopic state with 
T = 0), <x — 5-4x10“'^ cm, = l'7xl0“'^ cm; these correspond to a true level with energy 
[cj = 2-23 MeV, the ground state of the deuteron. For a neutron and a proton with anti- 
parallel spins (isotopic state with T = 1). a = —24x10-^3 ^ 2-7 xlO-^^ cm; these 

values correspond to a virtual level with [e] = 0'067 \IeV. Owing to isotopic invariance, the 
latter values must apply also to a system of two neutrons with antiparallel spins ; parallel spins 
of the nn system in the s state are prohibited by' Pauli’s principle. 
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parameters defined above On calculating the residue of the function (133.9) 
at its pole E = e and comparing with (128.11), we find 


1 

Ao^ 



(133.13) 


The second term is a small correction to the first, since (cro~(cfl 1. 
Without this correction, = 2k, i.e. 


= \/(2K)e tp = 


\/(4iT)r \ 277 r 


(133.14) 


corresponding to the normalization that would occur if (133.14) were valid 
in all space. 

We shall briefly discuss resonance in scattering with non-zero orbital 
angular momenta. The expansion of the function gilE) begins with a term 
retaining the first two terms in the expansion, we write the partial 
scattering amplitude as 




1 

bE-\-€+E)+ik' 


(133.15) 


w'here b and e are two constants, with 6 > 0 (see below). The case of resonance 
corresponds to an anomalously low value of the coefficient of E~^, i.e. an 
anomalously small «. How’ever, since E is small, the term beE~^ may still 
be large in comparison with k. 

If e < 0, the denominator in the expression (133.15) has a real root 
E ^ — |c|, so that e is a discrete energy level (with angular momentum /),f 
but in contrast to resonance in 5 -wave scattering the amplitude (133.15) is 
never large compared with a; the amplitude of resonance scattering with 
angular momentum /+1 is only of the same order of magnitude as that of 
non-resonance scattering with angular momentum 1. 

If e > 0, however, the amplitude (133,15) becomes of the order of Ifk 
in the region E ~ e, i.e. large compared with a. The relative width of this 
region is small: AE'/c ~ Thus in this case there is a sharp resonance. 

This type of resonance scattering occurs because a positive level with / 7 ^ 0, 
though not a true discrete level, is quasi-discrete: owing to the presence 
of the centrifugal potential barrier, the probability that a particle of low 
energy will escape from this state to infinity is small, so that the “lifetime 
of the state is long (see §134). This is the reason why resonance scattering 
with / 0 is ditferent in nature from that in the s state, where there is no 

centrifugal barrier. The denominator in (133.15) with e > 0 vanishes when 


t For €<0, and E close to |c|, 

ft «(-i)*+i|€|>/fc(£+hl)- 


A comparison with (128.17) shows that *>0. 
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E = E'o —t . ir, where 


£0 ~ fi 


r = 


2-v/(2m) 

.. _ljl+l;2 

bh 


(133.16) 


This pole of the scattering amplitude is, however, on the non-physical sheet. 
The small quantity F is the width of the quasi-discrete level (see §134). 

Finally, we may mention an interesting property of the phases which is 
easily derived from the above results. We shall regard the phases bi{E) as 
continuous functions of the energy, and not restrict them to the range from 
0 to 7r (cf. the footnote following (33.20)). We shall show that the equation 

Si(0)-Si(oo) = n-n (133.17) 

then holds, where n is the number of discrete levels with angular momentum I 
in the attractive field U{r) (N. Levinson 1949). 

To prove this, we note that, in a field which satisfies the condition 
|f/| the Born approximation is valid at all energies, so that Si(£’) <1 1 

for all E, and 8j(co) = 0, since for E 00 the scattering amplitude tends 
to zero, while 8z(0) = 0 in accordance with the general results of §132. In 
such a field there are no discrete levels (see §45), and so m = 0. We now 
consider the variation of the difference 8z(A) — 8 i{ co), where A is some given 
small quantity, as the potential well U{r) gradually becomes deeper. As this 
occurs, the first, second etc. levels successively appear at the top of the well, 
and the phases 8j(A) are increased by tt each time.f On reaching the given 
U(r) and then making A-^0, we obtain formula (133.17). 


PROBLEMS 

Problem 1. Express the effective interaction range ro in terms of the wave function of the 
stationary state E = t in the “inner” region r~a (Ya. A. Smorodinskii 1948). 

Solution, Let xo be the wave function in the region r~a. normalized by the condition 
that Rs r^oo. Then the square of the wave function can be written in all space in the 

form x* = .^o“(®”‘’'' + Xo“~l); this expression becomes for ct > 1 and .<4o®Xo“ for 

ifr 1. It must be normalized by the condition 

00 00 

J dr = - J (1 -xo9 dr) = 1. 

0 0 

and a comparison with (133.13) gives 


cx: 



0 


From equMion (133.1) with L'(r)<0. the solution of which is Xo. it follows that Xo('')< 
X„(=c) = 1. Hence we always have r„>0 


t In formula (133.6) this corresponds to a change of S„ from 0 to tt when, for a given small 
value of * the quantity k changes from a negative value (-« S> A) to a positive value k > k. 
When 1^0, the same follows from the formula k cot 8; = —6£'-'(£' —e) when, for a given 
E = A, € varies from c^Ato —’ * 
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Problem 2. Determine the change in the phases 6i when the field L/(r) is varied. 
Solution. Varying C7(r) in Schrodingcr’s equation 


we obtain 


Xl'^ 


Sxi" + 


2m 


2m 




hW+t) 

2mr^ 



hn(i+ 1 ) 

2mr2 



0 . 


2m 


Multiplying the first equation by Ixi, the second by xi. subtracting, and integrating with 
respect to r, we find 


[X'/Syi' - 


2m r 

= -Jx.^6Udr. 


Substituting on the left-hand side the asymptotic expressions 


XI = sin(lir-4/ir-6,), 

Sxi = &{ii)cos(kr—iIn+St) 

(the choice of the coefficient 1 in this expression determining the normalization used), we 
obtain 

2m f 
0 

From this formula we can draw certain conclusions regarding the sign of the phases 
Si, considered as continuous functions tof energy. To avoid the ambiguity in the definition 
of these functions (an additive multiple of »r) we shall normalize them by the condition 
8|(oo) = 0. 

Starting from U = 0, when all the 5i are zero, and gradually increasing |t/|, we find that 
in a repulsive field (C/ >0) all the Si <0, and in an attractive field (U < 0) Si >0. In a 
repulsive field 5i(0) = 0 and therefore, for small energies, the Si are small; the scattering 
amplitude is therefore negative: / So/ti <0. In an attractive field the corresponding 
deduction that/ is positive can be made only if there are no discrete levels. Otherwise, when 
is small, the phases St are close to htt, not to zero (see (133.17)), and no conclusion can be 
drawn concerning the sign of /. 

Problem 3. Find the scattering length a and the effective range of interaction rj for a 
spherical square potential well of radius a and depth Uc containing a single discrete energy 
level near zero. 

Solution. We proceed as in §132, Problem 1, except that in the region within the well 
we do not neglect the particle energy £ = h^k^l2m in comparison with H/q. The equation to 
determine the phase S„ is found to be 

*cot(5oH-fl*) = K cot aK,K = - \^[2m(U„ +E)]. 

In order that the well should contain only one level, close to zero, it is necessary that 

Uq = T A) 

with A < 1; see §33, Problem 1. Expanding the above equation in powers of ka and A, we 
find that 

k cot 6o ^-A + 'ak^, 

Sa 

whence a = 1/ko = Sa/tr'A, = a. The value of coincides, as it should, with that of 

V(2m|£,|)/7i, where Ei is the energy of the level in the well; see §33, Problem 1. 
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Problem 4. Express the integral 

a 

dr 

0 

of the squared wave function of the s state in terms of the phase ^^(k) for a field t/(r) that is 
zero outside a sphere of radius a (G. Luders 1955). 

Solution. According to (128.10), 



0 



where the prime denotes differentiation with respect to r (and the derivatives with respect to 
E in (128.10) are replaced by those with respect to A = \/{2mE)lh). Since, at r = a, there 
is no field, we can use on the right-hand side the wave function of free motion, x — ^ sin 
{kr+ 8„) (normalized as in (33.20)). The result is 




-sin 2{ka + Sci) >0. 

k 


Since the integral of y" is certainly positive, the expression on the right must also be positive.f 


§134. Resonance at a quasi-discro.e level 

A system which can disintegrate does not, strictly speaking, have a discrete 
energy spectrum. The particle leaving it when it disintegrates recedes to 
infinity; in this sense, the motion of the system is infinite, and hence the 
energy spectrum is continuous. 

It may happen, however, that the disintegration probability of the system 
is very small. The simplest example of this kind is given by a particle sur¬ 
rounded by a fairly high and wide potential barrier. Another possible 
reason for metastability of a state is that the spin of the system must change 
in a disintegration due to a weak spin-orbit interaction. 

For Such systems with a small disintegration probability, we can introduce 
the concept of quasi-stationary states, in which the particles move “inside 
the system” for a considerable period of time, leaving it only when a fairly 
long time interval t has elapsed; t may be called the lifetime of the almost 
stationary state concerned (t ~ IJw, where w is the disintegration prob¬ 
ability per unit time). The energy spectrum of these states will be quasi¬ 
discrete', it consists of a series of broadened levels, whose width is related 
to the lifetime by F ~ hjr (see (44.7) ). The widths of the quasi-discrete 
levels are small compared with the distances between them. 

In discussing the quasi-stationary states, we can use the following formal 
method. Until now we have always considered solutions of Schrodinger’s 
equation with a boundary condition requiring the finiteness of the wave 
function at infinity. Instead of this, we shall now look for solutions which 
represent an outgoing spherical wave at infinity; this corresponds to the 
particle finally leaving the system when it disintegrates. Since such a 
boundaiy' condition is complex, we cannot assert that the eigenvalues of 

t This inequality had previouslv been derived in a different manner by Wigner (1955)., 
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the energy must be real. On the contrary, by solving Schrodinger’s equa¬ 
tion, we obtain a set of complex values, which w'e write in the form 

E=Eo-JtT. (134.1) 

where and T are two constants, which are positive (see below). 

It is easy to see the physical significance of the complex energy values. 
The time factor in the wave function of a quasi-stationary state is of the form 

g-uiKEt — g-it/n}E,tg-ir/mi2_ 

Hence all the probabilities given by the squared modulus of the wave function 
decrease with time as In particular, the probability of finding 

the particle “inside the system” decreases according to this law. Thus F 
determines the lifetime of the state; the disintegration probability per unit 
time is 

to = Tjh. (134.2) 

At large distances the wave function of the quasi-stationary state (the 
outgoing wave) contains the factor 

exp[tVv'{2»n(£b—iiT)}/^], 


which increases exponentially as r oo (the imaginary part of the root 
is negative). Hence the normalization integral J |i/(p dF for these functions 
diverges. It may be noted, incidentally, that this resolves the apparent 
contradiction between the decrease with time of |^|’^ and the fact that the 
normalization integral can be shown from the wave equation to be a constant. 

Let us ascertain the form of the wave function which describes the motion 
of a particle with energy close to one of the quasi-discrete levels of the system. 

As in §128, we write down the asymptotic form (at large distances) of the 


t We may note that this shows the physical necessity for T to be positive, a condition which 
is automatically satisfied on account of the boundary condition imposed at infinity on the 
solution of the wave equation, or by the equivalent (see §130) rule of passage roun po es in 
the formulae of perturbation theory. Let transitions from the discrete level n to t e *' 

of the continuous spectrum be caused by a constant perturbation V. Then t e secon or er 
correction to the energy level is 


-1 


|F„.|=d. . 

£„<®t-£, + t0’ 


cf. (38.10). The rule (43.10) gives 

r = -2im£„«> = 2jrJ 5(£„«»-£.) dv. 

in agreement with (43.1) for the transition probability. 
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radial part of the wave function in the form (128.1): 

-^-.Ml, (134.3) 

and regard £ as a complex variable. For real positive E, 

1 

Ri = k = V(2«£)/^. (134.4) 

r 

and Ai{E) = B*{E) (see (128.3), (128.4)); the function Bi{E) is here taken 
on the upper edge of a cut along the right half of the real axis. 

The condition which determines the complex eigenvalues of the energy 
consists in the absence of an ingoing wave from the asymptotic expression 
(134.3). This means that for £■ = Eq —liT the coefficient £;(£') must vanish: 

Bi(£'o-K) = 0. (134.5) 

Thus the quasi-discrete energy levels, like the true discrete levels, are zeros 
of the function Bi{E). However, unlike the zeros which correspond to true 
levels, they do not lie on the physical sheet: in writing the condition (134.5) 
we have assumed that the required wave function of the quasi-stationary 
state arises from the same term in (134.3), which is an outgoing wave ('--'«**»■) 
when £ > 0 also (in (134.4)). But the point E = — lies below the 

positive real axis. This point can be reached from the upper edge of the cut 
(where the coefficients in (134.4) are defined), without leaving the physical 
sheet, only by passing round the point E = 0. Then -E changes sign, 
so that the outgoing wave becomes an ingoing one. Consequently, to pre¬ 
serve the outgoing wave the point must be reached by going directly down 
through the cut, on to another, non-physical, sheet. 

Let us now consider real positive energy values close to the quasi-discrete 
level (assuming, of course, that F is small, since otherwise no such close 
values could exist). Expanding the function Bi{E) in powers of the difference' 
E—(Fq —iz'F) and taking only the first-order term, we have 

Bi{E) = (F-Eb+ifT)*,, (134.6) 

where bi is a constant. Substituting m (134.4), we obtain the following 
expression for the wave function of a state close to the quasi-stationary state: 

1 

Ri = -{{E-Eo-\iT)bi*eH" + {E-Eo+\ir)bi^’‘r^. (134.7) 

The phase S; of this function is given by 

eZM. = 

E-Eo+itT 

= - - N 

' ^ —jEo+'J-tT/ 


(134.8) 
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e2«a.'"> = (134.9) 

For \E-Eo\ > r, the phase Si is equal to Sz«», so that S,(0> is the value of the 
phase far from the resonance. 

In the resonance region 8; varies considerably with energy. If we rewrite 
formula (134.8), using the result 

^iUn-*A i+,A 
g2(ta.c“'A j 

^-ltan-»A 


in the form 


6i 


8d®* — tan“^ 


r 

2{E-Eo)' 


(134.10) 


we see that the phase changes by in a passage through the whole resonance 
region (from E Eq to E ^ Eq). 

For E = Eo-^T, the function (134.7) becomes Ri = -(l/7-)zT8;*e’*r 
If the wave function is normalized by the condition that the integral of 
over the region within the system is unity, the total current in this outgoing 
wave, equal to must be equal to the distintegration probability 

(134.2). Hence we find 

I8,|2 = l/fer. (134.11) 

These results enable us to determine the amplitude of elastic scattering 
of a particle with energy E close to some quasi-discrete level Eo of the 
compound system consisting of the scattering system together with the 
particle undergoing scattering. In the general formula (123.11) we must 
substitute the expression (134.8) in the term with the value of / which corres¬ 
ponds to the level Eq. This gives 


2/+1 

/(e) =/<«'(»)—— 


£—£b+'J*T 


P;(cos 6), 


(134.12) 


where/«»(e) is the scattering amplitude far from the resonance, which is 
independent of the properties of the quasi-stationary state ^t is given y 
formula (123.11) with 8; = 8,'°' in each term of the sum).+ The amplitu e 
mie) is called the potential scattering amplitude, and the second erm 
in (134.12) the resonance scattering amplitude. The latter has a po e a 
E = Eo-UT, which, as shown above, is not on the physical sheet. I 

Formula (134.12) determines the elastic scattering near resonance a one 
of the quasi-discrete levels of the compound system. Its range of validity 

t If scatter.ng“of a charged part.cle by a system of charged particles .s considered, the 

exoression (13S.11) must be used for the phases Si' >, Uv a 

resonanc^em in (134.12). The values of £. and T are given by formulae (133.16). and since 
E is small the phase 6,i<» is small, so that e‘*«i«’>«sl. 
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is defined by the requirement that the difference IE-EqI should be small 
compared with the distance D to the adjoining quasi-discrete levels: 

l£-£ol D. (134.13) 


This formula is somewhat simplified if the scattering of slow particles is 
being considered, i.e. if the wavelength of the particles in the resonance 
region is large compared with the dimensions of the scattering system. Here 
only ^-wave scattering is important; we shall suppose that the level Eq 
does in fact belong to motion with / = 0. The potential scattering amplitude 
then reduces to a real constant —a (see §132).f In the resonance scattering 
amplitude we put / = 0 and replace by unity, since 

Thus we find 


m = 


k(,E-Eo+\iT)' 


(134.14) 


In a narrow range I’E —^ol ~ T the second term is large compared with the 
amplitude a, and the latter may be omitted. Farther from the resonance, 
however, the two terms may be comparable. 

In the above derivations it has been tacitly assumed that the value Eq of 
the level itself is not too small, and that the resonance region is not in the 
neighbourhood of the point F = 0. If resonance at the first quasi-discrete 
level of the compound system is considered, which lies at a distance from 
£■ = 0 small compared with the distance to the next level [Eo <| D), the ex¬ 
pansion (134.6) may be no longer permissible. This is seen from the fact 
that the amplitude (134.14) does not tend to a constant limit as £->-0, as 
would be necessary for r-wave scattering according to the general theory. 

Let us consider the case of a quasi-discrete level close to zero, again 
assuming that in the resonance region the particles undergoing scattering are 
so slow that only j-wave scattering is of importance. 

The expansion of the coefficients Bi(E) m the wave function must now be 
made in powers of the energy E itself. The point E = 0 is a branch point of 
the functions Bi{E), and a passage round this point from the upper to the lower 
edge of the cut changes Bi{E) into B*(E). This means that the expansion is 
in powers of ■\/ — E, which changes sign on the above-mentioned passage. 
We write the first terms in the expansion of the function Bq(E) for real positive 
E in the form 


Bo{E) = {E-eo+iy^/E)bo{E), (134.15) 

where cq and y are real constants, and bo{E) a function of energy, which can 
also be expanded in powers of -y/E but has no zero near the point E = O.J 
The quasi-discrete level E = Eo-^r corresponds to the vanishing of the 


T ^ assumed that the scattering field decreases sufficiently rapidly with increasing distance 
* + given here will be applied to the scattering of slow neutrons bv nuclei 

I The function fco(£) determines, according to (134.9), the phase of the potential'scattering. 
In the scattering of slow particles, the first terms in its e.vpansion are bJE) = constants 
:(1 -\-iak). 
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factor E — eo + iyy/E, continued into the lower half-plane of the non-physical 
sheet; we therefore have for the determination of Eo and F the equation 

Eo-^iT-eo+WC^o-itT) = 0 (134.16) 

(the constants eo and y must be positive in order that Eq and F should be 
positive). For example, a level with width F Eo corresponds to the rela¬ 
tion €0 P between these constants, and from (134.16) we have Eo = eo, 
F = 2y\/ eo- 

The expression (134.15) replaces in this case formula (134.6); the subse¬ 
quent formulae must be correspondingly modified (everywhere replacing Eo 
by eo and F by 2y\/E). Hence we obtain for the scattering amplitude, instead 
of (134.14), the expression 

hy 

f=-oL --:- (134.17) 

^/{pn)(E- £ 0 - 1 - «yV E) 

(where we have put k = \/{2niE)lti, m being the reduced mass of the particle 
and the scattering system). For E -> 0 this amplitude tends to a constant 
limit, as it should, thus confirming the form of the expansion (134.15). 

It may be noted that the expression (134.17) also covers the case of a true 
discrete level of the compound system close to zero, which is given by an 
appropriate relation between the constants eo and y. If [eo] < y^, the first 
term E may be neglected in the denominator of the resonance term for 
energies E y^. 

Neglecting also the potential scattering amplitude a, we obtain the formula 

1 

^ ik—\/{2m)€oll^ 

which is the same as formula (133.7) (with k = — y/{2m)€olhy).^ This corres¬ 
ponds to resonance at the level E = eo^/y^, which is a true or virtual discrete 
level according as the constant k is positive or negative. 


§135. Rutherford’s formula 

Scattering in a Coulomb field is of interest from the point of view of 
physical applications. It is also of interest in that, for this case, the quantu 

mechanical collision problem can be solved exactly. ^ , . .. r 

When there is a direction (in this case, the direction of 
particle) which can be distinguished from the remainder, Schrodinger s 

equation in the Coulomb field is conveniently^ solved in 
nates ^ n i (537). The problem of the scattering of a particle in a central 
aSally Hence U,e wave fnncuon ^ ia mdet.nd.n. of the 

angle 4>. We write the particular solution of Schrodinger s equation (3/.6) 

(135.1) 
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this is (37.7) with m = Q. Accordingly, after separating the variables, we 
obtainf equations (37.8) with m = 0: 

(135.2) 

—+ ^ 2)/2 = 0 , ^\+^2 = 1 . 

The energy of the particle scattered is, of course, positive; we have put 
E = hk^. The signs in equations (135.2) are for the case of a repulsive field; 
exactly the same final result is obtained for the scattering cross-section in an 
attractive field. 

We have to find that solution of Schrbdinger's equation which, for nega¬ 
tive z and large r, has the form of a plane wave: 

ifi ~ for — oo<a:<0, r-> oo, 

corresponding to a particle incident in the positive direction of the ar-axis. 
We shall see from what follows that the condition imposed can be satisfied 
by a single particular integral (135.1);asumof integrals with various values of 
^ 1 , ^2 is not needed. 

In parabolic coordinates, this condition takes the form 
^ ~ g<Wj-7)/2 foTT] -> CO and all f. 

This can be satisfied only if 

/i(|)=^A:i/2 (135.3) 

and 72 ( 7 ?) is subject to the condition 

fiiv) ~ forTj-^co. (135.4) 

Substituting (135.3) in the first of equations (135.2), we see that this 
function does in fact satisfy the equation, provided that the constant = ^ik. 
The second equation (135.2), with = 1 then takes the form 

d / d /2 \ 

^(^7—j + (i^-l+i*W2 = 0. 

Let us seek its solution in the form 

fzbl) = €-*’‘^'^{7]), (135.5) 

where the function tv{-q) tends to a constant as -q -*■ 00 . For tv(r]) we have 
the equation 

7]vi"+(l—ikr])zo'—to=0, (135.6) 

t In this section we use Coulomb units (see §36). 
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which, by introducing the new variable = ik-rj, can be reduced to the 
equation for a confluent hypergeometric function with parameters a = —ilK 
y = 1. We have to choose that solution of equation (135.6) which, on being 
multiplied by /i(f), contains only an outgoing (i.e. scattered) and not an 
ingoing spherical wave. This solution is the function 

VI — constantX F(—t/^, 1, ik-rj). 


Thus, on assembling the expressions obtained, we find the following exact 
solution of Schrodinger’s equation, describing the scattering: 

^ = e-n/2/cr(iq.j/^)eiw-i!)/2F(-t7^, 1, ikr]). (135.7) 

We have chosen the normalization constant in ih such that the incident plane 

wave has unit amplitude (see below). 

In order to separate the incident and scattered waves in this function, we 
must consider its form at large distances from the scattering centre. Using 
the first two terms of the asymptotic expansion ^formula (d.l4)) for the con¬ 
fluent hypergeometric function, we have for large 


(^-ikrjy/k/ 1 \ {tkr])- 

'■ “ nITsO "" Fp ; 


{ikr]l)~*tk gikii 


ni+ilk) 

gir/Zk 


_ 

T(\+ilk)\ 


1 q_io«<fc7). 


ijk) ih) 
'r(i-iik) 


.gAUk) logO:^). 


Substituting this in (135.7) and changing to spherical polar coordinates 
— 2z, T] = r — z = r(l — cos 6)), we have the following final asymptotic 

expression for the w'ave function: 

I _ r J _|_!_”|glte+(l/fc) loB(fcr-lrr cose)_|.^^LAgl*r-«/fc) logt2fcr)^ (135.8) 

ik^r{\-cose)J '' 


where 


m 


__ g-A2iIk) log sinOjZ 

2k^ sin^B 


T{l+ilk) 

m-m' 


(135.9) 


The first term in (135.8) represents the incident wave. We see that, in 
consequence of the slow decrease of the Coulomb field,^e plane wa^ 
distorted even at large distances from the centre, as is shown by the P^sence 
S rCrith^c rL in .he phase and of the U 
The distorting logarithmic term in the phase is foun 

tThe origin of this distort.on may direction of \^nriLnTe'\ta^alleno^^ 

o:) IS easily shown to tend to .a-I-R log v 

is the surface of constant phase of the incident wave in (13 d.8). 
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§136 The system of wave functions of the continuous spectrum 

spherical wave given by the second term in (135.8). These differences from 
the usual asymptotic form of the wave function (123.3) are unimportant, 
however, since they give a correction to the current density which tends 
to zero as r -> 00 . 

Thus we obtain for the scattering cross-section da = I f {B)\^ do the 
formula 

do = do/4^ sin‘*J6, 

or, in ordinary units, 

do = (a/2mt)2)2 do/sin'* (135.10) 

where the velocity of the particle = khim. This is the familiar 
formula given by classical mechanics. Thus, for scattering in a Coulomb field, 
quantum and classical mechanics give the same result (N. Mott, and W. 
Gordon, 1928). Born’s formula (126.12) naturally leads to the same 
expression (135.10) also. 

We shall give for reference the expression for the scattering amplitude 
(135.9), written as a sum of spherical harmonics. This is obtained by 
substituting in (124.5) the phases from (36.28), i.e.f 

exp(2f^j, coui) = r(/+1 +f//e)/r(/+1 - -ilk). (135.11) 

Thus we find 

1 ^ T(l+l+ilk) 

,,35.12) 

The signs in the scattering amplitude (135.9) correspond to a repulsive 
field. In an attractive Coulomb field, formula (135.9) is replaced by the 
complex conjugate expression. f{6) then becomes infinite at the poles of the 
function r(l —ijk), i.e. at points where the argument of the gamma function 
is a negative integer or zero (when im A> 0 and the function rip decreases at 
infinity). The corresponding energy values are = — IjZn^ (n = 1, 2, 3, 
...), and coincide with the discrete energy levels in the Coulomb field 
(cf. §128). 

§136. The system of wave functions of the continuous spectrum 

In the analysis of motion in a centrally symmetric field (Chapter V) we 
have considered stationary states in which the particle has definite values of 
the energy, the orbital angular momentum /, and the component m of this 
angular momentum. The wave functions of such states of the discrete 
spectrum {fnim) and the continuous spectrum {fkim, energy h'^k^jlm) 
together form a complete set in terms of w’hich the wave function of any state 

t The value of Si.coul m this formula differs from the true (divergent) Coulomb phase by a 
quantity which is the same for all L 
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may be expanded. Such a set of functions is, however, not appropriate for 
problems in scattering theory. Here another set is convenient, in which the 
wave functions of the continuous spectrum are described by a particular 
asymptotic behaviour: at infinity there is a plane wave and an outgoing 
spherical wave. In these states the particle has a definite energy, but no 
definite angular momentum magnitude or component. 

According to (123.6) and (123.7), such wave functions, here denoted by 

are given by 

CO 

= — y iH2l+ i?fcj(r)P;(k . r;kr). (136.1) 

Ik ^ 

1 = 0 

The argument of the Legendre polynomials is written as cos 6 = k . rjkr, 
and the expression therefore does not involve any particular choice of the 
coordinate axes as it did in (123.6) (where the s-axis was the direction of 
propagation of the plane wave). By giving the vector k all possible values, 
we obtain a set of wave functions, which, as we shall now show, are ortho¬ 
gonal and normalized by the usual rule for the continuous spectrum. 

I dL = (27 t) 3 S(k' -k). (136.2) 

To prove this.f we note that the product is expressed by a double 

sum over / and I' of terms containing the products 

P((k . r//er)Pi.(k' . rjk'r). 

The integration over the directions of r is effected by means of the formula 
J Pj(k . r/^r)Pi-(k'. Tjk'r)do = 8^. P^k • k'/^* ); (136.3) 


cf. (c.12) in the Mathematical Appendices. This leaves 

00 

C dF = — y (2/-|-l)e<'*<<*’”*'**'*’PK“®>')J Rki{r)Rkilj)r^ dr, 

where y is the angle between k and k'. The radial functions P,i are ortho- 
gonal, however, and are normalized by 


CO 

I Rk iRki r^dr = 27Tb{k'-k). 
0 


t Essentially, only the orthogonality of the > needs to 52I). In 

IJ , „ J.rived directlv from the asymptotic form of the tunctions tci s i 

[his's^enXtreyiid.ty of ( 136 . 2 ) is evident from the fact that, as r -oc. the only non-decreasing 
term in these functions is 
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Hence we can put k = k' in the coefficients in front of the integrals; using 
also the relation (124.3), we have 

CO 

r dF = ^8(A' -*) 2 (2/+ l)PKcos y) 

J l»0 


= —h[k'-k)?>{\-COS y). 

k'^ 

The expression on the right is zero for k # k'; on being multiplied by 
sin y d/s dy/(27T)3 and integrated over all k-space it gives 1, and this 
proves formula (136.2). 

Together with the system of functions we can also introduce a system 
corresponding to states in which there are at infinity a plane wave and an 
ingoing spherical wave. These functions, which we denote by are 

obtained directly from the 

(136.4) 

since the complex conjugate of (outgoing wave) is (ingoing 

wave), and the plane wave becomes e~'^'^, so that, in order to retain the 
previous definition of k (plane w'ave e'** '), we must replace k by — k, as in 
(136.4). Noticing that P(( — cos 6) = ( —l)'P/(cos 6), we obtain from fl 36.1) 

00 

^ 2 l)«-"‘P«('')P/(k . rikr) . (136.5) 

t-o 


The case of a Coulomb field is of great importance. Here the functions 
flf'' (and i/(j,~’) can be written in a closed form, which is obtained directly 
from formula (135.7). We express the parabolic coordinates by 

=hz =k .T, kr) = k[r—z) = kr—k .r. 

Thus we obtain for a repulsive Coulomb fieldf 

= e-’’/^>‘r{l+ilk)e*'‘-rF{-ilk, 1, ikr-ik.r), (136.6) 

= e-”l^>‘T{\-ilk)f*^-^F{ijk, 1, -ikr-ik.r). (136.7) 


t Using Coulomb units. 
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The wave functions for an attractive Coulomb field are found by simul¬ 
taneously changing the signs of k and r: 

= err/2*r(l—1, jfer—fk .r), (136.8) 


= e” I^^T{\+ilk)e^'^-^F{—Hk, 1, —ihr—ilL.t). (136-9) 


The action of the Coulomb field on the motion of the particle near the 
origin may be characterized by the ratio of the squared modulus of or 
at the point r = 0 to the squared modulus of the wave function = 
e''*-*' for free motion. Using the formula 

r(i + Hk) r(i - ijk) = (ilk) r(iik) r(i - ijk) 

= Trjk sinh(7r/^), 


we easily find, for a repulsive field, 

1^L+'(0)|2 _ 14->(0)P ^ 

and for an attractive field, 

IV-kP ^(l-e-zwi) 


(136.10) 


(136.11) 


The functions ijjl*'’ and play an important part in problems relating to 
the application of perturbation theory in the continuous spectrum. Let us 
suppose that, as a result of some perturbation P, the particle makes a tran¬ 
sition between states of the continuous spectrum. The transition probability 
is determined by the matrix element 


j 4jf*PiPidV. (136.12) 

The question arises of which solutions of the wave equation are to be taken 
as the initial (./-i) and final (iPj) wave functions, in order to obtain the ampli¬ 
tude for a transition of the particle from a state with momentum to one wit 

momentum ^k' at infinity.f We shall show that this requires that 

h = 4'1^\ 4>f = 


(A. Sommerfeld 1931). 


t An example of such a process is an electron coll.d.ng w.th a heavy nucleus 
erJitting a photon, thereby changing its energy and .ts direction of motion; the 
is the^teraction between the electron and the radiation field and the C-lo-b fidd^yhe 

nucleus is the field f for which the functions and ■ are latter; 

Another example is a collision of an electron with an atom, accompanied by ionization 

see §148, Problem 4. 
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This becomes clear if we consider how the problem would be solved by 
perturbation theory applied not only as regards the perturbation but also 
as regards the field U{r) in which the particle is moving. In the zero-order 
approximation (with respect to L), the matrix element (136.12) is 

= J dF. 


In subsequent approximations with respect to [/, this integral is replaced by 
a series of which each term is an integral 


I 


k, ^k,k. 


c, 


k„k 


(£'k - ■E'k. + ^0) • . (^u - •^k„ + *0) 






cf. §§43 and 130. The numerator contains the matri.x elements (in varying 
order) with respect to the unperturbed plane waves, and all poles are avoided 
in the integrations, according to one fi.xed rule. On the other hand, this 
series can be obtained as the matrix element (136.12) with the wave functions 
-fi and ff as perturbation-theory series with respect to the field U. The fact 
that the result must be a sum of integrals in which all poles are avoided by the 
same rule means, therefore, that the poles in the terms of the series represen¬ 
ting and ff* must be avoided by a similar rule. But if the wave equation 
is solved by perturbation theory with this avoidance rule, we necessarily 
obtain a solution whose asymptotic form includes an outgoing (as well as a 
plane) wave. In other words, the wave functions, which in the zero-order 
approximation (with respect to U) have the form 

4>f* = 

must be replaced by exact solutions of the wave equation, respectively 
and This proves the rule (136.13). 

The choice of as the final wave function applies also to transitions 
from the discrete to the continuous spectrum; here there is, of course, no 
problem of choosing fi. 


§137. Collisions of like particles 

The case where two identical particles collide requires special considera¬ 
tion. The identity of the particles leads in quantum mechanics to the 
appearance of a peculiar exchange interaction between them. This has an 
important effect on scattering also (N. F. Mott 1930).t 

The orbital wave function of a system of two particles must be symmetric 
or antisymmetric with respect to the particles, according as their total spin 
IS even or odd (see §62). The wave function which describes the scattering, 
and which is obtained by solving the usual Schrodinger’s equation, must 
therefore be symmetrized or antisymmetrized with respect to the particles. 
An interchange of the particles is equivalent to reversing the direction of the 


t Here the direct spin—orbit interaction is again ignored. 
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radius vector joining them. In the coordinate svstem in which the centre 
of mass is at rest, this means that r remains unchanged, while the angle 6 
is replaced by n—O (and so ar = r cos 6 becomes —a). Hence, instead of the 
asymptotic expression (123.3) for the wave function, we must write 

0 =e«fc*±e-«*4.e<fc>'[/(e)±/(7T-e)]/r. (137.1) 

By virtue of the identity of the particles it is, of course, impossible to say 
which of them scatters and which is scattered. In the coordinate system 
in w'hich the centre of mass is at rest, we have two equal incident plane waves, 
propagated in opposite directions (c**^ and The outgoing spherical 

wave in (137.1) takes into account the scattering of both particles, and the 
probability current calculated from it gives the probability that either of the 
particles will be scattered into the element do of solid angle considered. The 
scattering cross-section is the ratio of this current to the current density in 
either of the incident plane waves, i.e. it is given, as before, by the squared 
modulus of the coefficient of in the wave function (137.1). 

Thus, if the total spin of the colliding particles is even, the scattering 
cross-section is of the form 

da, =|/(e)+/(7T-e)|2do, (137.2) 

while if the total spin is odd, it is 

da„ = |/(0)-/(7r-0)|2do. (137.3) 

The appearance of the interference term — 

characterizes the exchange interaction. If the particles were different, as 
they are in classical mechanics, the probability that either of them would be 
scattered into a given element of solid angle do would simply be equal to the 
sum of the probabilities that one particle is deviated through an angle 6 and 
the other through tt — 6\ in other words, the cross-section would be 

{|/WP+l/(’^-»)l"}do. 

In the limiting case of low velocities, the scattering amplitude tends to a 
constant value independent of the angle (§132) if the interaction of the 
particles decreases sufficiently rapidly with increasing distance. It is seen 
from (137.3) that doa is then zero, i.e. only particles with even total spin 
scatter each other. 

In formulae (137.2), (137.3) it is supposed that the total spin of the col¬ 
liding particles has a definite value. If the particles are not in definite spin 
states, then to determine the cross-section it is necessary to average, assuming 
all possible spin states to be all equally probable. We have shown in §62 that, 
of the total number of (2i + 1 )2 different spin states of a system of two particles 
with spin s, s(2s+ 1) states correspond to an even total spin and (i -I- l)(2r -I-1) 
to an odd total spin (if r is half-integral), or sjice versa if r is integral. Let us 
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first suppose that the spin s of the particles is half-integral. Then the 
probability that the system of two colliding particles will have even 5 is 

^( 2 r+ l)/( 2 s+ 1)2 = s'(2r-i-1), while the probability ofodd5is(s+ l),( 2 s-i- 1 ). 

Hence the cross-section is 


j ^+1 

do — —-- do,-l-doo. 

2r+l 2r+l 

Substituting here (137.2), (137.3), we obtain 

1 


(137.4) 




2^+1 (137.5) 


Similarly, we find for integral ^ 


da = {l/(^)p+l/(^-^)|2+^^[/(e)/*(,T-e)-}./*(e)/(,r-e)]}do. 

(137.6) 

As an example, we shall write out the formulae for the collision of two 
electrons interacting by Coulombs law (C/ = e^jr). Substitution of the 
expression (135.9) in the formula (137.5) with i = ^ gives (in ordinary units), 
after a simple calculation. 


(137.7) 

where w'e have introduced the mass wig of the electron in place of the reduced 
mass m = ^wig. This formula is considerably simplified if the velocity is 
so large that vh; we notice that this is just the condition for perturba¬ 
tion theory to be applicable to a Coulomb field. Then the cosine in the third 
term can be replaced by unity, and w'e have 


/ 2e2\2 4_3sjn2p 

da = {-- )-do. 

\ mov^/ sin^e 


(137.8) 


The opposite limiting case, e^pvh, corresponds to the passage to the limit 
of classical mechanics (see the end of §127). In formula (137.7) this transition 
occurs in a very curious way. For ^2 ^ vh, the cosine in the third term in the 
® rapidly oscillating function. For any given 6, formula 
(13/./) gives tor the scattering cross-section a value which in general differs 
considerably from the Rutherford value. However, on averaging over even 
a small range of values of 6, the oscillating term in (137.7) vanisLs. and we 
obtain the classical formula. 

All the above formulae for the cross-section refer to a system of co¬ 
ordinates in which the centre of mass is at rest. The transition to a system 
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§138 


in which one of the particles is at rest before the collision is effected (according 
to (123.2)) simply by replacing 6 by 2&. Thus, for a collision of electrons 
we have from (137.7) 


/ 2e2 V 2r 1 1 

da = (-) -+— 

\mov^/ Lsin^d cos 


cos^& sin2& cos2& \hv 


cos|^— log tan2&^ J 


cos ■& do, 


(137.9) 

where do is the element of solid angle in the new system of coordinates. 
In replacing 6 by 2&, the element of solid angle do must be replaced by 
4 cos & do, since sin 6 d6d<^ = 4 cos sin &d&di;i. 


PROBLEM 

Determine the scattering cross-section for two identical particles of spin i, with given mean 
spin values s, and Sj. 

Solution. The dependence of the cross-section on the polarizations of the particles must 
be expressed by a term proportional to the scalar s,.Sj. We look for do in the form a-t-iSj.Sj. 
For unpolarized particles (s, = Sj = 0), the second term is absent, and according to (137.4) 
da = fl = J(daj-|-3daa). If both particles are completely polarized in the same direction 
(s,.Ss = J), the system is certainly in a state with S = 1; in this case, therefore, do = a + lb = 
dop. With a and b determined from these two equations, we have 

da = l(daj-(-3doa) + (doo-dos)Si. S 2 . 


§138. Resonance scattering of charged particles 

In the scattering of charged nuclear particles (e.g. of protons by protons), 
as well as the short-range nuclear forces there is the Coulomb interaction, 
which decreases only slowly. The theory of resonance scattering in this case 
is developed by the same method as that described in §133. The only differ¬ 
ence is that the wave function in the region outside the range of action of the 
nuclear forces (r ^ a) must be, instead of the solution of the equation of free 
motion (133.2), the exact general solution of Schrodinger’s equation in a 
Coulomb field. Here the velocity of the particles is again assumed only so 
small that ka I; the relation between 1/k and the Coulomb unit of length 
<2c = h^ltnZiZze^ (where m is the reduced mass of the colliding particles) is 
left arbitrary.f 

For motion with / = 0 in a repulsive Coulomb field, Schrodinger s 
equation for the radial function x — is 

here we use Coulomb units. In §36 the solution of this equation has been 
found, subject to the requirement that x/t is finite at r = 0. This solution. 


■j- The theory given below is due to L. D. Luandau and Ya. A. Smorodinskii (1944). 
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§ 13 8 Resonance scattering of charged particles 

which we here denote by Fq, has the form (see (36.27) and (36.28)) 

Fo = A^^rkrF{ijk+\, 2, —likr). 


= 


iTrjk 

e^nlk^l 


(138.2) 


The asymptotic expression for this function at large distances is 


Fo =« sin^fo--^log2Ar+So,coui^, 


So.coui = argr(l + i7A), | 

and the leading terms of the expansion for small r {kr 1, r 

Fo = Akr{\+r+ ...). 


(138.3) 


1) are 
(138.4) 


Now, however, with the changed boundary condition, the behaviour of the 
function at the origin becomes unimportant, and we need the general solution 
of equation (138.1), which is a linear combination of two independent 
integrals. 

The parameters of the confluent hypergeometric function in (138.2) are 
such (the value of y = 2 being integral) that the case described at the end 
of §d of the Mathematical Appendices occurs. In accordance with the 
discussion given there, we obtain the second integral of equation (138.1) 
by replacing the function F in (138.2) by some other linear combination of 
two terms whose sum is, according to (d.l4), the confluent hypergeometric 
function. Taking the difference of these terms as the combination in question, 
we find the second independent solution of equation (138.1) (denoted by Go) 
in the formf ' 


Ae 

the function Fo is the real part of the same expression. The asymptotic form 
at large distances is 


Go ~ cos^Ar-ilog2Ar+So,coui), 

and the leading terms of the expansion for small r are 

+-'-[log2r + 2C-1+A(A)]+ 


(138.6) 


(138.7) 


t The functions Fq 
are called regular and 


and Go (and the correspondingly defined 
irregular Coulomb functions respectively. 


functions Fi and Gi with 1^0) 
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where C = 0-577... is Euler’s constant, and h(k) denotes the function 
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h{k) = K>}>i-ilk) + \ogk, (138.8) 

fp{z) = T'{z)IT{z) being the logarithmic derivative of the F function.-}- 
The general integral of equation (138.1) may be written as the sum 

X = constant X (Fo cotSo + Go), (138.9) 

W'here cot So is a constant. The notation is chosen so that the asymptotic 
form of this solution is 

X ~ sin^^r—-Iog2fey+So,coui+Soy (138.10) 

Thus So is the additional phase shift of the wave function due to the short- 
range forces. We have to relate it to the constant appearing in the boundary 



Fig. 49 


t The expansion (138.7) is obtained from (138.5) by means of the expansion (d.l7), using 
the well-known relation 

(which is easily derived from r(a4-l) = zi~(z)) and the values = —C, ^^'(2) = C+1. 
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§ 13 8 Resonance scattering of charged particles 

condition [xlx\r-*o = constant, which replaces the treatment of the wave 
function in the region where nuclear forces act. Owing to the logarithmic 
divergence of the logarithmic derivative x jx as r -> 0, this condition must 
be applied at some arbitrarily small but finite value r = p, not at r = 0. 
Calculating by means of formulae (138.4) and (138.7) the derivative x'{p)lx{p) 
and equating it to a constant, W'e obtain the boundary condition in the form 

kA-cot So+ 2[log 2p+ 2C +A(^)] = constant. 

The expression on the left-hand side of the equation contains the constants 
2 log 2p and 4C, which are independent of k; we include these in the constant 
on the right, and then denote it by — k. The final expression for cot So is, 
in ordinary units, 

1 

cotSo=- {e^l>‘<^^-\)[h{kac)+\Kac-\-, (138.11) 

TT 


in the limit l/oc-^O, i.e. for uncharged particles, formula (138.11) becomes 
the relation cot So = - k/M, i.e. (133.6). 

Figure 49 shows a graph of the function A(x).t 

Thus, when there is a Coulomb interaction, the “constant” is 


2jt cot So 

ac(e2''*o.-l) 


2 

-I- — h{kac) = — X. 
Oc 


(138.12) 


We have put the word “constant” in quotation marks, since k is actually the 
first term in an expansion in powers of the small quantity ha of some function 
which depends on the properties of the short-range forces. As stated in §133, 
resonance at low energies corresponds to the case where the value of the con¬ 
stant K is anomalously small. Consequently, in order to improve the accuracy, 
we must take account also of the next term (~A^) in the expansion, which 

t To calculate the function /i(A), we can use the formula 

00 

which is easily obtained by means of the formula 

00 

(!(«) = —C--!-; 

* "(" + ») 

see Whittaker and Watson. Course of Modem Analysis. Cambridge. 1944 §12 16 The 
limiting e.xpressions for are , s -lu i rie 

A(A) « for * < 1, 

h{K) = -C + \ogk + \ llk‘ for I) 

the latter formula gives values of 6(A) which are correct to within 4% even for A> 2-5. 
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contains a coefficient of “normal” magnitude, i.e. in (138.12) —k must be 
replaced by — kq + 

The existence of resonance may, as stated in §133, be due to either a true 
or a virtual discrete bound state of the system. It can be shown| that the sign 
of the constant k is again the criterion which determines whether the level is 
true or virtual. 

The total phase shifts of the wave functions are, according to (138.10), the 
sums S/coui + scattering cross-section is therefore 

CO 

f(e) = —y (2Z-l-l)[e2>W/,coui-^/>-l]P,(cos 6). (138.13) 

2*^ fTo 


The difference in the brackets may be written 


c2*Ui,Coul+^l) — 1 = [e2t*i,Coul — 1] 

+ [e2*i[,Coul(e2i4i— l)J, 


(138.14) 


The Coulomb phases 8, couiequally, in order of magnitude, to the 
scattering amplitude for ail 1. The phases 8/ relating to the short-range 
forces are small for /#0 at low energies. Hence, in substituting (138.14) in 
(138.13), we retain the first bracket in every term of the sum; the sum of 
these terms is the Coulomb scattering amplitude (135.9) 

The second bracket in (138.14) is retained only in the term with f = 0. Thus 

the total scattering amplitude is 

= /coui(e) (138.16) 


The second term in this expression may be called the nuclear scattering 
amplitude. It should be emphasized, however, that the division is arbitrary, 
in view of the definition of 8o in (138.11), the presence of the Coulomb inter¬ 
action has a considerable effect on this term also, which is quite different 
from the corresponding term with the same short-range forces for uncharge 
particles. In particular, when ka^ -^0 the phase 8o, and therefore the w o e o 


+ The values of the constants a = I/k* and r, for proton-proton scattering are a - 78 x 

10-”cm ro = 2 - 8 x 10 -“ cm (Coulomb unit of length = i7-6xl0 cm). These 

values relate to a pair of protons with antiparallel spins; when the spins are parallel a system o 
two protons cannot be in the s state, by Pauli s principle. i. ■ ^ -j,- la 

J See L. Landau and Ya. A. Smorodinskii, Zhwrnal eksperimental not t teoreticheskoi fieikt 14, 

269, 1944. 
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the second term in (138.16), tend exponentially to zero as i.e. the 

nuclear scattering is entirely masked by the Coulomb repulsion. 

In the scattering cross-section the two parts of the amplitude interfere: 



-l^^sinSo cos/-log sin^6-(-So^ -l-4(Aac)2 sin2Sol.(138.17) 

sinH^ \kac / J 

Here it is assumed that the colliding particles are different; for like particles, 
the scattering amplitude must be symmetrized before being squared (cf. 
§137). 


§139. Elastic collisions between fast electrons and atoms 

Elastic collisions between fast electrons and atoms can be treated by means 
of the Born approximation if the velocity of the incident electron is large 
compared with those of the atomic electrons. 

Owing to the large difference in mass between the electron and the atom, 
the latter may be regarded as at rest during the collision, and the system of 
coordinates in which the centre of mass is fixed is the same as that in which 
the atom is fixed. Then p and p' in formula (126.7) denote the momenta of 
the electron before and after the collision, m the mass of the electron, and 
the angle 6 is the same as the angle of deviation ^ of the electron. The poten¬ 
tial energy U(r) in formula (126.7) must be defined appropriately. 

In §126 we have calculated the matrix element Up j, of the interaction 
energy with respect to the wave functions of a free particle before and after 
the collision. In a collision with an atom it is necessary to take into account 
also the wave functions describing the internal state of the atom. In an elastic 
collision, the state of the atom is left unchanged. Hence C/p.p must be deter¬ 
mined as the matrix element with respect to the wave functions and ip^. of 
the electron; it is diagonal with respect to the wave function of the atom. 
In other words, U{r) in formula (126.7) must be taken to be the potential 
energy of the interaction of the electron with the atom, averaged with respect 
to the wave function of the latter. It is ecp(r), where cp{r) is the potential of 
the field at the point r due to the mean distribution of charges in the atom. 

Denoting the density of the charge distribution in the atom by p(r), we 
have, for the potential <;6, Poisson’s equation; 

= —47rp(r). 

The required matrix element is essentially the Fourier component of U 
(i.e. of <p) corresponding to the wave vector q = k' — k. Applying Poisson’s 
equation to each Fourier component separately, we have 
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<f><l = 


i.e. 


J ^e-<Q.rdF = j pe-it-'dV. (139.1) 

The charge density p(r) consists of the electron charges and the charge 
on the nucleus: 


p = —en(r)+ZeB(r), 

where en{r) is the electron charge density in the atom. Multiplying by 
g-ii-r and integrating, we have 

J pe-^i-rdF = dF+Ze. 

Thus W'e obtain for the integral in question the expression 

( Ue-«i-rdV = [Z-F(5)], (139.2) 

J 

where F{q) is defined by the formula 

F(q) — j" ne~*’*‘'^dV (139.3) 

and is called the atomic form factor. It is a function of the scattering angle and 
of the velocity of the incident electron. 

Finally, substituting (139.2) in (126.7), we obtain the following expression 
for the cross-section for the elastic scattering of fast electrons by an atomf: 


da 


4-m^e^ 

/zV 


[Z-F{q)rdo, 


2mv . 1n 

a = -sin *9. 

^ h 


(139.4) 


Let us consider the limiting case qa^ 1, where go is of the order of 
magnitude of the dimensions of the atom. Small scattering angles correspond 
to small S' r'o/t'i where rJo~^/t«Go is of the order of magnitude of the 
velocities of the atomic electrons. 

Let us expand F(q) as a series of powers of q. The zero-ord^ term is 
J ndV, which is the total number Z of electrons in the atom. The first- 


t We are neglecting exchange effects between the fast electron which 
and the atomic electrons, i.e. we do not synunetnze the wave function of the syste . 
leglt'macroTthis procedure is evident: the interference between the rapidly oscillating wave 
function of the free particle and the wave function of the atomic electrons in the exchange 
integral” has the result that the corresponding contribution to the scattering amp itu e i 

small. 



581 


§139 Elastic collisions between fast electrons and atoms 

order term is proportional to J Tn{r) dV, i.e. to the mean value of the dipole 
moment of the atom; this vanishes identically (see §75). We must therefore 
continue the expansion up to the second-order term, obtaining 

1 r 

Z—F{q) = -{2 J nr2 dV; 
substituting in (139.4), we obtain 



/■ 


r^dV\ 


do. 


(139.5) 


Thus, in the range of small angles, the cross-section is independent of the 
scattering angle, and is given by the mean square distance of the atomic 
electrons from the nucleus. 

In the opposite limiting case of large qiqa^ ^ 1, i.e. factor 

g-tq.r integrand in (139.3) is a rapidly oscillating function, and there¬ 

fore the whole integral iS nearly zero. Consequently, we can neglect F{q) 
in comparison with Z, so that 


/ \2 do 

da = {-) -. 

\2tmFj sin^S- 

i.e., we have Rutherford scattering at the nucleus of the atom. 
We may also calculate the transport cross-section 


(139.6) 


atr = J (l-cos^)da. (139.7) 

In the range of angles & -4, vojv we have, according to (139.5), da = constant x 
X sin & d& = constant x § d&, where the constant is independent of 
Hence, in this region, the integrand in the above integral is proportional 
to so that the integral converges rapidly at the lower limit. In the region 
1 > & > we have da « constant x ijjtegj-and is proportional 

to 1/d, and the integral (139.7) diverges logarithmically. Hence we see that 
this range of angles plays the chief part in the integral, and we need integrate 
only over this range. The lower limit of integration must be taken as of the 
order of vojv, we shall write it in the form e^jyhv, where y is a dimensionless 
constant. As a result we have the formula 

ertr = ^{Ze^Jrrw'^f'lo^lyhvje^). (139.8) 

An exact calculation of the constant y requires a consideration of scattering 
through angles d > t-'o/r', and cannot be carried out in a general form; otr 
depends only slightly on the choice of this constant, since it enters only in 
a logarithm, and multiplied by the large quantity hvje^. 

For a numerical calculation of the atomic form factor for heavy atoms, we 
can use the Thomas—Fermi distribution of the density n{f). We have seen 



582 Elastic Collisions 

that, in the Thomas-Fermi model, n{r) has the form 


§139 


n{r) = Z^firZVZlby, 

all quantities in this and the following formulae are measured in atomic units. 
It is easy to see that the integral (139.3), when calculated with such a function 
n(r), will contain q only in the combination 

F(5) = Z4>{bqZ-^i^). (139.9) 

Table 11 gives, for reference, the values of the function 4>{x), which holds 
for all atoms.-j- 


Table 11 

The atomic form factor on the Thomas-Fermi model 


X 

4(.^) 

X 


X 


0 

1000 

1-08 

0-422 

2-17 

0-224 

0-15 

0-922 

1-24 

0-378 

2-32 

0-205 

0-31 

0-796 

1-39 

0342 

2-48 

0-189 

0-46 

0-684 

1-55 

0 309 

2-64 

0-175 

0-62 

0-589 

1-70 

0-284 

2-79 

0-167 

0-77 

0-522 

1-86 

0-264 

2-94 

0-156 

0-93 

0-469 

2-02 

0-240 




With the atomic form factor (139.9), the cross-section (139.4) will have the 
form 

do = ( 4 ZZ/? 4 )[l_^( 65 Z-i/ 3 )] 2 do = Z2/3(D(Z-i/3t^ sin^^) do, (139.10) 


where <l>(jr) is a new function holding for all atoms. The total cross-section 
may be obtained by integration. The chief part in the integral is played by the 
range of small &. Hence we can write 

do Z2/3<D(Z-i/St^/2)277& d&, 

and extend the integration over § to infinity: 

00 00 

o = 27rZ2/3 jo{Z-^lSv^l2)^ d& = (87r/t.2)Z«/3 J .v<I)(x) dx. 

0 0 

Thus o is of the form 

o = constant xZ^/3/o2. (139.11) 

Similarly, it is easy to see that the constant y in formula (139.8) will be 
proportional to 

-f- It must be borne in mind that this formula is not applicable for small q, since the integral 
of cannot in practice be calculated by the Thomas-Femu method (see the third note to 
§113). It should also be mentioned that tlie Thomas-Fermi model does not represent the 
individual properties of atoms or their systematic variation with atomic number. 
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Scattering zoith spin—orbit interaction 

PROBLEM 

Calculate the cross-section for the elastic scattering of fast electrons by a hydrogen atom 
in the ground state. 

Solution. The wave function of the normal state of the hydrogen atom is (in atomic 
units) ^ so that n = The integration over angles in (139.3) is effected 

as in the derivation of formula (126.12); we have 

477 ®. 1 

F ss — «(r) sin ^. r dr *-. 

9 1 (l+i9^)= 

Substituting in (139.4), we obtain 

4(8+?2)S 

da -do, 

( 4 + 9 *)" 

where q = 2v sin The total cross-section is calculated by putting do = 27 t sins' dd = 
(2iTlv^)g dg and integrating over g from 0 to 2t;; since v is assumed large and the integral 
converges, the upper limit may be replaced by infinity. The result is 

The transport cross-section is calculated as 



Changing the variable of integration by putting u = 4 + g*, and taking the upper limit as 
infinity everywhere except in the term du/u, we obtain 

"tr = ^(log*’+I'l). 


in accordance with (139.8). 


§140. Scattering with spin-orbit interaction 

Hitherto we have considered only collisions of particles whose interaction 
does not depend on their spins. Under these conditions the spins either do 
not affect the scattering process at all, or have an indirect influence due to 
exchange effects (§137). 

Let us now examine the generalization of the theory of scattering given in 
§123 to the case where the interaction of the particles depends significantly 
on their spins, as occurs in collisions of nuclear particles. 

We shall discuss in detail the simplest case, where one of the colliding 
particles (for definiteness taken to be the particle in the incident beam) has 
spin and the other (the target particle) has spin zero. 

For a given (half-integral) angular momentum j of the system, the orbital 
angular momentum can have only the two values I = j+i, corresponding 
to states of different parities. In this case, therefore, the conservation of the 
absolute magnitude of the orbital angular momentum follows from that of j 
and the parity. 

The operator / (§125) now acts not only on the orbital variables but also 
on the spin variables of the wave function of the system. It must commute 
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with the operator of the conserved quantity The most general form of such 
an operator is 

/=a+hi.s, (140.1) 

where d and 5 are orbital operators depending only on 

The 5-matrix, and therefore the matrix of the operator /, are diagonal with 
respect to the w'ave functions of states with definite values of the conserved 
quantities / andj (and the component m of the total angular momentum), and 
the diagonal elements are expressed in terms of the phases S of the wave 
functions by formula (123.15). For given /and given total angular momentum 
j = Z+ J or /— J the eigenvalues of 1 • s are \l and — +1) respectively (see 

(118.5)). Hence, to determine the diagonal matrix elements of the operators 
d and h (denoted by ai and ij), we have the relations 


ai+\lbi = 

lik 


aj-K/+l)6i = — 

2tk 


(140.2) 


where the phases SC and Sr correspond to states with/ = /+ J and) = /— J 
respectively. 

We are interested, however, not in the diagonal elements themselves of 
the operator / with respect to the states with given I and), but in the scatter¬ 
ing amplitude as a function of the directions of the incident and scattered 
waves. This amplitude is still an operator, but only with respect to the spin 
variables—an operator which is non-diagonal with respect to the spin com¬ 
ponent a- In the rest of this section / will denote this operator. 

To derive this operator we must apply the operator (140.1) to the function 
(125.17) which corresponds to a plane wave incident along the ^-axis. Thus 

y = f {21+ l)(a,+M. s)Pj(cose). (140.3) 

{-0 

Here we must also calculate the result of the action of the operator i . s on 
the function Pj(cos 6). This can be done by writing 

i . S = Z_/+) + liSz 

(see (29.11)) and using formulae (27.12) for the matrix elements of the oper¬ 
ators or still more simply by using the operator expressions (26.14), 
(26.15). The result is 

i . SP/(cos^) •= »v . SPj^fcosS), 


where Pj^ is the associated Legendre polynomial and v a unit vector in the 
direction n x n' which is perpendicular to the plane of scattering (n being 
the direction of incidence (the a-axis) and n' the direction of scattering, 
defined by the spherical polar angles 6, 4>)- 
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On determining a/ and bi from (140.2) and substituting in (140.3), we 
have finally 

/=^+2Sv.s, (140.4) 

1 * 

A = - y [(/+ l)(e2«*-l) + /(e2"-'-l)]Pi(cose), | 

2jk ^ I 

i-o I 

) (140.5) 

00 I 

1 \ 

B = - y («2iid _ e2«.-)Pii(cos 6). I 

Z-l ' 

The matrix elements of this operator give the scattering amplitude for 
definite values of the spin component in the initial (c) and final (o') states. 
Let us consider the cross-section summed over all possible values of o' and 
averaged with respect to the probabilities of various values a in the initial 
state (in the incident beam). The cross-section is given by 

dff = (7VWdo; (140.6) 

by taking the diagonal matrix elements of the product /+/ we effect the 
summation over final states, and the bar denotes the averaging with respect 
to initial states.f If all spin directions are equally probable in the initial 
state, this averaging reduces to taking the trace of the matrix, divided by the 
number of possible values of the spin component a: 

do = itr(/+/)do. (140.7) 

On substitution of (140.4) in (140.6) the mean value of the square (v.s)® 
is calculated as = ^r(r+l) = J. The result is 

do/do = |^|2 + |B|2+2 re(^B*)v . P, (140.8) 

where P = 2s is the initial polarization of the beam, defined as the ratio 
of the mean spin in the initial state to its maximum possible value (J). 

In the case of spin ^ the vector § completely describes the spin state (§59). 

It may be pointed out that the polarization of the incident beam leads 
to an azimuthal asymmetry of the scattering: owing to the factor v.P in 
the last term, the cross-section (140.8) depends not only on the polar angle S 

i" If the squared modulus 1/oh|® of the matrix element of some operator for the transition 
0 ->■» IS summed over final states n, we have 

^l/onj- = ^/on(/on)* = S/onC/^InO 
= (//*}oo. 

To avoid misunderstanding, it should be emphasized that the sign denoting the con¬ 
jugate refers in (140.6) and henceforward to/as a spin operator; in particular, the transposition 
of n and n' is not implied. 
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but also on the azimuth 4> of the vector n' relative to n (if the polarization 
is not perpendicular to v, so that v.P ^ 0). 

The polarization of the scattered particles can be calculated from the 
formula 

P' = 2(/+s/W(7VW (140.9) 


For example, 
gives 


if the initial state is unpolarized (P = 0), a simple calculation 


M|2 + 1B|2 


(140.10) 


Thus scattering leads, in general, to the appearance of a polarization per¬ 
pendicular to the plane of scattering. This effect is, however, absent in the 
Born approximation; if all the phases 8 are small, the coefficient A is real 
in the first approximation with respect to the phases, and B is purely imaginary, 
so that Te[AB*) = 0. 

The fact that the polarization P' (140.10) is in the direction of v is obvious 
a priori. P' is an axial vector, and v is the only axial vector which can be 
constructed from the available polar vectors n and n'. It is therefore evident 
that this property will also be possessed by the polarization resulting from the 
scattering of an unpolarized beam of particles with spin i by an unpolarized 
target composed of nuclei with any spin (not necessarily zero).f 

In formulating the reciprocity theorem for scattering in the presence 
of spins it must be borne in mind that time reversal changes the signs not 
only of the momenta but also of the angular momenta. Hence the symmetry 
of scattering with respect to time reversal must in th>s case be expressed by 
the equality of amplitudes for processes which differ not only in the inter¬ 
change of the initial and final states and the reversal of the directions of 
motion but also in that the signs of the spin components of the particles are 
changed in both states. Here, however, the signs of these amplitudes may 
differ because, according to (60.3), time reversal introduces a factor (- 1)«"" 
in the spin wave function. This has the result that the reciprocity theorem 
must be formulated as follows 

/(oi, 02, n; oi'. 02', n') = (-l)^<’-'^>/(-oi', -oz, -n'; -oi, -O2,-n).(140.11) 


Here /(oi, 02 , n; 01 ', 02 ', n') is the amplitude of scattering with change 
in the spin components of the colliding particles from 01 , 02 to 01 , 02 • 
The sum in the exponent is taken over both particles before and after scatter¬ 
ing. 


t Here we have in mind a target with a completely random distribution of spin directions. 
For s> i, it will be recalled, the mean value of the spin vector does not fully determine the 
spin state, and if this mean value is zero there is not necessarily a complete absence of ordering 

"S^ThTderivation of this relation is similar to that of formula The amplitudes of 

the ingoing and outgoing waves must contain spin factors, and instead of (1 2d. 10) we have the 
condition = 5. where K is an operator which not only effects inversion but also 

changes the spin state in accordance with (60.3). 
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In the Born approximation, the scattering has a further symmetry; the 
probabilities of processes differing by the interchange of the initial and 
final states, without change in the signs of the momenta and spin components 
of the particles as in time reversal, are the same (see §126). Combining this 
property with the reciprocity theorem, we find that the scattering is sym¬ 
metrical with respect to a change in sign of all the momenta and spin com.r 
ponents, without interchange. Hence we easily conclude that in the Born 
approximation there can be no polarization in the scattering of any unpolar¬ 
ized beam by an unpolarized target. For, under the transformation men¬ 
tioned, the polarization vector P changes sign, while the unit vector k x k', 
whose direction must be the same as that of P, remains unaltered. Thus the 
property noted above for the scattering of particles with spin \ by particles 
with spin zero is actually a general one. 

In the case of arbitrary spins of the colliding particles, the general formulae 
for the angular distributions are very complicated, and we shall not pause to 
derive them here, but merely calculate the number of parameters by which 
these distributions must be determined. 

The case considered above of a collision between particles of spin J and 
0 has, in particular, the property that to given values of / and the parity there 
corresponds only one state of the system of two particles (apart from the 
uriimportant orientation of the total angular momentum in space). Each 
such state leads to one real parameter (the phase 8) in the scattering ampli¬ 
tude. For other spins there are in general several different states with the 
same total angular momentum J and parity; these states differ in the 
values of the total spin 5 of the particles and the orbital angular momentum 
/ of their relative motion. Let the number of such states be n. It is easy to 
see that each such group of states contributes in{n+l) real parameters in 
the scattering amplitude. For the 5-matrix is, with respect to these states, 
a matrix having unitary symmetry (owing to the reciprocity theorem), with 
n . n complex elements. The number of independent quantities in this matrix 
is conveniently calculated by noting that, if the operator 5 is written in the 
form 5 = expfziR), the unitarity condition is automatically satisfied when R is 
any Hermitian operator (see (12.13)). If the matrix S is symmetrical, so is the 
matrix R, which, being Hermitian, is therefore real, and a real symmetrical 
matrix has .>-«(n-t-1) independent components. 

As an example, for two particles with spins ^ the number n — 2: for 
given J there are in all four states, two with I = J and total spin 5 = 0 or 
1, and two with / = J±1,5=L It is evident that two of these states are 
even (/ is even) and two are odd (/ is odd). 

The general form of the scattering amplitude for particles with spin I, 
as an operator relating to the spin variables of the two particles. Is easily 
written down from the necessary invariance conditions; it must be a scalar 
invariant under time reversal. To construct this expression we have the 
two axial vectors Si and S 2 of the particle spins and tv\'o ordinary (polar) 
vectors n and n'. Each of the operators si and §2 must appear linearly in the 
amplitude, since any function of an operator of spin J can be reduced to a 
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linear function. The most general form of operator satisfying these condi¬ 
tions can be written as 

/ = ^ + B(Si . X)(g2 . X)-t- C(Si . 1X)(S2 . |J.) + 

+ Z)(si .v)(s 2 . v)-t-^(si-f S 2 ) .v+T(§i — S 2 ) .V. (140.12) 


The coefficients A, B, ... are scalar quantities, which can depend only on the 
scalar n . n', i.e. on the scattering angle 6 (and on the energy); X, [x, v are 
three mutually perpendicular unit vectors along n + n , n — n and n x n 
respectively. The operations of time reversal correspond to the changes 


so that 


Si -> —Si, 


X 


S 2 — S 2 , n — n', 

-X, p- ^ fx. V ->■ -V 


n 


^ -n, 


and the invariance of the operator (140.12) is obvious. 

In the mutual scattering of nucleons (protons and neutrons) the last term 
in (140.12) does not appear. This is evident from the fact that the nuclear 
forces acting between nucleons conserve the absolute magnitude of the total 
spin 5 of the system; the operator I 1 -I 2 , however, does not commute with 
the operator S^. (The remaining terms in (140.12) are expressed, according 
to (117.4), in terms of the total spin operator S, and therefore commute with 
§ 2 .) In the scattering of like nucleons {pp or nn), the coefficients A, B ,... 
as functions of the angle of scattering also satisfy certain symmetry relations 
as a result of the identity of the two particles (see Problem 2). 


PROBLEMS 

Problem 1. Determine the polarization after the scattering of particles with spin i by 
particles with spin zero when the polarization before scattering is non-zero. 

Solution. A calculation using formula (140.9) is conveniently effected in components, 
with the 2 -axis in the direction of v. The result is 


(|zip-| BP)P+2|Bpv(v-P)+2 im(.4B*)vx F-^2v Te(AB*) 
\A\'^+\B\^+2Te{AB*)y> .F ‘ 


Problem 2. Find the symmetry conditions satisfied by the coefficients m the scattering 
amplitude for two like nucleons, as functions ot the angle 6 (R Oehme 1955). 

Solution. We regroup the terms in (140.12) in such a way tlr each is non-zero only 
for singlet (S = 0) or triplet (S = 1) states of the system of two ucleons: 


/ = fl(si . l2-i)-l-fc(§i • S2 + i) + 4 i+(si •'')] + 

+ d[(l,. n)(sz.n')-l-(Si ■ n')(l 2 . n)] + e(li + S 2 ) .v. 


( 1 ) 


rUsiSrB^^.Thls^Jwo^^^^^^ to . ^ or to a change in 
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sign of one of the vectors n and n' (cf. §137). From these conditions we obtain the relations 
a(TT — 8) = a(8), b(7r—ff) = —i(9), c{tt—S) — — 

d{T-e) = d(6), e(a—fl) = e(fi). 

Owing to isotopic invariance, the scattering amplitude is the same for nn and pp scattering 
and for np scattering in the isotopic state with T = 1. For the n/j system, however, the state 
with r = 0 is also possible, and the np scattering amplitude is therefore described by other 
coefficients a, b,... in (1), which do not possess the symmetry properties (2). 

§141. Regge poles 

In §128 we have considered the analytical properties of the scattering 
amplitude as a function of the complex variable E, the energy of the particle; 
the orbital angular momentum / acted as a parameter having real integral 
values. Further properties of the scattering amplitude that are of metho¬ 
dological importance appear if we now regard / as a continuous complex 
variable for real values of the energy E.\ 

As in §128, we shall take radial wave functions whose asymptotic form 
(as r-^cc) is 

X, = rRi = 

+ B{1, E) (141.1) 

These functions are solutions of Schrodinger’s equation (32.8) (in which / is 
now regarded as a complex parameter); the choice from the two independent 
solutions is governed by the condition 

Ri w constant xr* forr^O. (141.2) 

It is immediately evident that this condition places a certain limitation on 
the permissible values of the parameter /: the general form of the solution of 
equation (32.8) for small r is 



Ri ^ ciH + c.2r“^“^ 

(see the end of §32). In order for the second solution to be clearly distin¬ 
guished from the first solution and eliminated, the term in r-'-t must exceed 
that in W as r ->0. For complex I, this leads to the condition re I > re ( — I — 1), 
or 

re(l+i)>0. (141.3) 

In the following, w'e shall consider only this half of the complex f-plane, to the 
right of the vertical line / = — 4. 


t These properties were first investigated by T. Regge (1958). 
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The wave function R{r ; /, E), being a solution of a differential equation with 
coefficients analytic in the parameter /, is an analytic function of /, having no 
singularities in the half-plane (141.3). This applies, in particular, to the 
asymptotic expression (141.1), and the functions A{1 E) and S(/, E) therefore 
have no singularities with respect to /. Here, however, it is assumed that the 
retention of both terms in (141.1) as r ^ a; is in fact legitimate. When £>0 
this is always true; when £ < 0 it is true if the field U{r) satisfies the condition 
(128.6) or (128.13). In these arguments it is important that the form of the 
asymptotic behaviour (with respect to r) of the wave function depends on £ 
but not on /. The approach to the asymptotic form is therefore unaffected 
by the fact that I is complex. 

Comparing (141.1) with the asymptotic formula (128.15), we find the 
S-matrix element in the form 

£(/, £) = exp[2f8(/, £)] = e'”' A(L £)/£(/, £), (141.4) 

which is valid for complex / also (although the “phase shift 8 is of course 
then not real). 

For real/, and £> 0, the functions ,4 and Bare related by (128.4): .4(/, £) = 
£*(/, £). Hence it follows that, for complex /. 

A{1*, E) = B*{1, E) for£>0, (141.5) 

and S{1, E) therefore satisfies the complex unitarily condition 

£*(/,£)£(/*,£)= 1. (141.6) 

Since A{1, E) and £(/, £) have no singularities as functions of /, the function 
S{1, E) and thus the partial scattering amplitude/(/, £) have singularities 
(poles) only at the zeros of the function B{1, £). The poles of the scattering 
amplitude in the complex /-plane are called Regge poles. Their position 
depends, of course, on the value of the real parameter £. The functions 

/ = at(£), 

which determine the positions of the poles, are called Regge trajectories, when 
£ varies, the poles move along certain lines in the /-plane. The subscript i 
w'hich labels the poles will be omitted henceforward. 

Going on now to study the properties of the Regge trajectories, we shal 
show first of all that for £ < 0 all the a(£) are real functions. To do so, let us 
consider the equation 


whirh is satisfied b the wave function with / = a. Multiplying this equation 
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by g* and integrating with respect to r (with integration by parts in the first 
term), we obtain 


|x'|- dr + 






r bd: dr = 0. 

r2 


Here we have used the fact that for i? = 0 (the condition determining the 
Regge poles) the wave function decreases exponentially as r-^oc, so that all 
the integrals converge. The first two terms in the above equation are real, 
and so is the integral in the last term. Hence we must have 

im a(a + 1) = im (a + .1)- = 2 re (a + 1) im a = 0. 

But, since we are considering only poles in the half-plane (141.3), we certainly 
have re (a + A) > 0, and this gives the desired result 


im a(£') = 0 for£'<0. (141.8) 

Next, we proceed as follows with (141.7), in a similar manner to the 
derivation of equation (128.10): differentiate with respect to E, multiply by x. 
and multiply (141.7) by dxl^E, and subtract. This gives the identity 

- y/'.d2(YT -i!!!y2 . y- da(a-H) ^ 

dE \dE) ] dE 

Integration with respect to r from 0 to oo, again using the fact that g ^0 as 
r->oo, shows that the integral of the first term is zero, and we have 


CO 


CO 


d«(«+l) flld, 
dE J r2 _ 


X- dr. 


(141.9) 


0 


0 


Since we know' that a is real, the wave function is also real, and both integrals 
in (141.9) are therefore positive. Hence 



(a-t-l) = 2(a-Pi) 


da 

d£ 


> 0 , 


and, since a 4- .1 > 0, 


da 'd£'>0 for E<0. 


Thus, for £'<0, the functions a{E) increase monotonically with E. 
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The negative values of E for which the functions a(£') take “physical” 
values (i.e. are integers / = 0, 1, 2, ...) correspond to the discrete energy 
levels of the system. Note that this gives rise to a new principle of classification 
of bound states, according to the Regge trajectories on which they lie. 

As an example, let us consider Regge trajectories for motion in an attractive 
Coulomb field. The scattering matrix elements are then given byf 


T{l+\-ilk) 

' r{i+l+r7A)’ 


(141.10) 


with k in Coulomb units. The poles of this expression are at points where the 
argument of r(/+ 1 -f/A) is a negative integer or zero. For £< 0 we have 
k = iV{- so that 


«(£) = _„,-l + l/V(-2£), E<0, (141.11) 

where = 0, 1, 2, ... is the number of the Regge trajectory. Equating «(£■) 
to an integer / = 0, 1, 2, ..., we obtain the familiar Bohr formula for discrete 
energy levels in a Coulomb field: 


E = -i{nr + \+l)-^. 

The number Ur here coincides wfith the radial quantum number which 
determines the number of nodes of the radial wave function. Each Regge 
trajectory (i.e. each given value of Hr) corresponds to an infinity of levels with 
different values of the orbital angular momentum. 

Let us now consider the properties of the functions ci{E') for £>0. The 
functions A{1, E) and E) of the complex variable E in (141.1) are defined 
on a plane w ith a cut along the right half of the real axis (see §128). Corres¬ 
pondingly, the functions / = a{E), for which B{1, E) = 0, have a similar cut. 
On the upper and lower edges of the cut, ot(£) has complex conjugate values, 
with im a > 0 on the upper edge. Without pausing to give a formal proof of 
this, we shall present a more physical explanation of the reason. 

When I is complex, so is the centrifugal energy and therefore the effective 
potential energy Ui = U+l{l+i)l2mr^. Repeating the derivation in §19, 
we now have instead of (19.6) 


i|T“12 4-divj = 2|T12im Ui. 


When I = a, and im a > 0, we also have im Lz > 0. Then the right-hand si e 
of the equation is positive, signifying an emission of new particles in the he 
volume. .Accordingly, the asymptotic expression for the wave function 
(which, when 5 = 0, contains only the first term in (141.1)) must represent 

Cf. (135.11). in which the sign of k must be changed to convert from repulsion to 
attraction. 
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an outgoing wave, and this occurs on the upper edge of the cut; cf. the 
derivation of (128.3) from (128.1). 

Since, for £>0, the functions x{E) are comple.x, they cannot here take 
their “physical” values / = 0, 1, 2, .... They may, however, be close to these 
values in the complex /-plane. We shall show that there is then a resonance in 
the partial scattering amplitude (corresponding to the integral value of / in 
question). 

Let /o be the integral value close to the function «(£), and let Eq be the (real 
and positive) value of the energy for which re a(£'o) = /o- Then, near this 
value, we have 


a{E) ^ lo + ir, + p(E-Eo), (141.12) 

where ij = im a{Eo) is a real constant. We shall consider values a{E) on the 
upper edge of the cut; according to the preceding discussion, 17 > 0 in that 
case (and 77 1, from the assumption that a is close to /o). It is easy to see that 

the constant ^ (i.e. the derivative dajdE for E = £ 0 ) may be regarded as real 
and positive: since a(£) is almost real, so is the wave function E). 

Neglecting quantities of a higher order of smallness with respect to 17 , we can 
neglect the imaginary part of x> 2 nd then it follows that /9 is positive, since 
the integrals in (141.9) are positive.! 

Since / = a(£) is a zero of £(/, £), the latter is proportional to a - / near the 
point a, Eq. Using (141.12), we therefore have 

Z?(/o, £) constant X [a(£-£o)- 1 -/ 77 ]. (141.13) 

The form of this expression is the Same as that of (134.6), with £0 the energy 
and r = 277 /fl > 0 the w idth of the quasi-discrete level. Thus the closeness of 
the Regge trajectory (for £>0) to integral values of / corresponds to quasi¬ 
stationary states of the system. For these states, therefore, there exists the 
same principle of classification as for strictly stationary states: each Regge 
trajectory can correspond to a family of discrete and quasi-discrete levels. 

The treatment of / as a complex variable enables us to derive a useful 
integral form of the total scattering amplitude (for £ > 0 ), given by the series 
(123.11): 


t To elucidate the structure of these integrals, we note that the asymptotic region r ^ a 
(where a is the range of action of the field), in which the expression (141.1) for the wave 
function is valid, makes only a small contribution to the integrals if is small. For, if / = o^{E) 
is a zero of B{l,E), then by (141.5) / = a* is a zero of A{l,E). Hence A(oi,E) and therefore 
X(r;7r.£) in the region r ^ a, are small quantities see (134.11). In estimating the 

integrals, it is also important that, on the upper edge of the cut (in relation to E), the wave 
function contains a factor xfr',^,!;) = A{Qt^E)e^^'^. On this edge, we can regard E as 

i’-l-iS («-» -1-0); then k also has a small positive imaginary part, which ensures the con¬ 
vergence of the integrals in (141.9), Physically, the smallness of the contribution to the 
integrals from the region r ^ a is due to the fact that the energy Eq corresponds to a quasi¬ 
stationary state (see below); the particle therefore reaches this region only as a result of an 
improbable decay of the state The principal contribution to the integrals comes from the 
region r~ n, in which the wave function is almost real. 
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fi^^) = ;^y(2/+I)[S(/,E)-l]PK/^),^ = cose. (141.14) 

2ik ^ 

1 = 0 

To obtain this, we must first define the functions not only for integral 
/ > 0 but also for complex /. This can be done by taking P/(/x) as the solution 
of equation (c.2): 

(1 -^,^)Pl"{f.)-2f,Pl{^.) + l{l+ l)Pi(t.) = 0 (141.15) 

with the boundary condition Pi(l) = 1. The P;(/Li) thus defined as a function 
of I has no singularities for finite values of /.f 

It is easily seen that the series (141.14) is equal to the integral 

f^[S(/,£)-l]PK-/^)d/, (141.16) 

4« J sm ttL 

taken along a contour C that passes in a negative direction (clockwise) round 
all the points / = 0, 1,2, ...on the real axis and is closed at infinity: 

I f I _^_I_^^- 

o I 2 3 4 _ ^ 

All the poles I = ai, a 2 , ■ of the function S{1, E) (which are not on the real 
axis if £>0) must remain outside the contour C. The integral (141.16) 
reduces to — 2772 times the sum of the residues of the integrand at the points 
I — 0, 1,2, ..., which are poles of the function 1/sin ttZ, and the residues of 
this function itself are ( — 1)^77. Since for integral I we have Pi{ — ii) = 
(— iyPi{iJ.), we arrive at (141.14) from (141.16).J; 


PROBLEM 

Show ihat the phase shifts corresponding to successive integral values of I satisfy the inequality 
Solution. VVe will regard / as a continuous real variable, and differentiate (32.10) with respect 


Sx" 

dl 


rSm /(/ + 1)1 


Multiplication of this by x and the original equation by dxjSl, and subtraction, gives 

[xSx'iei-x'exm-{2i + i)x^lP. 

VVe integrate this over r from 0 to OD. For r = 0 the expression in the square brackets is zero, and 
for 7 -» 00 we can use for x the asymptotic expression (33.20). The result is 


4A (I;: - 56,/S/) = (2/ + 1) j (z>^) dr > 0, 

0 

so that dSfjdl <^7i. Integration over I from / to / -I- 1 gives the required inequality. Together with 
(133.17), ii shows that the number Ji/ of discrete levels does not increase with /. As £ oo and the 
Born approximation becomes valid, the scattering phases tend to zero, so that ^/(oo) = 0. Then 


t By comparison of (141.15) with (e.2) we can express Pi{fJ-) as a hypergeometric function; 
PM = 

X A more detailed account of the ideas discussed in this section (for non-relativistic theory) 
is given in the book by de Alfaro and Regge quoted in §123. 
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INELASTIC COLLISIONS 

§142. Elastic scattering in the presence of inelastic processes 
Collisions are said to be inelastic when they are accompanied by a change 
in the internal state of the colliding particles. Here we understand “a change 
in the internal state” in the widest sense; in particular, the very nature of 
the particles may be altered. For example, the change may consist in the 
excitation or ionization of atoms, the excitation or disintegration of nuclei, 
and so on. Where a collision (e.g. a nuclear reaction) may be accompanied 
by various physical processes, these are referred to as various channels of the 
reaction. 

The existence of inelastic channels has a certain effect on the properties 
of elastic scattering also. 

In the general case where various reaction channels exist, the asymptotic 
expression for the wave function of the system of colliding particles is a sum, 
with one term corresponding to each possible channel. Among these there is, 
in particular, a term describing the particles in the original unchanged state 
(the input channel). This is the product of the wave functions of the internal 
state of the particles and a function describing their relative motion (in a 
coordinate system where their centre of mass is at rest). The latter function 
is the one of interest here; we shall denote it by <jj, and seek its asymptotic 
form. 

The wave function p in the input channel consists of an incident plane 
wave and an outgoing spherical wave corresponding to elastic scattering. It 
can also be represented as the sum of an ingoing and an outgoing wave, as 
in §123. The difference is that the asymptotic expression for the radial 
functions Ri{r) cannot be taken in the form of the stationary wave. The 
stationary wave is the sum of ingoing and outgoing waves of equal amplitude. 
In purely elastic scattering this corresponds to the physical significance of 
the problem, but when there are inelastic channels the amplitude of the out¬ 
going wave must be less than that of the ingoing wave. The asymptotic 
expression for p will therefore be given by formula (123.9): 

1 °° 

^ ( 2 I+l)Fi(cos 6 l)[(-l)i+ie-«fcr 4 , 5 ',( 142 . 1 ) 

1 = 0 

pcept that the Si are no longer given by (123.10), but are certain quantities, 
in general complex, with moduli less than unity. The elastic scattering 
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amplitude is given in terms of these quantities by formula (123.11): 


fie) = 


1 

2ik 


^{2l+l){Si-l)Pi(cose). 


1=0 

For the total elastic scattering cross-section og we have, instead 
the formula 


(142.2) 
of (123.12), 


a. = ^2(^/4-1)11-5,12. (142.3) 

,=o 


The total inelastic scattering cross-section or reaction cross-section cr for all 
possible channels can also be expressed in terms of the 5,. To do so, we 
need only note that for each value of / the intensity of the outgoing wave is 
reduced in the ratio \Si\^ in comparison with that of the ingoing wave. This 
reduction must be ascribed entirely to inelastic scattering. It is therefore 
clear that 

CO 

Cr = ^2^2/+l)(l-15,n. (142.4) 

and the total cross-section is 

2n " 

ff, = Ged- cTr = '2(21+1)(1 — reS,). (142.5) 

1=0 

The partial amplitude for elastic scattering with angular momentum I, 
determined from (123.15), is 

fi = {Si-l)l2ik, (142.6) 

and each of the terms in the sum in (142.3) and (142.4) is the partial cross- 
section for elastic or inelastic scattering of particles with angular momen¬ 
tum 1: 

a<'> = (77/A2)(2/+l)!l-5,|2, -j 

= ( 7 r//, 2 )( 2 /+l)(l -|S,12), (142.7) 

= (277//,2)(2/ + 1)(1 - re Si). ' 

The value Si = 1 corresponds to the complete absence of scattering (with 
a given /). The case 5, = 0 corresponds to total “absorption” of particles 
with angular momentum I (there is no outgoing partial wave with this / in 
(149 1))- the cross-sections for elastic and inelastic scattering are then equal: 


= (TT/Wi-l-1), 


( 142 . 8 ) 
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Although elastic scattering can occur without inelastic scattering (when 
|5i| = 1), the opposite situation is impossible: the presence of inelastic 
scattering necessarily implies the simultaneous presence of elastic scattering. 
For a given value of the elastic scattering cross-section must be in the 
range 

Voo —r') ^ V®e' < \/'^0-t-tj}.*’), (142.9) 


where o-q = 

Taking the value of/ (6) from (142.2) for 6 = 0 and comparing with(142.5), 
we find 

im/(0) = *ot/47T, (142.10) 


which is a generalization of the optical theorem (125.9). Mere/ (0) is again 
the amplitude of elastic scattering through zero angle, but the total cross- 
section ot includes the inelastic component. 

The imaginary parts of the partial amplitudes fi are related to the partial 
cross-section by 


im/i = 


47r 2/4-1’ 


(142.11) 


which follows directly from (142.6) and (142.7). 

The fact that the coefficients Si in the asymptotic expression for the wave 
function are not of unit modulus does not affect the conclusions of §128 
concerning the singular points of the elastic scattering amplitude as a function 
of complex E. These conclusions remain valid when inelastic processes 
occur. The analytical properties of the amplitude are, however, changed in 
that it is no longer real on the negative real axis {E < 0), and its values on the 
upper and lower sides of the cut for £ > 0 are not complexconjugate quantities 
(and accordingly its values at all points in the upper and lower half-planes 
symmetrical about the real axis are not complex conjugate quantities). 

When we go from the upper edge of the cut to the lower edge by passing 
round the point E = 0, the quantity \^E changes sign, i.e. this process 
changes the sign of the quantity k, which is real (for E > 0). The ingoing 
and outgoing waves in (142.1) are interchanged, and so the coefficient Si is 
replaced by its reciprocal IjSi (which is not equal to S*). The amplitudes 
fi on the upper and lower edges of the cut may be denoted by fi{k) and /;(— k) 
(only fi{k) is a phvsical amplitude, of course). According to (142.6) we have 


Mk) = 


Si-l 
Ilk ’ 




l/Si-l 

lik 


Eliminating Si from these two equations gives 

fiQO -fi -k) = 2ikfi{k)fi - k ); 


(142.12) 


in the absence of inelastic processes,/( -k) = f*{k), and the relations (142.11) 
and (142.12) are the same. 
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Writing (142.12) in the form 

1 


m 


1 

M-k) 


= - lik. 


we see that the sum 1 lfi{k) + ik must be an even function of k, and if this is 
denoted by gi{k^), then 


m = 


1 

gik‘^)-ik 


(142.13) 


The even function gi{k^), however, is aot now real as it was in (l25.15).t 
When a beam of particles passes through a scattering medium consisting 
of a large number of scatterers, it is gradually attenuated owing to the re¬ 
moval of particles from it which undergo various collision processes. This 
attenuation is entirely determined by the amplitude of elastic scattering 
through zero angle and, under certain conditions (see below), can be described 
by the following formal method. J 

Let /(0,£) be the amplitude of scattering through angle zero by each 
individual particle of the medium. \\ e shall suppose that f is small in com¬ 
parison with the mean distance d ~ (F/N)* between the particles. Then the 
scattering by each particle may be considered separately. We use as an 
auxiliary quantity an '"effective field” f/eri of a fixed centre, so defined that 
the Born scattering amplitude for scattering through angle zero’ in this field 
is equal to the actual amplitude /(Ojf); this does not mean, of* course, that 
the Born approximation can be used to calculate f(p,E) from the actual 
interaction of the particles. Then, by definition, we have (see (126.4)) 

rc;^„dF=-—/(0,T), (142.14) 

J m 

where m is the mass of the scattered particle. The field thus defined is, like 
the amplitude /, complex. The relation between its range of action a and 
the quantity Ueii is obtained from an estimate of the two sides of equation 
(142.14): 

aWetj ~ W!’^- (142.15) 

The definition (142.14) is, of course, not unique. We shall impose the 
further condition that the field Uen satisfies the condition for perturbation 
theory to be applicable: 

(142.16) 


t The foregoing arguments, and the conclusion that the function g, 
interaction decreases Efficiently rapidly as r . so that there are no cuts in the left half-plane 
of E and a complete circuit round the point £ = 0 is possible. of fast 

I The following treatment can be used, in particular, for the descriptio „fh= of such 

nemrons (with energies of the order of hundreds of MeV) by nuclei, the — 
neutrons being so small that the nucleus may be regarded as an inhomogeneous macroscopic 

medium. 
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< a. It is easy to see that the attenuation of the scattered beam can 
described as the propagation of a plane wave in a homogeneous 
in which the particle has a constant potential energy given by 

_ Nr 

U^e=—\ UendV 

Nlirh^ 

= ---mn (142.17) 

V m 

which is obtained by averaging the effective fields of all N particles in the 
medium over its volume V. This becomes evident if we first consider 
scattering by a region of the medium which contains many scattering centres 
but for which the scattering effect is still small; the possibility of selecting 
such regions is ensured by the condition (142.16). The attenuation of the 
beam on passing through such a region is determined by the amplitude of 
scattering through angle zero, which in turn is determined, in the Born 
approximation, by the integral of the scattering field over the volume of the 
scattering region. This means that the scattering properties of interest here 
are entirely determined by the field (142.17) averaged over the volume of the 
medium. 

Thus the beam of particles passing through the medium can be described 
by a plane wave ~ e*** with wave number 

h 


§142 

with I/I 
then be 
medium 


In terms of the wave number Uq = \/{2mE)lh of the incident particles, we 
can write k in the form nko, where the quantity 


« = V(1- 


=V(1 + 


UeB 

E 

Nl-rrh^ 
V mE 


fiO.E)) 


(142.18) 


plays the part of a “refractive index” of the medium with respect to the 
beam of particles passing through it. It is in general complex (the amplitude 
/ being complex) and its imaginary part gives the attenuation of the beam 
intensity. If E^ \ then (142.18) gives, as it should, 

N -rrh^ 

_N ot 
~~r2k’ 
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where at is the total scattering cross-section, and we have used the optical 
theorem (142.10). This expression corresponds to the obvious result that the 
intensity of the wave is damped according to the law 

|gifc2|2 g-N<riZjV_ 

As well as the absorption, the refractive index (142.18) also determines (by 
its real part) the law of refraction of the beam on entering and leaving the 
scattering medium.| 


PROBLEM 

Neutrons are scattered by a heat? nucleus whose radius a is large compared with the wave¬ 
length of the neutrons (ka > 1). It is assumed that all neutrons incident with orbital angular 
momentum I <ka ^ lo (i.e. with impact parameter p = Hllmv = Ijk < a) are absorbed 
by the nucleus, while those with / > lo do not interact w'ith it at all. Determine the cross- 
section for elastic scattering through small angles. 

Solution. Under the conditions stated, the motion of the neutrons is mainly quasi- 
classical, and elastic scattering results from a slight deflection entirely analogous to Fraun¬ 
hofer diffraction of light by a black sphere. The required cross-section can therefore be 
written immediately from the known solution of the diffraction problem .J 


J\{ka6) 

dog = -dc. 


The same result can also be derived from (142.3). According to the conditions of the 
problem, we have S, = 0 for /</„ and Si = 1 for />4. The elastic scattering amplitude is 
therefore 

1 

/(e)= —(2/+i)Pi(cose). 

1-0 


The chief pan in the sum is played by the terms with large 1. We therefore write 21 in place 
of 2/-I-1, use the approximate expression (49.6) for Pi (cos 6) with 6 small, and change from 
summation to integration: 

/(e)=-^ji-Ai(e0d' 

0 


t An interesting example of the application of (142.17) is the displacement of the highe. 
levels of an alkali-metal atom in a gas. In a highly excited state, t e j 

mean distance f from the centre of the atom that is large compared with dimensions 
both the rest of the atom and the neutral gas atoms The letter atoms wathin as Jem jf 
radius '^r act as scattering centres for the valenc>' electron and shi g, larae 

amount (142.17). Since the de Broglie wavelength of the excited valency electron 
Tn comparison lith a, the amplitude/(O, where a 

(132.9). Thus this effect displaces the levels by a constant amount ^where m 
plectron mass and v the number density of the gas particles (E. Fermi 

+ c TT' Jr1 fifil Problem 3 (the problem of diffraction from a black sphere is equiy 
toiharofd1ffm!t.on^from cut m an opaque screen). The cross-section is 

obtained by dividing the intensity of the diffracted waves by the incident flux dens.tj, 
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as it should be.f 

The total elastic scattering cross-section is 


at = 


Jl(kae) 




the integration can be extended to infinity because of the rapid convergence. This is the 
result to be expected under the conditions stated (cf. (142.8)), and is the same as the 
absorption cross-section, simply the geometrical cross-section of the sphere. The total cross- 
section ot = 2ira^. 


§143. Inelastic scattering of slow particles 

The derivation of the limiting law of elastic scattering at low energies given 
in §132 can easily be generali 2 ed to the case where inelastic processes are 
involved. 

As before, the scattering with / = 0 is the most important at low energies. 
According to the results of §132, the corresponding element of the 5-matrix is 

So = « 1 -1- 2f8o = 1 - 2ikcc. 

The properties of the wave function described in §132 are changed only in 
that the condition imposed on it at infinity (the asymototic form (142.1)) is 
now complex, instead of the real stationary wave which occurs in the case 
of purely elastic scattering. The constant a = —czfci is therefore complex 
also. The modulus | 5o | is no longer equal to unity; the condition |5o | < 1 
means that the imaginary part of a = a'-pia" must be negative (a" < 0). 

Substituting 5o in (142.7), we find the cross-sections for elastic and in¬ 
elastic scattering: 

Ce = 4n-|a|2, (143.1) 

a, = 4^|a'!/A. (143.2) 

Thus the elastic scattering cross-section is again independent of velocity, but 
the inelastic cross-section is inversely proportional to the particle velocity— 
the 1/w law (H. A. Bethe 1935). Consequently, as the velocity diminishes, 
inelastic processes become more and more important in comparison with 
elastic scattering. J 


t A similar discussion can be given for the problem of diffraction scattering of fast charged 
particles by a “black” nucleus. The limiting value /. must here be determined from the con¬ 
dition that the shortest distance between the nucleus and a particle moving along a classical 
path in a Coulomb field is just equal to the radius of the nucleus. For /</„ we must again 

f' 7 s’lT^* the Coulomb phases given bv (135.11). 

See A. I. .\khiezer and I. Ya. Pomeranchuk. Some Problems of Nuclear Theory (Nehotorye 
voprosy teorii yadra), Gostekhizdat, Moscow 1950, §22; Journal of Physics 9, 471. 1945 
1 The velocity dependence ot the partial reaction cross-sections for various’non-zero orbital 
angular momenta I can be determined similarly. It is given by a,<') ~ The elastic 

scattering cross-sections <7,'» are, as before, proportional to **', i.e. they decrease more rapidly 
than with the same / as A -> 0. 
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The limiting laws (143,1) and (143.2) are, of course, only the first terms 
of expansions of the cross-sections in powers of k. It is interesting to note that 
the next term in the expansion for each cross-section contains no constants 
other than those which appear in (143.1) and (143.2) (F. L. Shapiro 1958). 
This result is due to the fact that the function^o(^-), in the expression (142.13) 


/oW = 


1 

gdim-ik 


for the partial scattering amplitude (/ = 0), is even. For small k this function 
can therefore be expanded in even powers of k, and the term following 
^0 ~ — 1/a is ~/e2. If we neglect this term, we can still write two terms of 
the expansion in /o(^): 

f(i{k)K -a(l -ika). 

Correspondingly we can retain the next terms of the expansions in the cross- 
sections, for which the following expressions are easily obtained: 

ce = 4^]al2(l-2%"|), (143.3) 

cr = 4^|a''|(l-2%'’|)//!. (143.4) 

These results assume a sufficiently rapid decrease of the interaction at 
large distances. We have seen in §132 that the elastic scattering amplitude 
tends to a constant limit as ^ ^ 0 if the field lJ{r) decreases more rapidly 
than r~3. This is a necessary condition also for the validity of the analogous 
result (143.1) when inelastic channels are present.f 

The Ijv law for the reaction cross-section is subject to a weaker condition: 
the field must decrease more rapidly than r~^, as is clear from the following 
intuitive derivation of the Ifv law. 

The probability that a reaction will occur in a collision is proportional to 
the squared modulus of the wave function of the incident particle in the 
“reaction zone” (in the region r ~ a). Physically, this statement expresses 
the fact that, for example, a slow neutron colliding with a nucleus can bring 
about a reaction only if it “penetrates” into the nucleus. If the interaction 
decreases more rapidly than r~^, it does not change the order of magnitude 
of the wave function between large r and r ~ a; in other words, the ratio 
I 0(a)/0(oo) |2 tends to a finite limit as ^ ^ 0 (this is seen from the fact that 
the term IJip in Schrddinger’s equation is small compared with A0). The 
reaction cross-section is obtained by dividing \ip\^ by the current density. 
If ip is taken as a plane wave normalized to unit current density, we have 
the required result. 

In collisions of charged nuclear particles, there is a slowly decreasing 
Coulomb field in addition to the short-range nuclear forces. The Coulomb 
field may considerably alter the magnitude of the incident wave in the 
reaction zone. The reaction cross-section is found by multiplying l/t> by 


t The formula (143.3), which cakes into account the next term in the expansion in powers of 
k, requires that U should decrease more rapidly than r~*. 



§144 The scattering matrix in the presence of reactions 603 

the ratio of the squared moduli of the Coulomb and free wave functions as 

r n by formulae (136.10), (136.11). The result is 

(m Coulomb units) 

2ttA 

(143.5) 

the plus sign in the exponent corresponds to repulsion and the minus sign to 
attraction. ® 

The coefficient A is the constant in the Ijv law; it the velocity is large 
compared with the Coulomb unit (k^ 1), the Coulomb interaction plays no 
part and we return to the law or = Ajk. 

If the velocity is small compared with the Coulomb unit {k^\ or in 
ordinary units > 1 . where Z^e. Zo. are the charges of the colliding 

particles), the Coulomb interaction is predominant in determining the magni¬ 
tude of the wave function in the reaction zone. Then for p. collision between 
attractive particles 


(143.6) 


Of = IvAjk^, 
and for a collision between repulsive particles 

Or = (27r./i/^2)^“2it/* (143 7) 

In the latter case, the cross-section tends to zero as k ->0. The exDonential 
factor by wh^h (143.6) and (143.7) differ ,s the probability of passage through 
the Coulomb potential barrier; in ordinary units it is exp(-ZirZiZ^e^/fe) 
Note that the limiting law (143.6) applies not only to the total cLs- 
^ction but also to the partial cross-sections with each angular momentum 1 + 
1 his is seen from the fact that in the expansion (136.1) of the functions 

(whichappearintheformulae(136.10)and(136.Il)usedabove)the functions 

jRfc/ in every term of the sum have the same limiting dependence on : in the 
mit ^^0, the radial functions (for the case of attraction) are given by the 

butmns of the individual angular momenta to the square of the wave function 
n the reaction zone are i.e. all depend on k in the same way, although 

Co„b"'b'u„rof leCh.™’" 


§144. The scattering matrix in the presence of reactions 

seed™ foTirpoSMelncrf 

the derivation of the ~^rth.T“T 

channel can be considered separatdv” “U'MCns, in which each 

a, a^e.„,7o, the collUion of two particles, two 

t The same is true of ( 143 , 7 ) 
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particles (which may be the same or different ones) are formed. We number 
all possible reaction channels (for a given energy), and denote quantities 
pertaining to them by appropriate suffixes. 

Let channel i be the input channel. The wave function of the relative 
motion of the colliding particles (in the centre-of-mass system) in this 
channel is given by the sum already mentioned of the incident plane wave 
and the elastically scattered outgoing wave; 

pikiT 

= ,iV+/n(e)—. (144.1) 

r 

The square of the amplitude fa gives the cross-section for elastic scattering 
in channel i: 

dcTii=|/«|Mo. (144.2) 

In other channels (suffix/) the wave functions of the relative motion of the 
particles represent outgoing waves. As explained above, these waves are 
conveniently represented in the formf 

<A/=//i(^) (144.3) 

V wi r 

where k/ is the wave vector of the relative motion of the reaction products in 
channel /, 6 the angle between it and the a-axis, and mi, mj the reduced 
masses of the two initial and two final particles. The scattered flux in the 
solid angle do is obtained by multiplying the square 1| ^ by vjr'^do, and the 
cross-section for the corresponding reaction is found by dividing this flux by 
the incident flux density, which is Vi. Thus 

dcr/i = l//t|2^do/. (144.4) 

pi 

where the momenta pi = miVi, Pf = m/Vf. 

In §125 we have defined the scattering operator S, which converts an in¬ 
going wave into an outgoing one. When several channels are present, this 
operator has matrix elements for transitions between different channels. 
The elements which are “diagonal” with respect to the channels correspond 
to elastic scattering, and the non-diagonal elements correspond to various 
inelastic processes. All these elements remain operators with respect to the 
other variables. They are determined as follows. 

Similarly to the method used in §125, we define operators/«,//i related 
to the amplitudes /«,//i, by 

^fi = 2/i + 2i'\/(^i^/)//i- (144.5) 

It is easily seen that with this definition we obtain an 5-matrix which must 

t Here we again denote the initial state of the svstem by the suffix i and the final state by/(cf. 
the first footnote to §41). In the scattering amplitude, the suffix for the final state is written 
to the left of that for the initial state, in accordance with the placing of the suffixes in the matrix 
elements. For uniformity, the suffixes in the cross-sections will be put in the same order. 
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satisfy the unitarity condition. For we can write the wave function in the 
input channel as a set of ingoing and outgoing waves, as in §125: 


f-lkiT 

h = n-n') 


(1 +2ikifn)F{n')l-^ 

rs/v, r\^Vi 


= F{-n) - - SiiF(n) -. 

r\tvi r\/vt 


(144.6) 


Here, for convenience, we have introduced a further factor l/-\/®i in com¬ 
parison with (125.3). Then, with the amplitudes as defined above, the wave 
function in channel / is 


ipf = 2iki 


^ffiF{n') 


eikfT 

r^Vi 




gikfT 

r^Vf 


(144.7) 


The flux in the ingoing waves must be equal to the sum of the fluxes in 
the outgoing waves in all channels. This requirement expresses the obvious 
condition that the sum of the probabilities of all processes (elastic and in¬ 
elastic) which can occur in the collision must be unity. On account of the 
factor V® in the denominators of the spherical waves, the velocity does not 
appear in the flux densities in these waves. The above cri-dition therefore 
means simply that the normalizations of the ingoing wave and the assembly of 
outgoing waves must be the same. 11 is consequently again expressed by the 
condition of unitarity of the scattering operator, regarded as a matrix, with 
respect to (in particular) the channel numbers. For the operator //j this 
condition becomes 

^ (144.8) 


which is analogous to (125.7). The index + denotes taking the complex 
conjugate and transposing with respect to all the matrix suffixes except the 
channel number. 

The ^-matrix is diagonal with respect to states having definite values of 
the orbital angular momentum /; the corresponding matrix elements are 
distinguished by the index (/). By applying the operators fa and ffi to the 
function (125.17), we obtain the amplitudes for elastic and inelastic scattering 
processes in the form 

^ ^ 2 - l)i"2(cos 6), ) 

* 1=»0 I 

> (144.9) 

2iV{kikfS- 6). I 


/fi — 
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The corresponding integral cross-sections are 

‘ 1 = 0 


-/i = J2(2/+1)15/,'T- 


§144 


(144.10) 


The former is the same as (142.3). The total reaction cross-section cr (from 
input channel i) is 



/ 


taken over all/ ^ i. Since the 5-matrix is unitary, we have 


2'|5/il2 = ]-\Sh\^ 


which gives formula (142.4) for ar- 

The symmetry of the scattering process with respect to time reversal (the 
reciprocity theorem) is given by the equation 

Sfi = 5.-./., (144.11) 

or, what is the same thing, 

ffi = (144.12) 

The symbols i* and / * denote states which differ from i and / by a change 
in the signs of the momenta and spin components of the particles ;f they are 
said to be time-reversed relative to the states i and/. The relations (144.11) 
and (144.12) generalize formulae (125.11) and (125.12) for elastic scattering.| 
Equation (144.12) leads to the following relation for the reaction cross- 
sections: 


dafijp/^dof = dui.f.ipi^-i^, (144.13) 


This expresses the principle of detailed balancing. 

t For complex particles (atoms and nuclei) the “spin” is here to be taken as the 
intrinsic angular momentum, consisting of the spins and the orbital angular momenta o e 

internal motions of the constituent parts. . , . ■ it 

J Here we omit the factor —1 which may appear in collisions of particles having spin wt- 
(140.11)). This, of course, does not affect formula (144.13) for the cross-sections. 
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It has been mentioned in §126 that, if perturbation theory is applicable, 
then in the first approximation we have not only the reciprocity theorem but 
also a further relation between the amplitudes of the direct and reverse 
processes (in the literal sense), i^/and This property, expressed 

by the equation ffi = /,/*, holds good for inelastic processes (in the same 
approximation). The corresponding cross-sections are then related by 


dofi _ dcTf f 
pf^dof pi^doi 


(144.14) 


The difference between the transitions i-^f and i* ->■ /* no longer exists 
if we consider the cross-sections integrated over directions of p/ and summed 
over directions of the spins si/, S 2 / of the resulting particles and averaged over 
the directions of the momentum pj and spins Ji£, S 2 i of the initial particles. 
Let this cross-section be 


4rr(25ii-f-l)(252t+l)2 

("■d 

the sum is taken over the spin components of all particles, and the factor 
before the sum and integral is due to the fact that we average, not sum, over 
quantities pertaining to the initial particles. Writing (144.13) in the form 


pi^dtjfidoi, — pf^dcTi^f.dof 

and effecting the integrations and summations, we obtain 

gipi^^i = gfPr^f- (144.15) 

Here 

gi = (25H+l)(252i+l), g, = (25i/+1)(252/+1); (144.16) 

these determine the numbers of possible spin orientations of the initial pair or 
the final pair of the particles, and are called the statistical weights of the states 
i and /. 

Finally, we may note the following property of the amplitudes //j. We 
have seen in §140 that the cross-section cr/j varies as Ijpi when />£->■ 0 (if 
the interaction decreases sufficiently rapidly at large distances). According to 
formula (144.4), this means that//j -> constant as Pi 0. Hence it follows 
from the symmetry property (144.12) that //£ tends to a constant limit as 
/)/-> 0 also. We shall return to this result in §147. 


§145. Breit and Wigner’s formulae 

In §134 we have introduced the concept of quasi-stationary states as being 
those which have a finite but relatively long lifetime. A wide class of such 
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states arises in the field of nuclear reactions at not too high energies which pass 
through the stage of formation of a compound nucleus.'\ 

An intuitive physical picture of the processes occurring is that the particle 
incident on the nucleus interacts with the nucleons in the nucleus and 
“coalesces” with them, forming a compound system in which the energy 
contributed by the particle is distributed between many nucleons. The 
resonance energies correspond to the quasi-discrete levels of this compound 
system. The long lifetime of the quasi-stationary states (compared with the 
periods of the motion of the nucleons in the nucleus) is due to the fact that 
for the greater part of the time the energ)' is distributed between many 
particles, so that none of them has sufficient energy to overcome the attraction 
of the other particles and leave the nucleus. Sufficient energy for this purpose 
is only comparatively rarely concentrated on one particle. The disintegration 
of the compound nucleus can then take place in various ways corresponding 
to the various possible reaction channels.t 

This description of such collisions shows that the possibility of inelastic 
processes does not affect the potential part of the elastic scattering amplitude, 
which is not related to the properties of the compound nucleus (see §134); 
inelastic processes change only the resonance part of the elastic scattering 
amplitude. For the same reason the amplitudes of inelastic scattering pro¬ 
cesses which pass through the stage of formation of the compound nucleus 
are purely resonance in character. The resonance denominators of all ampli¬ 
tudes which relate to the vanishing of the coefficient of the ingoing wave for 
E = r retain their form (£■—Eo + iiT), F being again the total proba¬ 

bility of decay of any given quasi-stationary state of the compound nucleus. 

These arguments, together with the unitarivy condition which must be 
satisfied by the scattering amplitudes, are sufficient to establish the form of 
these amplitudes. 

The calculations may conveniently be made in a symmetrical form by 
numbering all possible channels of disintegration of the compound nucleus 
and not specifying beforehand which of them is the input channel for the 
reaction concerned. The suffixes denoting the channel numbers will be 
represented by a, b, c, ... . We shall also consider the partial scattering 
amplitudes corresponding to the value of I for the quasi-stationary state in 
question.,II We accordingly seek these amplitudes in the form 


Lthd 


1 

2\/(^a^fc) 


TMab 

E-Eo+iir 


(145.1) 


(the index (1) to the constants Sa and Mat is omitted for simplicity). The 


•j" The concept of the compound nucleus is due to N. Bohr (1936). 

^ The competing reactions include also radiative capture of the incident particle, in which 
the compound nucleus goes from an excited state to its ground state with the emission of a 
y-quantum. This process is also “slow’*, owing to the relatively low probability of the 
transition with emission. 

1) We shall-at first ignore the complications which arise from the spins of the particles 
involved in the process. 



§145 Breit and Wigner's formulae 609 

first term appears only [i a = b, and represents the amplitude of potential 
elastic scattering in channel a; the constants §„ are the same as the phases 
Si<0) which appear in (134.12). The second term in (145.1) corresponds to 
resonance processes. The form of the coefficient of the resonance factor in 
this term is chosen so as to simplify the result of applying the unitarity 
conditions (see below). 

Since we are considering scattering for a given value of the absolute 
magnitude of the orbital angular momentum, a quantity which does not 
change sign under time reversal, the reciprocity theorem (symmetry with 
respect to time reversal) is expressed simply by the symmetry of the ampli¬ 
tudes with respect to the suffixes a and b. Hence it follows that the 
coefficients Mab must also be symmetrical {Mab = Mba)- 
The unitarity conditions for the amplitudesare 

im/a6('> = ; (145.2) 

cf. (144.8). Substituting the expressions (145.1), we find after a straight¬ 
forward calculation 

Mat* Mab tT^MacMbc* 

E-Eo-^iV ~ E-Eo+iiT ~ {E-Eo)^+ir^' 

If this equation is satisfied identically for all energies E, we must have first 
of all Mab = Mab*, i.e. the quantities Mab 'ire real. We then find 

Mab — EMacMbc, (145.3) 

i.e. the matrix of coefficients Mab must be equal to its own square. 

The real symmetrical matrix Mab can be brought to diagonal form by a 
suitable orthogonal linear transformation V. Denoting the diagonal elements 
(eigenvalues) of the matrix by M^°-\ we can write this transformation in the 
form 

i:UaaUebMab=^ M<->8^p, 

a.b 

where the transformation coefficients satisfy the orthogonality relations 

^UacUffc = Sal,. (145.4) 

Conversely 

Mab = ’EUaaUabM^'^K (145.5) 


The relations (145.3) give the conditions .V/W = (.’lf(»))2 for the eigen¬ 
values M(“>, so that these must be zero or unity. If only one of the is 

different from zero (say A/d) = 1), then (145.5) gives 


(145.6) 
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i.e. all the matrix elements Mab are expressed in terms of the set of quantities 
Uia, fl = 1, 2, ... . If several of the are non-zero, then the elements 
Mab ate sums expressed in terms of several sets of quantities Uia, f/za, , 
these quantities being related only by the orthogonality relations and other¬ 
wise independent. This case would correspond to accidental degeneracy, 
where several different quasi-stationary states of the compound nucleus 
correspond to the same quasi-discrete energy level.| Ignoring these un¬ 
important cases, i.e. considering non-degenerate levels, we therefore conclude 
that the matrix elements Mab are products of quantities each depending on 
the number of only one channel. 

With the notation 


|c/ia! = V(ra/r), 


we can write formula (145.6) as 

Mab= ±V(^arb)ir-, (145.7) 

the sign of Mab depends on those of Uia and Uib, and remains indeterminate. 
On account of the equation 'LUicUu = 1, the quantities Pq thus defined 
satisfy the relation 

2:ra = r. (145.8) 

CL 


They are called t\\e partial widths of the various channels. Formulae (145.1), 
(145.7) and (145.8) give the required general form of the scattering amplitudes. 

Let us now rewrite the final formulae, taking some definite channel as the 
input channel.^ The partial width of this channel will be denoted by P* 
(the elastic width) and the widths of channels corresponding to various reac¬ 
tions by Prl, Pr2. 

The total elastic scattering amplitude is 

2/-I-1 Pe 

m =P\e) -^^r^r^"‘^''V,(cos 0), (145.9) 


where k is the wave number of the incident particle and/(°> the potential scat¬ 
tering amplitude. This formula differs from the expression (134.12) in that 
P in the numerator of the resonance term is replaced by the smaller, quantity 
Pe. 

The amplitudes of inelastic processes are, as already mentioned, of purely 
resonance type. The differential cross-sections are 


doro — 


{2i+\y- 


PePr, 


41^2 {^E-Eoy+\T^ 


[Pl(cOS 6)]2 do. 


(145.10) 


t This is particularly clear in the case where all the M'“> = 1. It follows from (145.4) and 
(145.5) that then Mat = *ob. there are no transitions between different chsnnels. In 
other words, this case would correspond to a number of independent quasi-discrete states, 
each occurring in elastic scattering in one channel. 

J These formulae were first obtained by G. Breit and E. Wigner (1936;. 
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and the integral cross-sections are 


Gro — (2/4-1)— 


r*r„ 

(£:-£'o)2-i-ir2 ■ 


The total cross-section for all possible inelastic processes is 


G. = (2/-P 1) - 


^2 (£'_£-o)2+|r2 


(145.11) 


(145.12) 


where Fr = F — Fg is the total inelastic zoidth of the level. 

It is also of interest to know the value of the reaction cross-section inte¬ 
grated over the range of energy near the resonance value E = Eq. Since or 
decreases rapidly away from the resonance, the integration with respect to 
E—Eq can be extended from — oo to -foo, giving 

(2,(,45.13, 


In the scattering of slow neutrons (for which the wavelength is large 
compared with the dimensions of the nucleus), only i-wave scattering is 
important, and the potential scattering amplitude is a real constant — a. 
Then (134.14) becomes 


fe — 


Te 

2k{E-Eo+iiT)' 


(145.14) 


The total elastic scattering cross-section is 

77 re2 4.4aA:rg(£'-£'o) 
Gg = 4Tra2 -I- 

k2 (£:_£'o)2-i-jr2 


(145.15) 


The term 47Ta2 may be called the potential scattering cross-section. We see 
that in the resonance region there is interference between the potential 
scattering and the resonance scattering. The amplitude a can be negligible 
only in the immediate neighbourhood of the level (E—Eq ~ F) (we recall 
that I aA I 1), and the formula for the slow neutron elastic scattering cross- 
section then becomes 


TT 

ae = -— 


rg2 


A 2 (£_£;,)2 + jr 2 ■ 

The total cross-section for elastic and inelastic scattering is 

FgF 


(145.16) 


Ci = Cf — ■— 


^2 (£'-£o)2-l-ir2 • (145.17) 

When potential scattering is negligible, the cross-sections g*, ora can be 
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Oe — OtTelY, Ora — OtTrajT. 


The quantity at is the sum of the cross-sections for all possible resonance 
processes, and may be regarded as the cross-section for the formation of the 
compound nucleus. The cross-sections for the various elastic and inelastic 
processes are obtained by multiplying at by the relative probabilities of 
particular types of disintegration of the compound nucleus, which are given 
by the ratios of the corresponding partial widths to the total width of the 
level. The possibility of this representation of the cross-sections is the result 
of the factorization of the coefficients Mat in the numerators of the scattering 
amplitudes. It corresponds to the physical picture of the collision process 
as occurring in two stages; the formation of the compound nucleus in a 
certain quasi-stationary state, and its disintegration through one or another 
channel.f 

As already mentioned in §134, the range of applicability of the formulae 
considered here is limited only by the requirement that the difference 
I E—Eq I should be small compared with the distance D between neighbour¬ 
ing quasi-discrete levels of the compound nucleus (with equal values of the 
angular momentum). It was also mentioned, however, that the formulae 
as written do not allow the passage to the limit i? -?■ 0, which is relevant if 
the value E = 0 lies in the resonance region. In this case the formulae must 
be modified by replacing the energy Eo by some related constant eo, and the 
elastic width F* by ye\/E\ the inelastic width Fr must again be regarded as 
constant (H. A. Bethe and G. Placzek 1937).| This change causes the 
inelastic cross-section (145.12) to increase as 1 / ■y/E when £ -> 0, in accordance 
with the general theory of the inelastic scattering of slow particles (§143). 

When the spins of the colliding particles are taken into account, the form¬ 
ulae are in general very complicated. We shall consider only the simplest, 
though important, case of the scattering of slow neutrons, when only orbital 
angular momenta 1=0 are involved in the scattering. The spin of the com¬ 
pound nucleus is obtained by adding the spin i of the target nucleus to the 
spin 5 = -^ of the neutron, i.e. it can take the values j = i ± (we assume that 
i 0, since otherwise the formulae are unchanged). Each quasi-discrete 
level of the compound nucleus relates to a definite value of j. The reaction 
cross-section is therefore obtained by multiplying the expression (145.12) 
(with / = 0) by the probability’ g{j) that the system of nucleus 4- neutron 
will have the necessary value of j for which there is a resonance level. 

We shall suppose that the spins of the neutrons and of the target nuclei 


•j* All the above calculations have been based on a reaction of the form a +A’ 6+ K, in 
which two initial particles (the nucleus and the incident particle) give rise to two particles 
This assumption is not, however, of fundamental importance, as is clear from the physical 
nature of the results obtained. Formulae of the type (145.11) for the integral cross-sections 
are valid also for reactions where more than one particle leaves the nucleus. 

: It IS important to note that, for inelastic processes which are possible at small energies 
(for example, radiative capture), the value £ = 0 is not a threshold value. A change n he 
Lrtial widths r„ similar to that specified for F. would be necessary for energies close to the 
threshold of the reaction in question, below which it cannot occur at all. 
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are oriented at random. There are altogether (2r + 1) (2^ + 1) = 2(2t4- 1) 
possible orientations of the pair of spins i and s. Of these, 2^+1 correspond 
to a given valuej of the total angular momentum. Assuming that all orientations 
are equally probable, we find that the probability of a given valued is 


g{i) = 


2J-H 

2(2j+1)‘ 


(145.18) 


The formula for the elastic scattering cross-section must be modified 
similarly. Here it must be borne in mind that, in potential scattering, both 
values of j are involved. The factor g(j) (with 7 corresponding to the resonance 
level) must therefore be included in the second term in (145.15), while the 
term must be replaced by the sum 

E^(i).4^[aO']2, 

] 


The fact that resonance reactions go through the stage of formation of a 
compound nucleus in a definite quasi-stationary state leads to some general 
conclusions concerning the angular distribution of the products of these re¬ 
actions. Each quasi-stationary state has a certain parity (in addition to its 
other characteristics). The system of particles b+Y formed in the dis¬ 
integration of the compound nucleus will therefore have the same parity. 
This means that the wave function of this system, and therefore the reaction 
amplitudes, can only be multiplied by ± 1 when the coordinate system is 
inverted; the squared amplitudes, i.e. the cross-sections, therefore remain 
unchanged. Inversion of the co-ordinates signifies (in the centre-of-mass 
system) the changes d -> 7 t — 6 , ^ -> 7 r-t-^for the polar angle and the azimuth 
which determine the direction of scattering. The angular distribution of the 
reaction products must therefore be invariant under this change. In par¬ 
ticular, after averaging with respect to the directions of the spins of all the 
particles participating in the reaction, the cross-section depends only on the 
scattering angle 9, and the distribution with respect to this angle must be 
symmetrical with respect to the change 6 ->7r —0, i.e. the angular distri¬ 
bution (in the centre-of-mass system) is symmetrical about a plane per¬ 
pendicular to the direction of collision of the particles.f 

Owing to the very large number of closely-packed levels of the compound 
nucleus, the detailed variation with energy of the cross-sections for various 
scattering processes is extremely complex. This complexity makes difficult, 
in particular, the discovery of any systematic changes in the properties of the 
cross-sections from one nucleus to another. It is therefore reasonable to 
consider the behaviour of the cross-sections apart from the details of the 
resonance structure, i.e. averaged over energy ranges which are large 
compared vyith the distances between levels. With this treatment we also 
make no distinction between the various types of inelastic process, but 

t For particles without spin, the differential reaction cross-section would be simply 
proportional to [P; (cos 6)]=, and the symmetry is obvious. 
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divide the scattering only into “elastic” and “inelastic” (in the sense defined 
below').t 

To demonstrate the significance of the averaging processes, we again omit 
the complexities associated with spin, and consider the partial cross-sections 
for scattering with / = 0. 

According to formulae (142.7), 


a« = ^|5-ip, c, = ^(l-|Si2). 


ct = —.2(1— re 5), 

k2 


(145.19) 


the elastic and inelastic scattering cross-sections, and therefore the total 
cross-section, are expressed in terms of the same quantity S (the index (0) 
is omitted for brevity). In averaging over the energy interval, the total cross- 
section, which depends linearly on S, is given in terms of the mean value of 
S by 

5, = (7r//e2).2(l-re5); (145.20) 


the factor 1 /k^, which varies only slowly, is unafltected by the averaging. The 
averaged “elastic” cross-section is defined as 

geOPt = (^/ife2)|5_l]2, (145.21) 


which is not in general equal to the mean value a*. In other words, we define 
the elastic scattering by first averaging the amplitude in the outgoing wave 
Se^^jr. With this definition the elastic scattering of a wave packet leaves it 
unchanged in form; we can say that the cross-section (145.21) relates to the 
“coherent” part of the scattering. This means that the part of the elastic 
scattering which occurs through the formation of a compound nucleus is 
excluded: when a long-lived compound nucleus is formed and then dis¬ 
integrates, the specific features of the incident wave packet are, of course, 
lost. The “inelastic” scattering in the averaged model is now naturally 
defined as the difference aa°P* = dt — i-e. 

g^opt = (^/^2 )(i_i,5|2). (145.22) 


This includes, therefore, not only the various inelastic processes but also that 
part of the elastic scattering which occurs with the formation of an inter¬ 
mediate compound nucleus. 

It is easy to see that this interpretation gives a correct account of the limit¬ 
ing cases, and therefore serves as a reasonable interpolation. 

In the region of low energies, where the resonances are well resolve 
(F Z)), 5 is given near each level by the formula 

5_f2«<°> - — - 

\ E-Eo+itT) 


t The following method of averaging (for proceeding to what is 
nuclear scattering) was proposed by V. F. Weisskopf, C. E. Porter and H. Feshbach (1954). 
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Averaging gives 

S = e2«‘°’(l —nYelD), (145.23) 


where Fe and D are the elastic width and the mean distance between the levels, 
averaged over the levels occurring in the energy range concerned; the slowly 
varying function may be regarded as constant in the averaging. 

Hence we find 


5a°P‘= 


TT 27rre 


(145.24) 


where small terms ~ YjD have been omitted.f This expression in fact 
coincides with the mean value of the cross-section (145.17), which, as pre¬ 
viously mentioned, corresponds to the formation of a compound nucleus. 

As the excitation energy of the compound nucleus increases, the distances 
between its levels decrease, and the disintegration probabilities (and so also 
the total widths of the levels) increase, so that the levels begin to overlap 
(in which case the concept of quasi-discrete levels loses much of its signific¬ 
ance). The irregularities of the function S{E) are then smoothed out, so that 
the difference between the exact and the averaged functions becomes small, 
and the cross-section (145.22) is the same as cr^ given by (145.19). This is in 
accordance with the fact that at high energies the disintegration of the com¬ 
pound nucleus through the input channel is unimportant in comparison with 
the numerous other modes of disintegration possible at such energies. In 
this range, therefore, all processes which involve the formation of a com¬ 
pound nucleus may be regarded as inelastic. 

Thus in the averaged model the scattering is again determined by a single 
quantity S, which is now a smooth function of energy. In the optical model, 
in order to calculate this function, the scattering properties of the nucleus 
are approximated by a field of force with a complex potential. The imaginary 
part of the potential has the result that absorption of particles occurs as well 
as elastic scattering. This absorption, the cross-section for which is given by 
the expression (145.22), is identified with “inelastic” scattering in the 
averaged model. 


§146. Interaction in the final state in reactions 

The interaction between particles formed as a result of a reaction may have 
a considerable effect on their distribution in energy and angle. This effect 
will naturally be particularly marked when the relative velocity of the inter¬ 
acting particles is small. Such a phenomenon occurs, for example, in nuclear 
reactions accompanied by the emission of two or more nucleons, the effect 
here being due to the nuclear forces which act between free nucleons. J 

Let po be the momentum of the centre of mass of a pair of emergent 

t Terms arising in the region of a level owing to the presence of other levels would be of the 
same order of magnitude. 

I The results given below were obtained first by A. B. Migdal (1950) and, independently 
by K. M. Watson (1952). 
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nucleons, and p the momentum of their relative motion. VVe shall suppose 
that p < pOi and so the relative energy E = p^jm {m being the nucleon 
mass) is small compared v^ith the energy = po^fAm of the motion of the 
centre of mass. We also suppose that the energy Eq is large compared with the 
energy e of the level (real or virtual) belonging to the system of two nucleons. 
That is, only the relative motion of the nucleons is assumed “slow”, while the 
nucleons themselves are “fast”. 

The probability of reaction is proportional to the squared modulus of the 
wave function of the particles formed when they are in the “reaction zone”, 
i.e. at a distance apart which is of the order of the range a of action of nuclear 
forces (cf. the similar discussion in §143 relating to primary particles). In 
the present case our object is to determine the dependence of the reaction 
probability only on the characteristics of the relative motion of one pair of 
nucleons. It is therefore sufficient to consider only the wave function 
</'p(r) of this motion, so that the probability of the formation of a pair of 
nucleons with relative momentum in the range d^p is 

dwp = constant x |^2rp((2)|2d3p. (1 46 .1) 

It has been shown in §136 that, in order to find the probability that a 
system will enter, through scattering, a state with a definite direction of 
motion, we must take as the wave functions of the final state functions 
0p~ which contain (at infinity) only an ingoing wave together with a plane 
wave; these functions must be normalized by the delta function of momen¬ 
tum. The functions are also obtained directly (by taking the complex 
conjugate and changing the sign of p) from the functions which contain 
(at infinity) outgoing spherical waves, i.e. those which correspond to the 
mutual scattering of two particles. On substitution in (146.1) this difference 
is not significant, so that ifj^ in (146.1) may be taken to be the functions 
and the problem is therefore reduced to that of the resonance scattering of 
slow particles, which has already been discussed. 

Although the actual form of the function in the region r ~ a is unknown, 
in order to find the dependence of the probability on the energy E it is 
sufficient to consider this function at distances r > Ijk^ a (where k = p/A; 
it is assumed that ka << 1), and then continue it in order of magnitude to 
distances r ~ c.f The main contribution to ipj, comes from the spherical 
wave (containing the factor 1/r). This wave is an assembly of partial waves 
with various values of /, whose amplitudes are the corresponding scattering 
amplitudes. I’o determine the square | ^p(«) it is sufficient to consider the 
5-wave alone, since at low energies the scattering amplitudes with / # 0 are 
relatively small. According to formula (133.7) we therefore have 

1 sAkr 

(146.2) 

K + ik r 

t This procedure is permissible because in the region r ^ Ilk the energy Emay be neglected 
in Schrodinger’s equation which determines the function ^p. The dependence of onE in 
this region is therefore entirely determined by the “joining” to the function in the region 
r~ 1/A. 
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where k = ^{m\€\)lh and e is the energy of the bound (or virtual) state 
of the two-nucleon system.f Substituting this expression in (146.1), we obtain 


d3/> 

dzup = constantx-. fl46.3) 

E+\€\ ^ 

Thus the distribution with respect to direction of the momentum (in the 
centre-of-mass system of the two nucleons) is isotropic. The distribution with 
respect to energy of the relative motion is given by 

VEdE 

dwE = constant x-. (146.4) 

E+\e\ ^ 

We see that the interaction of the nucleons leads to the appearance of a 
maximum in the distribution in the range of small E, aX E ~ | c | -t 

In the laboratory system of coordinates, small angles 6 between the 
momenta of the two nucleons correspond to small values of the relative 
momentum {p p^). Thus in this system an angular correlation between the 
directions of emission of the nucleons corresponds to the maximum in the 
distribution with respect to E, and leads to an increased probability of small 
values of 6. 

Let Pi and p 2 be the momenta of the nucleons in the laboratory system. 
Then 

Po = Pi + p2, P = i(P2-pi) 


(the reduced mass of two equal particles is ^m). The vector product of these 
equations gives pox p = pi x p 2 , and so if/>< po we have 

popx = pipz sin e « ipo^e, 

or 6 = ^PjJpo, where pj_ is the component of the vector p transverse with 
respect to the direction of po, and 6 is the small angle between the directions 
of pi and p 2 . Rewriting formula (146.3) in the form 

Inp^dp^dp, 

dwp = constant x-—- 

ipfi^+p,^)lni + \e\ 

and integrating with respect to/i|,, we find the probability distribution as a 
function of the angle 6. Owing to the rapid convergence of the integral, the 
integration can be extended from — oo to + oo, and the final result is 


^ 0de 

dwg = constant x- 

v/(e2 + 4|*|/£o) 


(146.5) 


t We are here considering an np pair with parallel or antiparallel spins, or an nn pair with 
antiparallel spins. For a pp pair the situation is complicated by the Coulomb repulsion and 
this case must be treated by means of the theory given in §138 ’ 

I Strictly speaking, the constant coefficients in formulae (146.3) and (146 4) may also 
depend on E through the remaining parts of the wave function for the whole system of reaction 
products. This dependence is only slight, however; the coefficient varies appreciably as a 
function of E. only over the whole energy range (--£,) available to the nucleon pair in the 
reaction considered. Thus this dependence may be neglected, as regards the distribution 
in the range E ^ Fo. in comparison with the strong dependence given by formula (146.4) 
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The angular distribution relative to the solid angle element do ^ Ind Ad has 
a maximum at 6 ~ -v/(| e |/£o)- 

§147. Behaviour of cross-sections near the reaction threshold 

If the sum of the internal energies of the reaction products exceeds the 
corresponding sum for the original particles, the reaction has a threshold: 
it can occur only when the kinetic energy E of the colliding particles (in 
the centre-of-mass system) is greater than a certain “threshold” value E(. 
Let us examine the nature of the energy dependence of the reaction cross- 
section near the threshold. We shall assume that the reaction produces only 
two particles (type A + B = A' + B'). 

Near the threshold, the relative velocity v' of the particles formed is small. 
Such a reaction is the opposite of one in which the velocity of the colliding 
particles is small. The dependence of its cross-section on v' is therefore 
easily found by means of the principle of detailed balancing (144.13) and 
the known energy dependence of the reaction where v' is the velocity in the 
input channel (§143). In a wide class of reactions where there is no Coulomb 
interaction between the particles A' and B' (such as nuclear reactions in 

which a slow neutron is formed), we therefore find that the reaction cross- 

section is proportional to 

Cr-'V'. (147.1) 

Similarly we find the dependence of the cross-section on the energy of the 
colliding particles: the velocity z', and therefore the reaction cross-section, 
are proportional to the square root of the difference E—Et: 

cr = AV{E-Et). (147.2) 

The scattering amplitudes in different channels are related by the unitarity 
conditions. The opening of a new channel therefore leads to the appearance 
of certain singularities in the energy dependence of the cross-sections for 
other processes also, including the elastic scattering cross-section (E. P. 
Wigner 1948; A. I. Baz’ 1957; G. Breit 1957). To elucidate the origin and 
nature of this phenomenon, let us consider the simple case where only elastic 
scattering is possible below the reaction threshold. 

Near the threshold, the particles A' and B' arc formed in a state with 
orbital angular momentum / = 0 (corresponding to (147.2)). If the reacting 
particles have no spin, the orbital angular momentum is conserved, and the 
system of particles A + B is also in the s-state. According to (142.7), the 
partial reaction cross-section for / = 0 is related to the S-matrix element 
for elastic scattering by 

a/o) = Jl(i_j5oP), (147.3) 

kr 

t This result corresponds to the constant limit of the amplitude ffi as p/ ->-0 derived at the 
end of §144. The cross-section (144.4) is proportional to p,. 
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where k is the wave number of the colliding particles. Equating (147.2) and 

(147.3) , we find that just above the reaction threshold the modulus |5o| is 

given, to within quantities of higher order than by 

ki^ 

1‘S'ol = 1 ——-A\/{E-Et) {E > Et), (147.4) 

where kt = \^{lmEt)jh, and m is the reduced mass of the particles A and B. 
Below the threshold we have only elastic scattering, so that 

|.So| = l {E<Et). (147.5) 

The scattering amplitude, and therefore So, must be analytic functions 
for all values of the energy. The function concerned, which takes the values 

(147.4) and (147.5) above and below the threshold, is given to the same 
accuracy by the formula 

So = e^i‘^^-^Ay/{E-Et^, (147.6) 

where So is constant; for E < Et the root becomes imaginary, and the 
modulus of the expression in the brackets differs from unity only by a quantity 
of a higher order of smallness. 

For z\\ I ^ 0 there is no inelastic scattering, so that 

S, = (/# 0), (147.7) 

and in the region near the threshold the phases hi must be taken equal to 
their values for E ~ Fj.f 

Substituting the values obtained for Si in (142.2), we find the following 
expression for the scattering amplitude near the reaction threshold; 

kt 

f{e,E) .—AV(E-E,)e^-^\ (147.8) 


where/j(6) IS the scattering amplitude for £■ = The differential scattering 
cross-section is therefore 


- \ft{S)\'^ + ^A^^/{E-El)lm for £'>£’<, 

= \MS)\‘^-^AviE-Et)Te {/t(e)efor£<£j. 


Writing the amplitude/, in the form | we can finally put this result in 

the form 


da 

do 


_277 cos(26o-a), £<£*. / 


t Since the functions S,(£) are real both for £ > £, and for £ < £,. they can be expanded ■ 
senes of integral powers of the difference E^Ei. 
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Depending on whether the angle 2So — a is in the first, second, third or 
fourth quadrant, the energy dependence of the cross-section described by 
this formula has the forms shown in Fig. 50a, b, c, d. In every case there are 
two branches lying on either side of a common vertical tangent. 



Fig. 50 


In the integration of the expressions (147.9) with respect to o, the integrals 
of the second terms contain a non-zero contribution only from the isotropic 
part of the amplitude the i-wave partial elastic scattering amplitude 

We thus obtain for the total elastic scattering cross-section 

near the threshold 


<j 


at - 2A Vi\E- Et\) X 


sin^ 8o 
sin 8o cos So 


for E > El, 
for E > El- 


} 


(147.10) 


This has the form (a) or (b) in Fig. 50, for positive and negative sin So cos So 

Thus the existence of a reaction threshold leads to a characteristic singu¬ 
larity in the energy dependence of the elastic scattering cross-section. It 
the particles have spin, of course, the formulae are quantitatively different, 
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but the general nature of the effect remains the same.f If other reactions as 
well as elastic scattering are possible below the threshold, then corresponding 
singularities will appear in the cross-sections for such reactions. They all 
have a singularity at E = Et near which they are linear functions of the root 
'\/{\E—Et\) with different slopes above and below the threshold. 

In nuclear reactions with emission of a positively charged particle, we 
have a case where Coulomb repulsion forces act between the reaction products 
(the particles >1' and B'). In this case the reaction cross-section, together with 
all its derivatives with respect to energy, tends exponentially to zero as 0 
(i.e. as E and there is no singularity in the cross-sections for other 

processes. 

Finally, let us consider reactions in which two oppositely charged slow 
particles are formed, so that Coulomb attraction forces act between them. 
The cross-section for such a reaction is related by the principle of detailed 
balancing to the cross-section (143.6) for the opposite reaction between two 
slow attracting particles. Thus we find that as t;' 0 the cross-section tends 

to a constant limit: 

ffr = constant as t)'0, (147.11) 

i.e. the reaction begins suddenly with a finite cross-section as the threshold 
is passed. 

We may elucidate the nature of the singularity of the elastic scattering 
cross-section near the threshold for such a reaction (A. I. Baz’ 1959). This 
cannot, however, be done directly from the known law (147.11) above the 
threshold by the simple method used previously for uncharged particles. In 
comparison with the latter case the situation is now complicated by the fact 
that the system of particles A' + B' has bound states in the region near the 
threshold (with E < Et), corresponding to discrete energy levels in the 
Coulomb attraction field. These states can be formed, so far as energy is 
concerned, in a collision of particles A and B, but owing to the possibility 
of elastic scattering they are only quasi-stationary states. Their existence 
must nevertheless cause resonance effects in the elastic scattering below the 
threshold, analogous to the Breit-Wigner resonances. 

To solve the foregoing problem, let us consider the structure of the wave 
functions which describe the collision process. In accordance with the 
presence of two channels, Schrbdinger’s equation for the system of inter¬ 
acting particles has two independent solutions finite in all configuration space. 
Let two such solutions, arbitrarily selected and arbitrarily normalized, be 
denoted by i/ii and ^ 2 - From these functions we can construct linear com¬ 
binations which describe the scattering in the case where one or other of the 
channels is the input channel. Let the channels corresponding to the pairs 
of particles A, B, A', B', be denoted by a and b, and let the sum f = ai0] + 
+ a 202 correspond to the case of input channel a; it describes elastic scattering 

t For non-zero spins, the system of particles A'+B' in the * state may have a non-zero 
total angular momentum, and there can therefore be different orbital states of the system 
A+B. 
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of particles A and B and the reaction A + B A' + B'. Near the reaction 
threshold, the coefficients ai and a 2 depend considerably on the small momen¬ 
tum kb, while the arbitrarily chosen functions and ipz do not have singu¬ 
larities at kb = 0. 

At large distances, the function ^ must represent the sum of two terms 
corresponding to the motion of pairs of particles in the channels a and b. 
These terms are the products of the “internal” functions of the particles and 
the wave function of their relative motion.f In channel a the latter function 
has the form Ra'' — SaaRa^, and in channel it is — SabRb'^, where i?+ and 
R~ are the outgoing and ingoing waves in the corresponding channels. At 
distances ro which are large compared with the range of action of the short- 
range forces and small in comparison with 1/kb, these functions (and their 
derivatives) must join on to the values calculated from the wave function ip in 
the “reaction zone”. These conditions are expressed by equations of the 
form 

4-= [Aa“ — ‘SaaAa‘'‘]7-„, aiii4-a2fc2= [— 


01101+0.202 = [Ra~ - SaaRa'*']'rt, Oibi+a2b2' = [ — ■S'afcRfc+jVo. 

where ai, ai, b\, bi ,... are quantities calculated from the functions i/ij and 
ip 2 ', according to the above discussion, they may be regarded as constants 
independent of kb near the threshold. Dividing these two pairs of equations, 
we obtain two linear equations for two unknowns {a.j/a.2 and Saa), the coeffi¬ 
cients in these equations involving only one quantity which depends “critic¬ 
ally” on kb, namely the logarithmic derivative of the outgoing wave in channel 
b. We define this as 

A = ^ 

ZttL rRb+ J’"’’'’ 

There is no need to derive the actual solution of these equations; it is suffi¬ 
cient to note that the quantity Saa of interest here (which determines the 
elastic scattering amplitude) is a fractional-linear function of A. Below the 
threshold the quantity A is real, since the wave function i?6+ is real, being the 
solution of a real Schrodinger’s equation with a real condition at infinity 
(decrease as w'here Kb= '\,/[2mb{Et — E)]/h). Below the threshold we 
must have [Saa] = 1, whence it follows that the fractional-linear function 
5aa(A) must have the form 

where t; is a real constant and ^ a complex constant. 

Let us determine the value of A as a function of the momentum kb- Since 


+ The law (147.11) holds not only for the total cross-section but also for the partial cross- 
sections with various values of I ; cf. the end of §143. The singularity discussed below there¬ 
fore occurs also for all the partial scattering cross-sections. Its nature is entirely evident frtm 
the treatment, for the case Z = 0 given below. The index 0 will be omitted, for simplicity, 
from the corresponding partial amplitudes. 
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Coulomb attraction forces act between the particles A and B rRb+ is the 
Coulomb wave funaion which is asymptotically proportional to at 
infinity. In a Coulomb repulsion field this function is given by the sum 
Go +i/’o, with Go and Fo as in (138.4) and (138.7). The change to an attractive 
field is effected by simultaneously reversing the signs of k and r.f Making 
this change and calculating the logarithmic derivative (see §138), we havej 

* - ,-3^ - -i)])- 

Here kb is assumed real, so that the formula pertains to the region above the 
threshold. For 0, the first term in (147.13) tends to i, and the second 
tends to zero (see the fourth footnote to §138). Thus we have above the thresh¬ 
old 

k = i{E>Ei). (147.14) 

The passage to the region below the threshold is achieved by replacing k by ik, 
which gives from (147.13) with 08 

A = - cot(7r/K6) {E < Et). (147.15) 

These formulae solve the problem under consideration. The elastic 
scattering cross-section is 

o-* = 7r*<.-2|5„a-112. 

Above the threshold we have 


l + */3 

——{E > E,); 

1 + ip* 


(147.16) 


like the reaction cross-section, the scattering cross-section is constant in this 
region. The condition l^aal < 1 signifies that im /S > 0. 

Below the threshold 




/3* — tan(7r/K6) 


(147.17) 


This expression has an infinite number of resonances whose density increases 
towards the point E = Et. The resonance energies are the roots of the 
expression 


^aa 


= -1, i.e. rec«<-[^-tan(7r/K6)] = 0; 


+ In what follows we use Coulomb units. The change ir, „ f z. j 
formally to a change in sign of the Coulomb unit of length. ^ »• corresponds 

t To simplify the subsequent formulae, we omit from tl-ie ■it 

constant -log 2r„-2C, which .s independent of Zrt^s“mouTts^m " 
definition of the complex quantity P and the real quantity ^ in (147 12) cinimportant re- 

„ H.;f 

»h.ch b. obmintd by logtiiibmic dWtrenti.Oot of a,, w.ll-koowo itloilon rS n -.1 
—nIx sin 7TX, and the limiting expression vifx) ’’s log x _ 1 y2*; as x ^ oo. ^ 
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they are somewhat displaced relative to the purely Coulomb levels (the roots 
of tan( 77 /Kb) = 0) owing to the short-range forces. As the energy £ approaches 
the threshold, the elastic scattering cross-section oscillates between zero and 
477 /^ 0 ^, as shown diagrammatically in Fig. 51. The width of the entire sub¬ 
threshold region in which the resonance structure occurs is determined by 
the energy of the first Coulomb level.f 


§148. Inelastic collisions between fast electrons and atoms 

Inelastic collisions between fast electrons and atoms can be considered 
by means of the Born approximation in the same way as elastic collisions in 
§139. J The condition for the Born approximation to be applicable is, as 
before, that the velocity of the incident electron should be large compared 
with those of the atomic electrons. The energy loss in the collision may have 
any value. If the electron loses a considerable part of its energy, the atom 
is ionized, the energy being transferred to one of its electrons. However, 
we can always regard as the scattered electron that which has the greater 
velocity after the collision; thus, if the velocity of the incident electron is 
large, that of the scattered electron is large also. 

In a collision between an electron and an atom, the coordinate system in 
which their centre of mass is at rest may, as already remarked, be identified 
with that in which the atom is at rest; this latter system will in fact be used 
below. 

An inelastic collision is accompanied by a change in the internal state of 
the atom. The atom may gO from the normal state into an excited state of the 
discrete or continuous spectrum; the latter case signifies an ionization of the 

t .Another interesting case of reactions near the threshold is the ionization of an atom by an 
electron whose energy is only slightly greater than the first ionization energy of the atom. 
In these conditions the collision process may be regarded as quasi-classical, but the problern 
is greatly complicated by the presence of three charged particles m the final state. The gen^a 
solution of this difficult problem has been given by G. H. Wannier (Physical Review 90, 
817, 1953). The probability of ionization of a neutral atom is found to be proportional to 
(E—iy, where a = J(V(91/3)—1) = 1-13 and E—I is the amount by which the electron 
energy exceeds the ionization threshold. 

X Most of the results given in §§148-150 were obtained by H. A. Bethe (1930). 
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atom. In deriving the general formulae, we can consider these two cases 
together. 

We start (as in §126) from the general formula for the transition probability 
between states of the continuous spectrum, and apply it to the system 
consisting of the incident electron and the atom. Let p, p' be the momenta 
of the incident electron before and after the collision, and E^, E the cor¬ 
responding energies of the atom. For the transition probability” we have 
instead of (126.9) the expression 

' vK”. Pi C'lO, P>p + - £.) (148.1) 

where the matrix element is that of the energy of interaction between the 
incident electron and the atom, 

U = Z^jr- L2/|r-r„|: 

0*1 

here r is the radius vector of the incident electron, those of the atomic 
electrons; the origin is at the nucleus of the atom, and m is the mass of the 
electron. 

The wave functions of the electron are determined by the previous 

formulae (126.10), (126.11); then Aw is the cross-section do- for the collision. 
The wave functions of the atom in the initial and final states we denote 
by 'Pn. If the final state of the atom belongs to the discrete spectrum, 
then (like tpo) is normalized to unity in the usual manner. If, on the other 
hand, the^ atom enters a state of the continuous spectrum, the wave function 
is normalized by the delta function of the parameters v which determine these 
states (these parameters may be, for instance, the energy of the atom, and the 
momentum components of the electron which leaves the atom in the ioniza- 
uon). The cross-sections thus obtained give the probability of a collision 
in which the atom enters states of the continuous spectrum lying in the range 

of parameters between p and i/ + dv. 

Integration of (148.1) over the absolute magnitude p' gives 

= 4^l<”P'l^|0p>Pdo', 

where p' is determined from the law of conservation of energy: 

(p2_^'2)/2„ = En—Eo. (148.2) 

Substituting in the matrix element the wave function-j f c 

(126.10), (126.11), we obtain functions of the electron from 


(148.3) 
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where dr = dFj dV^ ... dV^ is the element of configuration space of the Z 
electrons in the atom, and we omit the prime to do.f For n = 0 and p = p', 
(148.3) becomes the formula for the elastic scattering cross-section. 

Since the functions <//„ and are orthogonal, the term in U which contains 
the interaction Ze^jr with the nucleus vanishes on integration over t, and 
so we have for inelastic collisions 


don 


p' 

p 


2JJ 


2 

- drdV 

\r-ra\ 


do. 


(148 4) 


The integration over V can be effected as in §139. The integral 

= j e-^-r dVj\r-ra\ 

is formally the same as the Fourier component of the potential at the point r 
due to charges distributed in space with density p = S(r-ra). Formula 
(139.1) therefore gives 

= (47r/22)e-‘or,. (148.5) 

Substituting this expression in (148.4), we finally obtain the following 
general expression for the inelastic collision cross-section: 


here the matrix element is taken with respect to the wave functions of the 
atom, and we have introduced, in place of the momenta, the wave vectors 
k' = p'/h, k = p/h. This formula gives the probability of a collision in 
which the electron is scattered into an element of solid angle do and the atom 
enters the nth excited state. The vector — hq is the momentum given to the 
atom by the electron in the collision. 

In effecting the calculations, it is more convenient to refer the cross- 
section, not to the element of solid angle, but to the element d^ of the absolute 
magnitudes of the vector q. The vector q is defined by q = k' -k; for its 
absolute magnitude we have 

= p2j^k’z-2kk' COS&. (148.7) 

Hence, for given k, k', i.e. for a given loss of energy by the electron, 


^d^ = kk' sin S- d& = {kk'llrr) do. 


(148.8) 


+ In this form it is a general result of perturbation theory, applicable not only to collisions 
oftlectrons rh In atom but also to any inelastic collisions of P-'lf"-f'^.^paTcl 

the scattering cross-section in a system of coordinates where the centre of mass of the par 
is at rest (m being then the reduced mass of the two particles). 
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Formula (148.6) may therefore be written 

don = f (148.9) 

The vector q plays an important part in the following calculations. 
Let us examine more closely its relation to the scattering angle ■8- and to 
the energy E^—Eq transferred in the collision. We shall see below that the 
most important collisions are those which cause scattering through small 
angles (8- 1), with a transfer of energy which is small in comparison with 

the energy E = of the incident electron: E^^—Eq E. The difference 
k — k' is in this case also small {k—k'<^ k), and 

E„-Eo= H^{k2-k’^)l2m xh^k{k-k')lm = hv{k-k'). 

Since i? is small, we have from (148.7) 

and finally 

? = V[{{En-Eo)lhv}z+{k^)^]. (148.10) 

The minimum value of q is 

9min = (^n — Ef^jhv. (148.11) 

In the region of small angles we can further distinguish between different 
regions depending on the relation between the small quantities 8- and 
vojv, where vo is of the order of the velocity of the atomic electrons. If we 
consider energy transfers of the order of the energy eo of the atomic electrons 
{En — Eo ~ eo ~ then for {vq/v}'^ <^l we have 

q = k& = (148.12) 

the first term under the radical in (148.10) can be neglected in comparison 
with the second. In this range of angles, therefore, q is independent of the 
energy transfer. For 8- < 1, j may be either large or small in comparison with 
l/flo (where oq is a quantity of the order of atomic dimensions). On the same 
assumption regarding the energy transfer we have 

qoo ~ 1 for 8 ~ volv. (148.13) 

Let us now apply the general formula (148.9) for small q [qa^ ^ 1, 
i.e. 8 vojz)). In this case we can expand the exponential factors as series of 
powers of q: 

e-tq.r, ^ = l-t^Va; 

we choose a coordinate system with the x-axis along the vector q On 
substituting this expansion m (148.9), the terms containing 1 give zero by 
the orthogonality of the wave functions and and we obtain 

- (|)’‘l<"l‘'.|0>l^, (148.14) 
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where dx = e'L Xa is the component of the dipole moment of the atom. 
We see that the cross-section (for small q) is given by the squared modulus 
of the matrix element of the dipole moment for the transition which corres¬ 
ponds to the change in state of the atom.f 

It may happen, however, that the matrix element of the dipole moment 
vanishes identically for the transition considered, on account of the selection 
rules (a forbidden transition). Then the expansion of must be continued 
to the next term, and we obtain 


do„ = dq- (148.15) 

Let us now consider the opposite limiting case of large q (jqa^ >1). If j 
is large, this means that the atom receives a momentum which is large com¬ 
pared with the original intrinsic momentum of the atomic electrons. It is 
evident from physical considerations that, in this case, we can regard the 
atomic electrons as free, and the collision with the atom as an elastic col¬ 
lision between the incident electron and the atomic electrons, the latter 
being originally at rest. This can also be seen from the general formula 
(148-9). For large q, the integrand in the matrix element contains rapidly 
oscillating factors and the integral is almost zero if >pn does not contain 

a similar factor. Such a function tpn corresponds to an ionized atom, with the 
electron emitted from it with momentum — = p -p' given by the law of 

conservation of momentum, as it would be in a collision of two free electrons. 

In a collision with a large transfer of momentum, the incident electron 
and the atomic electron may have final velocities that are comparable in 
magnitude. The exchange effect arising from the identity of the colliding 
particles therefore becomes important, although it was not taken into account 
in the general formula (148.9), The scattering cross-section for fast electrons 
when exchange is allowed for is given by formula (137.9); this formula relates 
to a coordinate system in which one of the electrons is at rest before the 
collision. For a fast electron the cosine in the last term in (137.9) may be put 
equal to unity. Multiplying by the number of electrons in the atom, Z, we 
obtain the cross-section for the collision of an electron with an atom, in the 
form 

dcr = -r—-^ (148.16) 

\rm^j Lsin^S- cos*S- sin^S-cos^S-J 

In this formula it is convenient to express the scattering angle in terms of 
the energy which the electrons have after the collision. As is well known, 
when a particle of energy E = collides with one of the same mass at 

f The cross-section don, summed over all directions of the angular momentum of the atom 
in the final state and averaged over the directions of the angular momentum in the initial state, 
i^ what is usually of physical interest. After this summation and averaging, the square 
|<nM 3 :| 0 >P is independent of the direction of the x-axis. 
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rest, the energy of the particles after the collision is 

€ = E sin^^, E —£ = E cos^S-. 

In order to find the cross-section referred to the interval de, we express do in 
terms of de by the relation cos & do = 27 t sin S- cos & d & = (ttIE) de. Sub¬ 
stituting in (148.16), we obtain the final formula 

r 1 1 1 “Ide 

do, = nZe^\ —1-—. (148 17) 

Le2 (£'-e)2 e(£'-e)j£' ^ ’ 

If one of the energies e and E — eis small compared with the other, only one 
of the three terms in this formula (the first or the second) is important. This 
is as it should be, since, for a great difference between the energies of the 
two electrons, the exchange effect becomes insignificant, and we then return 
to the familiar Rutherford’s formula.-f 

The integration of the differential cross-section over all angles (or, what 
is the same thing, over q) gives the total cross-section (j„ for a collision in which 
the atom is excited to the state in question. The dependence of cr„ on the 
velocity of the incident electron is closely related to the existence or otherwise 
of the matrix element, for the corresponding transition, of the dipole moment 
of the atom. Let us first suppose that this matrix element is not zero. Then, 
for small q, dcr„ is given by formula (148.14), and we see that, as ^ diminishes, 
the integral over q diverges logarithmically. In the region of large q, on the 
other hand, the cross-section (for a given energy transfer En — Ea) decreases 
exponentially as q increases, because of the presence (already pointed out) of a 
rapidly oscillating factor in the integrand of the matrix element in (148.9). 
Thus the region of small q plays the principal part in the integral over q, and 
we can restrict ourselves to an integration from the minimum value (148.11) 
to some value of the order of 1/ao- 

As a result we obtain 

On = 877(e/fe)2|<n|<fa;|0>|2 log{f„vhle^), (148.18) 

where is a dimensionless constant, which cannot be calculated in a general 
form.! 

If, on the other hand, the matrix element of the dipole moment vanishes for 
the transition in question, the integral over q converges rapidly both for 
small q (as we see from (148.15)) and for large q. The most important range 
in the integral is in this case q ~ Ija^. No general quantitative formula 

+ For a collision of a positron with an atom there is no exchange effect, and Rutherford’s 
formula 

do- = {ttZ e-* ’ E) df 

holds for all q %> Moq. 

X We suppose that En Eq is of the order of the energy Cq of the atomic electrons. For larger 
energy transfers (Fn Eq-^ E ^ to), the formulae (148.14), (148.18) are still inapplicable, 
since the matrix element of the dipole moment beconrtes very small, and it is not possible to 
take only the first term of the expansion in powers of g. 



630 Inelastic Collisions §148 

can be obtained, and we can deduce only that <7,; is inversely proportional to 
the square of the velocity; 

C 7 „ = constant/i’2. (148.19) 

This follows at once from the general formula (148.9), according to which 
da„ is proportional to 1/t'^ for q ~ I/Uq- 

Let us determine the cross-section da, for inelastic scattering into a 
given element of solid angle regardless of the state entered by the atom. 
To do this, we have to sum the expression (148.9) for all n ^ 0, i.e. over all 
the states of the atom (of both the discrete and the continuous spectrum) 
except the normal state. We orrut from consideration the ranges of large 
and small angles, and suppose that 1 > & > Then, by (148.12), 

q is independent of the amount of energy transferred.! 

The latter circumstance makes it easy to calculate the total inelastic collision 
cross-section, i.e. the sum 




dq 




\mv^/ 


(148.20) 


fl#0 


To do so, we note that, for any quantity/, we have by the multiplication rule 
for matrices 

i:\fnn\^ = 5:/o„/o„* = £/on(/+)n0 = (//^loo- 

n n n 

The summation here is over all n, including n = 0. Hence 

2 l/onl^ = 2:1/onP-l/ooP = (//")oo-|/oo|2. (148.21) 

n^O n 

Applying this relation for / = 2 we have 

dcx, = (—X {<12 e-"-H2>-l<2 (148.22) 

\mv^J “ D iT 

where <...> denotes averaging with respect to the normal state of the atom 
(i.e. taking the diagonal matrix element 00). The mean value <2 «-’••■■■«> is, 
by definition, the atomic form factor F{q) for the atom in the normal state. 
In the first term in th6 braces we can write 

7 I* 

£ e-tq.r. = Z+ 2 c‘q <r.-rt>. 

0-1 I 


+ The summanon in (148.9) .s taken over states wtth tL^^S 

so thTt the exchange effects need not be taken mto account. 
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Thus we find the general formula 

This formula is much simplified for small q, when we can expand in powers 
of q {vjv <^qao 1, corresponding to angles {vjvy t'o/^)- Instead 

of effecting the expansion from formula (148.23), it is more convenient to 
sum again over n, using for dan the expression (148.14). Summing with 
the aid of the relation (148.21) with/ = dx, and recalling that <da;> = 0, we 
have 

dcr = (2e/te)2<da:2>do/&2. (148.24) 

It is of interest to compare this expression with the cross-section (139.5) 
for elastic scattering through small angles; whereas the latter is independent 
of S', the cross-section for inelastic scattering into the solid angle element do 
increases as l/S^ when S decreases. 

For angles S such that 1 > S > vjv (so that qa^ > 1), the second and 
third terms in the braces in (148.23) are small, and we have simply 

dar = Z(2e2/OTt>2)2do/S4, (148.25) 

i.e. Rutherford scattering from the Z atomic electrons (without allowance for 
exchange). We recall that, for elastic scattering, we had the result (139.6), 
which is proportional to and not to Z. 

Finally, integrating over angles, we have the total cross-section or for 
inelastic scattering at all angles and with any excitation of the atom. In an 
exactly similar manner to the calculation of on (148.18), we obtain 

Or = 8Tr(e/fe)2<dj2)log(^z’^/e2), (148.26) 


PROBLEMSt 

Problem 1. Determine the angular distribution for 1 ^ ^ ^ from the inelastic 
scattering of fast electrons by a hydrogen atom (in the normal state). 

Solution. For the hydrogen atom, the third term in the braces in (148.23) vanishes, 
while the atomic form factor F(g) has been calculated in §139, Problem. Substituting, we 
find 

. 4 (l+t,2»t/4)4-l 

dcr — - ■ do 

(l+v2^2/4)4 

Problem 2. Determine the differential cross-section for collisions of electrons with a 
hydrogen atom in the normal state, the latter being excited to the nth level of the discrete 
spectrum (where n is the principal quantum number). 

Solution. The matrix elements are conveniently calculated in parabolic coordinates. 
VVe take the ^-axis in the direction of the vector q; then 

^iq.r s- giQt 


+ VVe use atomic units in all the Problems 
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The wave function of the normal state is 


§148 


i/iooo = 

The matrix elements are non-zero only for transitions to states with m = 0. The wave 
functions of these states are the functions 

</'n, 7 ..c = (l/\/7rn2)t-*ii+''>.-"F(-ni.l,^/n)F(-n2,l,7)/n) 

(„ = The required matrix elements are the integrals 


<nin20]e*''1000> = J 
0 0 

The integration is effected by means of the formulae of §f in the Mathematical Appendices. 
The result is 

|<rp,20|e'-'|000>p = ~ ' f - "2)^ f (9")^]. 

K”+1) +(9'>rJ 

All states with the same n^+n^ = n-1 have the same energy. Summing over all possible 
values of n,—Hj for the given n. and substituting the result in (148.9), we obtain the required 
cross-section: 


do„ = 2>>^-nW’)4-(9")']: 


[(„-l)a.Ky„)Z]n-a dy 


Problem 3. Determine the total cross-section for the excitation of the first excited state 
of the hydrogen atom. 

Solution. We have to integrate 

1 d} 

das = 2®77- 

^ 9(9’'+9/4)» 


over all q from 5min = (F.-Eil/v = 3/8v to = 2v, only the terms of the highest degree 
in t! being retained. The integration is elementary, and the result isf 


— riog(4f) - -1 = —0-555 log^. 
SiOt-zL ® 24 J 0-50 


Problem 4. Determine the cross-section for the ionization of a hydrogen atom (in the 
normal state), with the emission of a secondary electron in a given direction , the energy of the 
secondary electron is small in comparison with that of the primary, and so exchange effects 
are unimportant (H. S. W. Massey and C. B. O. Mohr 1933). 

Solution. The wave function of the atom in the initial state is I" the 

final state, the atom is ionized, and the secondary electron emitted from it has a wave ■vector 
which we denote by k (and energy c = J'f*). This state is described by a unction 9 ' jr 

t The cross-section can also be calculated for arbitrary n. By numerical calculation, we can 
obtain also the total cross-sy^ction for inelastic scattering by a hydrogen atom: 

a, = l!!:iog(i2/0 160) 

This includes the following contributions from collisions m \vhich states of the discrete 
spectrum are excited, and from those in which the atom is ionize . 

a, = — log(t. 2 / 0160 ). 




— x0 285 iog(t;2/00l2). 
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(136.9), in which the outgoing part consists (at infinity) only of a plane wave propagated in 
the direction of k. The function is normalized by the delta function in «/2tr-space; 
hence the cross-section calculated from it will relate to d^K/fZtt)^ or to dx doK/(2jt)®, where 
doic is an element of solid angle about the direction of the secondary electron. Thus 

where do is an element of solid angle about the direction of the scattered electron, and 

<.| e -«' 10 > = J ./.'-'•#-‘'■',(.0 AV = 

r B r dr-i 

I = I- I l,i(ifr-h x.r))-I 

L 2A J r J;i_i 


We effect the integration in parabolic coordinates, with the z-axis in the direction of ■ and 
the angle ^ measured from the (q, m) plane: 


j'j'Jexp{-ii5(f-,)cosy+«sV(f^)sinycos^-iA(f+’?)-if'<(f-ti)}X 






where y is the angle between » and q. The integration over ^ and -rj is easily performed by sub¬ 
stituting = u, Vjjsin^ = V, which gives 

/ f I sinV-hA^-f(<c 4gcosy)S^ j F(i7»f, l.ixf) df-1 

27r LsA J 2[i(«+9 cosy)—A] / i(»f + } cosy)— aJ;^.i 

0 

The integral here is found from the formula (f.3) with y = 1» « =* 0. The subsequent cal¬ 
culations, though lengthy, are elementary, and give as a result the following expression for the 
cross-section: 

^ + COSy+(K2+l) cos^] 

tt/!52[52+ 2qK cos y-(-1 + k2]4[(5+ k)2+ !][(?—k)--1- 1 ](1 ^ 

X«-<2/»h«.--Bc/<e>-,»+l)) dodo.d»r. 


The integration over all angles of emission of the secondary electron is elementary, and gives 
the distribution of scattering over directions, for a given energy Jk* of the emitted electron: 


-dodfc. 

>>f [(9+ k) 2+ lp[(9--c)*-)- 1P(] -e-2"') 


For g ^ 1, this expression has a sharp maximum at x ss g; near the maximum, 

377x4 [1-|-(9 -x)2]3' 

Integrating over o, with do = 2wg dg/** sb (27rx/A')d(g —x), we obtain the expression 
877 dx//e’'x3; this IS the same as the first term in formula (148.17), as it should be. 


§149. The effective retardation 

In applications of collision theory, the calculation of the mean energy 
lost by a colliding particle is of great importance. This energy loss is con- 



634 Inelastic Collisions 

veniently characterized by the quantity 


§149 


dK = X (J5„—J?o) dc„, (149.1) 

which we shall call the (differential) effective retardation', the summation 
is taken, of course, over states of both the discrete and the continuous spec¬ 
trum. dx relates to scattering into a given element of solid angle.f 

The general formula for the effective retardation of fast electrons is 

d^ = r (£„-£o)|<«lS (149.2) 

\hvJ " “ 

where da,i has been taken from (148.9). As in the derivation of (148.23), we 

exclude from consideration the region of very small angles, and suppose that 
1 > S' > {v^lvy. Then q is independent of the amount of energy transferred, 
and the sum over n can therefore be calculated in a general form. 

This is done by means of a summation theorem derived as follows. The 
matrix elements of some quantity /, a function of the coordinates, and of 
its derivative / with respect to time are related by 

(/)o„ = -(ilh)iEn-Eo)fo„. (149.3) 

Hence we have 

S(£„-£o)l/o»P = 'E{En-Eo)fonfon* 
fi n 

= S(£„-£o)/o«(/+)«o = t/i i:{/)on(/+)no = ifi(fnoo. 

n t* 

The wave functions of the stationary states of the atom can be taken real. 
Then the matrix elements of the function / of the coordinates are related 
by fo„ = fno, and for the matrix elements (149.3) we accordingly have 
(/)on = —{j)nO: Thus we can also write the sum in question as 

—X (/■*')o»(/)no = — *^(/*^/)oo- 

n 

Taking half the sum of these two equations, we have the required theorem; 

X (£„-£o)|/o,.P = (149.4) 

fl 

We apply it to the quantity 

/ = Xr-^o-v 

^ a 

According to (19.2), its derivative with respect to time is represented by the 
operator 

y = - (klZm) X [r-««-'.(q. Vo)+(q. Vfl)f-‘'>-M- 

O 

A direct calculation gives 

//+-/+/ = -{ihlm)g^Z. 

t If an electron is passing through a gas. the scattering at various atoms is independent, and 
A^d«- (where N is the number of gas atoms per unit volume) is the energy lost by the electron 
in unit path by collisions in which it deviates into the given element of solid angle. 
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Substituting in (149.4), we obtain the formula 
2m 

^(£«-£o)|<«|S6-‘«-^10>|2 = Z, 


2 
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(149.5) 


which effects the summation required.f 

Thus we find for the differential effeaive retardation the formula 


^ Ze^ dq 2Ze* do 

dK = 47r---. 

tnv^ q mz)2 Q.2 


(149.6) 


The range of applicability of this formula is given by the inequality 
{vojvY S' 1, i.e. vojv aoq vjvo. 


Next, let us determine the total effective retardation K[qf) for all collisions 
in which the transfer of momentum does not exceed some value such 
that vjv floji <1 vjvo: 

9i 

'<^( 91 ) ^ I- / (^n-Eo)dcn; (149.7) 

^min 


9min ‘s given by (148.11). The integration and summation signs cannot be 
transposed, since depends on n. 

We divide the range of integration into two parts, from q^-^ to q^ and 
from to jj, where q^ is some value of q such that vjv <g q^a^ <| 1. Then, 
over the whole range of integration from q^^^ to q^, we can use for da„ 
the expression (148.14): 


whence 


«• 

< 90 ) = ^\<n\d^mHEn-Eo) J 

” ffmin 


< 90 ) = 87r( — j > |<„|<f^jO>| 2 (£'„-Eo)log-i^. 

\nv/ —£() 


(149.8) 


In the range from q^ to q^, on the other hand, we can first sum over n, which 
gives the expression (149.6) for d«. and then on integrating over q we have 


'^(91) «( 9 o) = ^Ze^lmv^) logf^i/jo). 


(149.9) 


nbSn^dT/°T summation theorem 

obtained from formula (149.4) by putting there 


/ = d^le = 'Zxa, y = E 


t In deriving this relation we have nowhere used the fact that the 
suffix 0 is the normal state of the atom. The relation therefore holds 


State denoted by the 
for any initial state. 
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Commuting/+ and / gives (in the present case,/^ is the same as/ )ff* -/-/ = 
— ihZIm, so thatj- 

S Non = 5 : {2mmiE„-Eo)\<n\d^\0y\^ = Z. (149.10) 

n n 

The quantities Non are called the oscillator strengths for the corresponding 
transitions. 

We introduce some mean energy / of the atom, defined by the formula 
log/ = s Non log(£'„-£o)/S Non 


= (1/Z) E No„log(i:„-£'o). (149.11) 

n 


Then, using (149.10), we can rewrite formula (149.8) in the form /<r(9o) - 
(4irZc4/mz;2) \og{qohvll). Adding this to (149.9), we have finally 

Kr( 5 i) = (^Ze^jmv^) log(qikvII). (149.12) 


Only one constant characterizing the atom concerned appears in this 
formula.! 

Expressing in terms of the scattering angle by means of ft = mv^Jh, 
we obtain the effective retardation in scattering through all angles & $ S-j; 


k(S'i) = (4iTZe^/m®2) log(wiy2S'i//). (149.13) 

If ftflo > 1 (i-e. we can express >c as a function of the greatest 

amount of energy that can be transferred from the incident electron to 
the atom. We have shown in the previous section that, for joq ^ 1, the atom 
is ionized, almost all the momentum h<i and energy being given to one atomic 
electron. Hence and € are related by being the momentum and energy 
of an electron, i.e. by e = h^q^lltn. Substituting in (149.12) qi^ = 
we obtain the effective retardation in collisions where the energy transfer is 
e < €1: 

K(ei) = {27rZe^jmv^)log{2meiv'^IP). (149.14) 


In conclusion, we may make the following remark. The energy levels of the 
discrete spectrum of an atom mainly involve excitations of a single 
(outer) electron; the excitation of even two electrons usually requires an 


■+ The remark made concerning (149.5) applies to this relation also. 

t For hydrogen, / = OSSme'lh* = 14-9 eV, For heavy atoms we should expect to get goo 
accuracy on calcuiatmg the constant I by the Thomas-Fermi method It ts easy to «t^hsh 
how the values of / thus calculated w.ll depend on In the tJ-s.-class.cal c^e the e. 
frequencies of the system of particles correspond to the differences of ^^tier^ evds. The 
mean eigenfrequency of the atom is of the order of hence we can deduce that 

Te vefocties^f thl atomic electrons in^he Thomas-J^^ 

whde *e d'^e^^^ons of be found that the constant is of the 

order of magnitude of 10 eV. 
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energy sufficient to ionize the atom. Hence, in the sum of oscillator strengths, 
the transitions to states of the discrete spectrum form only a part, of the 
order of unity, while those which involve ionization form a part of the order 
of Z. Hence it follows that the main part in retardation (by heavy atoms) 
is played by those collisions which are accompanied by ionization. 


PROBLEM 


Determine the total effective retardation of an electron by a hydrogen atom (7 = 0-5S 
atomic units); for large energy transfers, the faster of the two colliding electrons is taken to 
be the primary. 

Solution. When the primary and secondary electrons have comparable energies after 
the collision, the exchange effect must be taken into account. Hence, for retardation with 
an energy transfer between some value (1 e i t>“) and the maximum value 
= iE = Jn* (by our definition of the primary electron), we must use the effective cross- 
section (148.17); 


''(<max)—'f(«i) 


E J L*’' (E-*)* €(£-*)J 


= j[log(E/8.,)+l]. 


Adding this to (149.14), we obtainf 





47T d® 

— log- 

®0.94 


in atomic units. 


§150. Inelastic collisions between heavy particles and atoms 
The condition for the Bom approximation to be applicable to collisions 
between heavy particles and atoms, expressed in terms of the velocity of a 
particle, remains the same as for electrons; 


?)o- 


This follows immediately from the general condition (126.2) for perturbation 
theory to be applicable {UaQjhv 1), if we notice that the mass of the particle 
does not appear there, while Uajh is of the order of magnitude of the velocity 
of the atomic electrons. 

In a system of coordinates in which the centre of mass of the atom and 
the particle is at rest, the cross-section is giv'cn by the general formula 
(148.3), in which m is now the reduced mass of the particle and the atom. It is 
more convenient, how'ever, to consider the collision in a system of co- 
orchnates in whi ch the scattering atom is at rest before the collision. To do 

t For collisions between a positron and a hydrogen atom there is no exchange effect and the 
total retardation IS obtained by simply substituting = E = JiiMn place of in(’l49.14); 

= (47T/ti*) log{ti2/0-55). 
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this, we start from formula (148.1); in a system of coordinates in which the 
atom is at rest before the collision, the argument of the delta function which 
expresses the law of conservation of energy is of the form 

ip'^IM-ip^lM+Up'-p)^IMa+E„-Eo, (150.1) 

where M is the mass of the incident particle and that of the atom. The 
third term is the kinetic recoil energy of the atom (and could be entirely 
neglected when considering a collision between an atom and an electron). 

For a collision of a fast heavy particle with an atom, the change in the 
momentum of the particle is almost always small in comparison with its 
original momentum. If this condition holds, we can neglect the recoil energy 
of the atom in the argument of the delta function, and we then arrive at 
exactly the same formula (148.3), except that m in the latter must be replaced 
by the mass M of the incident particle (and not by the reduced mass of the 
particle and the atom). Bearing in mind that the transfer of momentum is 
supposed small in comparison with the original momentum, we put p ^ p'; 
then the cross-section in a system of coordinates in which the atom is at rest 
before the collision is 

do„ = (M2/47r2/z4)l JJ d^d V\^ do. (150.2) 

Taking into account the fact that the charge on the particle may differ from 
that on the electron, we write ze^ in place of e®, where ze is the charge on 
the incident particle. The general formula for inelastic scattering, written 
in the form (148.9); 

da„ = I<«1? (150.3) 

does not contain the mass of the particle. Hence it follows that all the formulae 
derived from it remain applicable to collisions with heavy particles, provided 
that these formulae are expressed in terms of v and q. 

It is easy to see how the formulae must be modified when they are expressed 
in terms of the scattering angle ■9- (the angle of deviation of the heavy particle 
on colliding with the atom). To see this, we notice first of all that the angle 
& is always small in an inelastic collision viith a heavy particle. For, when 
the momentum transfer is large (compared with the momenta of the atormc 
electrons), we can regard the inelastic collision with the atom as an elastic 
collision with free electrons; when a heavy particle collides with a light one 
(the electron), however, the heavy particle hardly deviates at all. In other 
words, the transfer of momentum from the heavy particle to the atom is 
small in comparison with the original momentum of the particle; an excep¬ 
tion is formed by elastic scattering through large angles, but this is extremely 
improbable. 

Thus, over the whole range of angles, we can put 


(150.4) 
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which in practice reduces to 

qh sis Mv^ (150.5) 

everywhere except for very small angles. On the other hand, when consider¬ 
ing the collisions of electrons with an atom, we had (for small angles) 

(/ = V{[{En—EQ)lv]^+{mv^f}jh. 

Hence we can deduce that the formulae which we obtained for collisions be¬ 
tween electrons and atoms, if expressed in terms of the velocity and the angle 
of deviation, become formulae for the collision of heavy particles if we 
everywhere make the substitution 

(150.6) 

(including the element of solid angle do = 2-n sin 8- dS- ss d&), the 
velocity of the incident particle remaining unchanged. Qualitatively, this 
means that the whole picture of small-angle scattering is (for a given velocity) 
compressed in the ratio mjM. 

The rules obtained above relate also to elastic scattering through small 
angles. Making the transformation (150.6) in formula (139.4) with 8 <| 1, 
we have the cross-section 

dae= S-n{ze^lA'M)^[Z-F{Mv^lh)f d8/83. (150.7) 

The elastic scattering of heavy particles through angles 8 ~ 1 reduces to 
Rutherford scattering at the nucleus of the atom. 

Inelastic scattering in which the atom is ionized with a large transfer of 
momentum requires special consideration. Unlike the situation for ionization 
by an electron, there are of course no exchange effects. For heavy particles 
it is characteristic that a large momentum transfer (jOp > 1) does not mean 
a deviation through a large angle; 8always remains small. The cross-section 
for ionization with the emission of an electron of energy between e and e + de 
is found immediately from formula (148.25), which we write in the form 

dor = S7r{ze^lhv)^Z dqjq^, 

putting h^q^j2m = e (the whole of the momentum is given to a single 
atomic electron). This gives 

= (ZTrZz^e^lmv^) deje^. (150.8) 

In collisions of heavy particles with atoms, the total cross-section and effec¬ 
tive retardation are of particular interest. The total inelastic scattering cross- 
section is given by the previous formula (148.26). The total effective retarda¬ 
tion is obtained by substituting the maximum possible momentum transfer 
9max in place of in (149.12). 9max is easily expressed in terms of the velocity of 
the particle as follows. Since even hqm&x is small compared with the original 
momentum Mv of the particle, the change in its energy is related to the 
change in momentum by AJE' = v . ^q. On the other hand, for a large 
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momentum transfer nearly all this energy is given to one atomic electron, so 
that we can write 

£ = h^^j2m = kv .f\ < hvq. 

Hence we have hq < 2mv, i.e. 

= 2mz), £„,,„ = 2mw2. (150.9) 

We may notice that the maximum angle of deviation of the particle in an 
inelastic collision is 

= hq^IMv = 2m/M. 

Substituting (150.9) in (149.12), we obtain the total effective retardation 
of a heavy particle: 

K = {4-nZz^e^jmv^)log(2mv^jI). (150.10) 


§151. Scattering of neutrons 

In various physical problems of collision theory it is necessary to consider 
how the scattering process is affected by the motion of the scattering centres. 
Under certain conditions we can solve such problems by means of a type of 
perturbation theory devised by E. Fermi (1936), even if perturbation theory 
is not applicable to scattering by each centre individually. These problems 
include, in particular, that of the scattering of slow neutrons by a system of 
atoms, such as a molecule. We shall refer to this specific problem. 

Neutrons are scarcely scattered by electrons, so that practically all the 
scattering takes place at the nuclei.f We shall suppose that the amplitude for 
scattering by an individual nucleus is small in comparison with the distances 
between the atoms. Then the amplitude of the wave scattered by each 
nucleus in the molecule is small even at the positions of the other nuclei. 
Under these conditions the amplitude for scattering by the molecule is the 
sum of those for scattering by the individual nuclei. 

Perturbation theory is not in general applicable to a collision between a 
neutron and a nucleus: although the range of nuclear forces is small, they are 
very strong within that range. It is important, however, that the amplitude 
for scattering of a slow neutron (whose wavelength is large compared with the 
dimensions of the nucleus) is a constant independent of the velocity. Let fa 
be the amplitude for scattering by the ath nucleus; |/o|^ do is the differential 
cross-section for elastic scattering of the neutron by a free nucleus (in their 
centre-of-mass system). 

The constant amplitude can be formally obtained from perturbation theory 

+ It is also assumed that the molecule has no magnetic moment. Otherwise, there is a 
further specific scattering effect due to the interaction of the magnetic moments of the 
molecule and the neutron. 
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if we describe the interaction of the neutron with the nucleus by a “point” 
potential energy 

f/(r) = -^/S(r), (151.1) 

where M is the reduced mass of the neutron and the nucleus; when this 
expression is substituted in Born’s formula (126.4), the delta function makes 
the integral a constant independent of q. The “field” [/(r) thus defined is 
called a pseudo-potential. It should be emphasized that the possibility of 
defining this is due to the fact that /is constant. In the general case of an 
arbitrary neutron energy, the scattering amplitude depends on the initial and 
final momenta p and p' separately, and not only on their difference q, whereas 
the amplitude given by the Born approximation can depend only on q.f 
If the scattering nucleus executes a given motion (for example, vibrations 
in a molecule), and we average over this motion, then the interaction (151.1) 
is “smeared” over a region of dimensions in general large compared with the 
scattering amplitude /. For such a “smeared” interaction the condition 

(126.1) for the Born approximation to be valid is satisfied. 

Thus we can describe the neutron-molecule interaction by the pseudo¬ 
potential 

U{T) = (151.2) 

^ yia 

a 

where the summation is over all the nuclei in the molecule, Ra are their 
radius vectors, and r that of the neutron. Substituting this expression in 
formula (148.3), with M„i in place of m, being the reduced mass of the 
molecule and the neutron, we obtain the following formula for the cross- 
section for scattering of a neutron by a molecule, in the centre-of-mass 
system: 

da„ = ' T ^/„<«|,-«»-«.10>l2do; (151.3) 

p ^ Ma i 

a 

the matrix elements are taken with respect to the wave functions of the 
stationary states of motion of the nuclei with energies To and and the 
momenta p and p are related by the law of conservation of energv: 

(p2-p-2)j2M,n = En-Eo. 

Formula (151.3) describes an inelastic collision with a definite change of 

t -Although the pseudo-potential gives the correct value of the scattering amplitude when 
perturbation theorv- is formally applied, this does not mean that perturbation theory is actually 
applicable to this field For a potential well of depth U„ which tends to infinitv in such a way 
that = constant (where o is the radius of the well, tending to zero), the conditions 

(126.1) , (126 2) are certainU nor satisfied 
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state of the motion of the nuclei in the molecule (transition 0 n), and is the 

solution of the problem stated: from the amplitudes (assumed known) for 
scattering of neutrons by free nuclei, it determines the cross-section for 
scattering by the molecule, taking account of the intrinsic motion of the nuclei 
and interference effects due to scattering by different nuclei. 

If the nuclei have non-zero spin, the fact must also be taken into account 
that the scattering amplitudes /„ depend on the total spin of the scattering 
nucleus and the neutron. This can be done as follows. 

The total spin of the nucleus and the neutron can take two values, 
ja = ± 5 i where ia is the spin of the nucleus; we denote the corresponding 

scattering amplitudes hy and f~. We form a spin operator whose eigen¬ 
values for definite values of ja are // respectively. This operator is 

fa — Oa -f- ha^ - (151.4) 

where ia and s are the spin operators of the nucleus and the neutron, and the 
coefficients Oa and ba are given by the formulae 






24+1 




(151.5) 


This is easily seen if we note that, for a given value of j, the eigenvalue of 
the operator s.i is 


s-i = iUU + 1) - *■(*■ + 1) - f]- 

The operators (151.4) must replacein formula (151.3), and their matrix 
elements corresponding to the transition considered must be taken. If the 
incident neutrons and the target nuclei are unpolarized, then the scattering 
cross-section must be appropriately averaged. 


PROBLEMS 

Problem 1. Average formula (151.3), assuming the directions of the spins of the neutrons 
and the nuclei to be distributed entirely at random, and all the nuclei in the molecule to be 
different. 

Solution. The averagings with respect to the directions of the spins of the neut rons and 
of the nuclei are independent, and each spin gives zero on averaging; hence s.ia = 0. If 
the molecule contains no two like atoms, there is no exchange interaction of the nuclear 
spins, and, since their direct interaction is negligible, the directions of the spins of the various 
nuclei in the molecule may be regarded as independent; the products of the form 
(s.ii) (s.ia) therefore also give zero on averaging. For the square (s.i)^ we have 


(s. i)2 = is2i= = ir(t+1)'(> +1) = !)• 
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This gives the following expression for the averaged cross-section: 

d(7„ = + 

PL Ma 

+ do. 

Problem 2 Apply formula (151.3) to the scattering of slow neutrons by parahydrogen 
and orthohydrogen (J. Schwinger and E. Teller 1937). 

Solution. Before the matrix elements of the spin operators are taken, the expression 
(151.3) for the scattering by a hydrogen molecule is 

dcT„ = ^.^|a<„|e-is-'.-2 + f(s.r,2|0>] + 

+ As . <n|t,e-«-"2 + i 2 e«-'/ 2 | 0 >P do, (1) 

« = i(3/"+/-). 6=/--/-, 


+ r/2 being the radius vectors of the two nuclei in the molecule relative to their centre of mass. 

The rotational and vibrational states of the molecule are defined by the quantum numbers 
K, Mk, V (which are together-represented by n in (1)). In the electron ground state of the 
Hs molecule, even values of K are possible only for a total nuclear spin / = 0 (parahydrogen), 
and odd values of K only for / — 1 (orthohydrogen) (see §86). We must therefore distin¬ 
guish two cases: (1) transitions between rotational states with values of K of the same parity, 
which are possible only for unchanged I (ortho-ortho and para-para transitions), (2) tran¬ 
sitions between states with values of K of different parity, which are possible only when / 
changes (ortho-para and para-ortho transitions). In the first case we have 


= <n|e'o-'-'210) = <n|cos .Jq . r|0>-. 


it should be remembered that the rotational wave function is multiplied by ( — 1)* when the 
sign of r is changed. The spin operator in (1) then becomes 2a-|-6S.I, where I = iffia. 
This operator is diagonal with respect to /, in accordance with the above discussion. The 
square (2a-I-6s.I)2 is averaged, as in Problem 1, giving 


The result is 


4a2 + J6T(/+l) 


y p 

In the second case 

<n|«‘-'/2|0> = - <n|e-is-T2|0> = !<n|sin .(q . r|0>, 


(2) 


and the spin operator in (1) becomes s.(ii —ia); it has only matrix elements which are non¬ 
diagonal with respect to I. The squared moduli of these elements, summed over all possible 
values of the component of the total spin I' in the final state, are calculated as the mean values 
(diagonal elements) of the square [s.(i, — 12 ) 1 ® (see the first footnote to §140): 

[s.(i, - i2)]2 = J(i, - i2)2 

= i(2i,2 + 21,2-12) 

= 1(3-/(/+!)]. 

The result is 

don = (I)(3)i^|<«|sin Jq . r|0>i2(/-_y )2 do, (3) 

mnsitims^°^^'^'^"^ ' appears for ortho-para transitions and the coefficient 3 for para-ortho 

If the neutrons are so slow that their wavelength is large even compared with the size of 
the molecule, then we can put cos(iq.r) = 1, sin(iq.r) = 0 in the matrix elements in (2) 
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and (3), so that they are all zero except the diagonal element 00; in these conditions, of 
course, onl> elastic scattering is possible. The elastic scattering cross-section in this case is 

da. = -i[(3/*+/-)= + /(/+ l)(/+-/-)2]dc. 

Problem 3. Determine the cross-section for the scattering of neutrons b> a bound 
proton, regarded as an isotropic three-dimensional oscillator of frequency ta (E. Fermi 1936). 

Solution. Considering the proton as oscillating about a point fixed in space, we must 
put in formula (151.3), from its derivation. Mm = M and Ma = JAf (M being the mass of the 
proton). Then 

p' CO 

dc„ =-ElJe“*‘''^ooo(r)^n,n,ns(r)dE|2do, 

P 

where ao = 45 t 1/|2 is the cross-section for scattering by a free proton, and ipninini are the 
eigenfunctions of the three-dimensional oscillator corresponding to the energy levels En — 
/iu)(n + 3/2); the summation is over all values of «i, m and ns whose sum has a given value n. 
The functions ^n,ns 7 i 3 are products of the wave functions of three linear oscillators (see §33, 
Problem 4). The required integral therefore falls into the product of three integrals of the 
form 

CD 


(a = V{Mwlh)), which are found by substituting Hn,(x) in the form (a.4) and integrating 
ni times by parts. The result is 


dOn = - 


1 V <J 0 






7T V ^ tiilnslnsl 

The summation is effected by the binomial theorem, and the final result is 

lE'/ 


. c-s>/2«>do. 


ao lE'/ {2 \.n 

do„= - —{ — ) «-'''2«*de. 

rm! V £\2a2/ 


In particular, the elastic scattering cross-section (n = 0, £ = E') is 

an Paj 

do. = -e“5’/2o>(Jo^ = Op- (1 _p-4E/Ilc.); 


as Ejhuj -^0, Ot -y 4ac. 


§152. Inelastic scattering at high energies 

The eikonal approximation used in §131 for the problem of mutual 
scattering of two particles can be generalized to cover also processes (including 
inelastic ones) in the collision of a fast particle v.-ith a system of particles, or 
“target” (R. J. Glauber 1958). 

In this generalization, the principal assumptions made are as before. The 

energy £ of the incident particle is assumed so large that £ ^ \U\^ridka ^ 1, 

where L is the energy of interaction between this particle and the target 
particles, and a the range of this interaction. We consider scattering with a 
relatively small momentum transfer; the change liq in the momentum of the 
incident'particle is small in comparison with its original value hk {q 4 k). 
This condition, however, now implies not only that the angle of scattering is 
small but also that the energy transferred is relatively small. 
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We shall also suppose that the velocity v of the incident particle is large 
compared with the velocities t'o of the particles within the target: 

® > ^-'o- (152.1) 

For the scattering of charged particles by atoms, this condition is equivalent 
to the validity of the Born approximation (cf. §§148 and 150): if t: ^ vq, it 
necessarily follows that \ U\ajhv 1. There is therefore no need for the 
present theory in that case. The situation is different, however, for nuclear 
targets, where the particles are held by nuclear and not Coulomb foixes. In 
the following we shall discuss the particular case of the scattering of a fast 
particle by a nucleus.f 

The condition (152.1) enables us to consider the motion of the incident 
particle for fixed positions of the nucleons in the nucleus. J That is, the wave 
function of the particle-target system may be written 

0(r, Ri, R 2 , ...) = 4>{r-, Ri, Rg, ...)C)i(Ri, Rg, ...). (152.2) 

Here C>i(Ri, Rg, ...) is the wave function of the uh internal state of the 
nucleus; Ri, Rg, ... are the radius vectors of the nucleons in it. The factor 
<;i(r; Ri, Rg, ...) is the wave function of the particle undergoing scattering (r 
being its radius vector) forgiven values of Ri, Rg, ..., which act as parameters 
in Schrddinger’s equation 

a 

where f/a(r-Ra) is the energy of interaction of the particle with the ath 
nucleon, and the momentum of the particle at infinity.]| 

If we find a solution of (152.3) with the asymptotic form 


^ = e''‘-' + T(n', n; Ri, Rg, ...)e (152.4) 
where n' = rlr, n = l^jk, then the wave function (152.2) 


4 , = + (152.5) 

will describe scattering by a nucleus that is in its fth state before the collision • 
the incident wave appears in (152.5) as a product with O,-. The second 


+ The condition ^52.1) g.ves relatmstic velocit.es for any heavy nude.. In present.ng 
here the formal.sm .n non-relat.v.st.c theory, we .gnore the question of its practical applica 
bility to any particular scattering problems. •iyynt-a 

t Thi^s approximation is analogous to the one on wh.ch the theor^■ of molecules is based 
in which the electron state is considered for fixed positions of the nuclei. 

1.1 In (152.3) it ts assumed that the interaction of the particle with the nucleus is equal to a 
sum of binary interactions with the individual nucleons. 
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term in (152.5) represents the scattered wave. This expression, Iiowever, is 
appropriate for determining the scattering amplitude only if the change in 
the energy of the incident particle is sufficiently small, i.e. if the change in the 
internal energy of the nucleus is sufficiently small; thus, by considering the 
motion of the particle in the constant field of “rigidly fixed” nucleons 
(corresponding to equation (152.3)), we neglect a possible change in the 
energy of this motion. 

To separate the scattering amplitude with a definite change of the internal 
state of the nucleus, we must put 4 i in the form 


ijj = S//i(n', n)<l>/e**^'’/r, (152.6) 

where the summation is over various states of the nucleus; ffi{n', n) then 
gives the required scattering amplitude with a particular transition f -> / of 
the nucleus, as a function of the scattering angle (the angle between n and 
n'). Comparison of (152.6) and (152.5) shows that 

n) = J Q>*F<l>i dr, (152.7) 

where dr = d^Rid^R^ ... is the volume element in the configuration space 
of the nucleus. We must again emphasize that this formula is valid only when 
the energies of the states i and /have a relatively slight difference. 

The solution (152.4) itself of equation (152.3) is found by the method 
described in §131.f Similarly to (131.7) w’e have 


F(n', n; Ri, ^ 


[5(p, Ri, Rg, ...)- IJe-'-" d2p, (152.8) 


where 


S{p, Ri, R 2 , ...) = exp[2i6(p, Ri, R 2 , ...)], 

S(p, Ri, R 2 , ...) = 2 8„(p-R„i), 


Sa(p-Rai) = -^ j Ua{T-Ra)dz. 


(152.9) 


It will be recalled that p is the component of the radius vector r in the 
xy-plane (perpendicular to k), and Raj^ is the corresponding component of 
the radius vector Rq; = p’ —p is the change in momentum of the 

+ It has been noted in §131 that the initial expression (131.4) for the wave function is valid 
only at distances 2 <? fee*. This was not important in the further derivation in §131, but for 
scattering by a system of particles (such as a nucleus) it leads to another limitation: the 
expression (131.4) must be valid throughout the volume occupied by the scattering system, 
i.e. we must have Ro < fee*, where Re is the radius of the nucleus and c the range of the 
potentials U. 
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scattered particle, and only its transverse components appear in (152.8). The 
functions So determine the amplitudes for elastic scattering of the particle 
by the individual free nucleons; 

{exp[2f8„(p)]-l} dV (152.10) 

When i = /, (152.7) and (152.8) give the amplitude for elastic scattering by 
the nucleus; 


^ J [^(P)- l^-'-" d2p, (152.11) 

where the bar denotes averaging with respect to the internal state of the 
nucleus: 

■^(p) ~ J “^(Pi ^i> ^21 ^2, •)l^ (152.12) 

This formula generalizes the previous formula (131.7). 

Putting in (152.11) n' = n and using the optical theorem (142.10), we 
obtain the total scattering cross-section; 

at = 2 J(l-reS)d2p. (152.13) 

The integrated elastic scattering cross-section cr* is obtained by integrating 
I/fj| 2 over the directions of n'. For small scattering angles 0, we have ^ « k0 
and the solid-angle element do (Pqjf^. Hence 

= J \fu\^d^qlk^. 

Writing/*/jj, with/ij from (152.11), as a double integral over d2pd2p', we 
can carry out the integration with respect to d^q by means of the formula 

J e-ii-iP-e') d2g = (27r)2S(p-p'), 

and the delta function is then eliminated by integration over d2p'. The 
result is 


<7* = J [5-ip d2p. (152.14) 

The total reaction cross-section is 


ar = at-ae = I (1 -1.§12) d^p- 


( 152 . 15 ) 
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Note that (152.13)-(152.15) are in agreement with the general formulae 
(142.3)-(142.5): on changing, in the latter, from summation (over large 1) to 
integration over d^p with p = Ijk, and replacing Si by the function S{p), we 
obtain (152.13H152.15). 


PROBLEMS 

Problem 1, Express the amplitude for elastic scattering of a fast particle by a deuteron 
in terms of those for the proton and the neutron (R. J. Glauber 1955). 

Solution. According to (152.11), the amplitude for elastic scattering by a deuteron is 

/'■'•(q) = ^ j lMR)|2{exp[2.8,(p - JRJ + 2«Sp(p + JR^)] - 1} x e -«■' d^p (1) 

Here ^<i(R) is the wave function of the relative motion of the neutron (n) and the proton [p) 
in the deuteron; R = R„—Rp, and R^ is the component of R in the plane perpendicular to 
the wave vector k of the incident particle. The difference in the braces in (1) may be written 


exp(2iS„ + 2iSp)- 1 = + + 


The integrals can then be transformed, using the definition of the scattering amplitudes for 
the neutron/ and the proton / according to (152.10) and the converse formulae 


exp[2i8p(p)] 




/<"'(q)c'''d2j/(27T)2. 


The result is 


vhere 


/«(i(q) = /"‘'(q)P'(q)+/<J»(q)E(-q) 


— f 

iTrik J 


F(2q')/<«>(iq + q')/<»>(fq - q') dV. 


(2) 


^(q) = / 


is the deuteron form factor. 

Putting in (2) q = 0 (with F(0) = 1) and using the optical theorem (142.10), we find the 
total deuteron scattering cross-section; 


= CTi'”'+ ai'Rl+ ^ re J" F(2q)/l”>(q)/(i»( — q) d^{. (3) 

Problem 2. Determine the cross-section for disintegration of a fast deuteron into a 
separate neutron and proton in scattering by a heavy absorbing nucleus whose radius Rj is 
large compared with the deuteron wavelength (kRf, > 1, where fik is the deuteron momentum) 
and the deuteron radius (E. L. Feinberg 1954; R, J. Glauber 1955; A, I. Akhiezer and 
A. G. Sitenko 1955). 

Solution. With regard to the incident deuteron plane wave, the large (kRo ^ 1) ab¬ 
sorbing nucleus acts as an opaque screen at w'hich the wave is diffracted. The wave function 
of the incident deuterons is <f‘a(R), where <l>d{R) is the internal wave function of the 
deuteron (R = Rp—Rp is the radius vector between the neutron and the proton in it. r = 
i(Rp-t-Rp) that of their centre of mass). The presence of the absorbing nucleus removes a 
part of this function corresponding to transverse coordinates of the neutron and the proton 
(pn and Pp) that lie in the “shadow” of the nucleus, i.e. within a circle of radius R.. Thus the 
wave function becomes 

^ = «''^'S(p„, pp)<l‘d{R). 

where S = 1 for p„, pp > Ro and S' = 0 if either p„ or pp is less than Ro-t This function, 
t The Coulomb interaction of the deuteron with the nucleus is neglected. 
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without the factor corresponds to the expression for the incident wave in the form (131.5) 
(it neglects the curvature of the rays by diffraction), and the factor 5 therefore has the same 
significance as in §§131 and 152. 

Analogously to (152.13) and (152.14), the total deuteron scattering cross-section- at 
(including all inelastic processes) and the elastic scattering cross-section c, are 

a, = 2 j (1-S) dV, o, = J (5- 1)2 d2p. 

where p = i(Pn + Pp) and we have used the fact that S is real; the averaging of S is with 
respect to the ground state of the deuteron. 


S(p) = J d^R. 

For i/id, it is sufficient to use the function 




Jt 


K €“ 
2,71 R 


which is valid for distances R beyond the range of the nuclear forces between the neutron and 
the proton (cf. (133.14); k = V(tn|fl)/^!, where |c| is the deuteron binding energy and m the 
nucleon mass). From the definition of S, 1 —S is not zero if one or both of the nucleons come 
within the circle of radius Rq and are absorbed by the nucleus; hence 

^capl ~ J (l-’*S)d2p =: (1) 


is the cross-section for the capture of one or both nucleons. On the other hand, ot = ccapt + 
"e+odis. where udis is the required cross-section for “diffractive” disintegration of the 
deuteron. Hence 

<'*1 = ioi-a, = j S(l-S)d^p. ( 2 ) 

When R„k ^ 1, the important distances from the edge ofi the nucleus are those which are 
small and ~ l/x; then the integration along the edge gives a factor 27tR„, and the integration 
in the perpendicular direction can be carried out as if the shadow region were bounded by a 
straight line. Taking the latter as the y-axis, and the x-axis outwards from the shadow, we 
have 


‘'dii = ZttRo j •S(Jc)(l --^(x)] dx, 

0 

with the integral 

S S 

■5W = / / j <f>J‘(R)dXdYdZ, F = V(A2+F2+Z2). 

-» -» _ 2 j 


taken over the region A„, Xp ^ 0 for a given x = i(Ar„-+-Arp) or, what is the same thing, 
over the ^gion |A | — \X„—Xp\ ^ 2x. The integral is transformed by changing to the 
variables X and R and to the polar angle in the FZ-plane (with dY dZ -*2aR dR), becoming 

m 

S(x) = l-e-i« + 4icx J ^df ( 3 ) 

the^formuk* function ,S(x) is calculated by repeated integration by parts, using 


J (e-«-e-2')^ = log 2. 
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The result isf 
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<'di. = ^ (log 2-1). 


f With the same condition kR^ ^ 1, the capture cross-section is 

•^capi = + 

the integral (1) over the region p>i?o is calculated by means of (3), and that over the region 
p<Rfi gives ttRq^. This cross-section includes both capture of the whole deuteron and 
capture of one nucleon with release of the other (stripping reaction). The cross-section for 
the latter reaction is calculated as the impact area (averaged with respect to corresponding 
to the incidence of only one nucleon on the shadow region, and is 

‘'c.pt, . = P = 


(R. Berber 1947). 



MATHEMATICAL APPENDICES 

§a. Hermite polynomials 


The equation 

y"-2jo’'+2ny = 0 (a.lj 

belong to a class which can be solved by what is called Laplace's method.^ 
This method is applicable to any linear equation of the form 


z 

m—0 


d™y 

“— = 0i 

djc*" 


whose coefficients are of degree in x not higher than the first, and consists 
in the following procedure. We form the polynomials 


P(t)= Q{t)= 

m-O m-0 

and from them the function 

Z(i) = 

which is determined to within a constant factor' Then the solution of the 
equation under consideration can be expressed as a complex integral: 


y = J Z(r)e®* d(, 
c 


where the path of integration C is taken so that the integral Is finite and non¬ 
zero, and the function 

V = e^^QZ 


returns to its original value when t describes the contour C (which may be 
either closed or open). 

In the case of equation (a.l) we have 

P = t2+2w, g = _2r, Z = - L_e-t'/4 y _ 

2f»+i ’ /n 


so that its solution is 


y — j e®*df/f"+i. 


(a.2) 


t See. for instance. E. Goursat. Cours d’Analyse Mathematigue. Vol. II, Gauthier-Villars 
Pans. V. I. Smirnov. Course of Higher Mathematics, Vol. III. Part 2. Pergamon. Oxford. 1964.’ 
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For physical applications we need only consider values n > For 

these values the contour of integration can be taken as Ci or C 2 (Fig. 52); 
these satisfy the required conditionsf, since the function V vanishes at their 
ends {t = + CO OT t — — 00 ). 




Fig. 52 


Let us find the values of the parameter n for which equation (a.l) has 
solutions firute for all finite x, which tend to infinity, as a; -»• ± 00 , not more 
rapidly than every finite power of x. First, we consider non-integral values 
of n. The integrals (a.2) along Q and then give two independent solutions 
of equation (a.l). We transform the integral along Q by introducing the 
variable u such that t = 2{x—u). Omitting a constant factor, we find 

y = e*’ J e-^‘d«/(tt—*)'»+!, (a.3) 

c/ 

where the integration is taken over the contour Q' in the complex plane of 
u, as shown in Fig. 53. 


- 

U 

c; 

— 6 =::= 

X 

Fig. 53 


As X -»■ - 1 - 00 , the whole path of integration Q' moves to infinity, and 
the integral in (a.3) tends to zero as As * -»■ — 00 , however, the path 
of integration extends along the whole of the real axis, and the integral in 
(a.3) does not tend exponentially to zero, so that the function y{x) becomes 
infinite essentially as e*‘. Similarly, it is easy to see that the integral (a.2) 
along the contour C 2 diverges exponentially as x -► + co. 

These paths will not serve for negative integral n, since the integral (a.2) along them then 
vanishes identically. 
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For positive integral n (including zero), on the other hand, the integrals 
along the straight parts of the path of integration cancel, and the two integrals 
(a.3), along Q' and Q', reduce to an integral along a closed path round the 
point u = X. Thus we have the solution 

du/(M—*)”+*, 


which satisfies the conditions stated. According to Cauchy’s well-known 
formula for the derivatives of an analytic function, 

n\ r f[t) 

/'"•(x) =-(h —Lll— df, 

2-ni J 

y{x) is, apart from a constant factor, an Hermite polynomial-. 


. d" 

Hn{x) = - e-^\ 

dx" 


(a.4) 


The polynomial expanded in decreasing powers of x, has the open 
form 


Hn{x) = {2xY- 


n{n-\) 

1 


(2 x )"-2 


n{n-\){n-2){n-Z) 

^-{2x)”-‘*— .... 

1.2 ' 


{a.S) 


It contains only powers of x which are of the same parity as n. We may write 
out here the first few Hermite polynomials: 

Ho = 1, H\ = 2x, Hz = 4*2—2, Hz = Sx^—'l2x, Hu = 16x^—48*2+12. 

(a.6) 

To calculate the normalization integral, we replace e~^' Hn by its expres¬ 
sion in (a.4) and integrate n times by parts: 


J" Hn^x) d* 


CO 


J {-!)’»//„(*) 


- e~^ d* 

d*" 


00 


J 

-00 


.d” 

e ® -—Hn d*. 
d*” 


But d^Hjdx”- is a constant, 2”n !. Thus 
00 

J e-*'//„2(*) d* = 2"n!T/7T. 


(a.7) 
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§b. The Airy function 

The equation 

y"-xy = 0 (b.l) 

is of Laplace’s type (see §a). Following the general method, we form the 
functions 

P = g = -1, Z = V = 

so that the solution can be represented in the form 

y(je) = constant x J dt. (b.2) 

c 

The path of integration C must be chosen so that the function V vanishes 
at both ends of it. These ends must therefore go to infinity in the regions 
of the complex plane of t in which re t^ >0 (the shaded regions in Fig. 54). 



Fig. 54 


A solution finite for all x is obtained by taking the path C as shown in the 
figure. It can be displaced in any manner provided that the ends of it go to 
infinity in the same two shaded sectors (I and III in Fig. 54). We notice t at, 
by taking a path which lay in sectors III and II (say), we should obtam a 

solution which becomes infinite as x -*■ co. ^ ^ • j u* • 

Deforming the path C so that it goes along the imaginary axis, w-e obtain 

the function (b.2) in the form (substituting t ==■ iu) 


<D(x) 


= —5— r cos(tt*+i«®) dw. 
y/ir J 


(b.3) 


§b The Airy function 555 

The constant in (b.2) has been put equal to —i|2^/^T, and we have denoted 
the function thus obtained by C'(jir); it is called the Airy function.^ 

The asymptotic expression for <I>(x) for large values of x is obtained by 
calculating the integral (b.2) by the saddle-point method. For x > Q, the 
exponent in the integrand has an extremum for / = + and the "direction 
of steepest descent” of the integrand is parallel to the imaginary axis. 
Accordingly, to obtain the asymptotic expression for large positive x, we 
expand the exponent in powers of t + \/x and integrate along the line Cx 
(Fig. 54), which is parallel to the imaginary axis; the distance OA = \/x. 
Making the substitution t = — + we have 

CD 

<D(3e) » ^Vtt J e-(2/3te*'*-«*v'xdw, 

•CO 

whence 

<D(x) ss (b.4) 

Thus, for large positive x, the function 0(x) diminishes exponentially. 

To obtain the asymptotic expression for large negative values of x, we 
notice that, for x < 0 , the exponent has an extremum for t = i-\/\x\ and 
t = —ly'lxl, and the direction of steepest descent at these points is along 
lines at angles — and Jtt respectively to the real axis. Taking as the path 
of integration the broken line C 3 (the distance OB = \/|3r|), we have, after 
some simple transformations, 

(D(x) = |x|-i/4sin(f|x|3/2+i»r). . (b.5) 

Thus, in the region of large negative x, the function C'(x) is oscillatory. 
We may mention that the first (and highest) maximum of the function ^(x) 
is <D(-l-02) = 0-95. 

The Airy function can be expressed in terms of Bessel functions of order J. 
The equation (b.l), as can easily be seen, has the solution 

V^^1/3(§*3^2), 

where Zxi^{x) is any solution of Bessel’s equation of order J. The solution 
which is the same as (b.3) is 

= iV(^*)[/-l/3(|x3/2)_/j^3(|^3/2)] j 

s V(*/377 )A:i/3(|x 3'2) for X > 0, j (b.6) 

= iV(H*l)[/-i/ 3 (!|->f|^/^)+yi/ 3 (||->c|®/-)] forx< 0 , ) 

where 

/,(x) = i-^'J^ix), K^x) = -[/-,(x)-/v(x)]. 

z sin VTT 

t We follow the definition proposed by V, A, Fok; see G. D. Yakovleva, Tablitsy funktsii 
Etri {Tables of Airy Functions)^ Nauka, Moscow, 1969. The function <I)(x) is one of two 
defined by Fok, who denotes it by F’(jc) In the literature, another definition of the Airy 

function is also found, which differs from (b.3) by a constant factor: Ai(x) = v'tt. 
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Using the recurrence relations 


= -—KXx\ 

X 


2KJ{x) = -/Cv-iW-Z^v+iW. 


we easily find for the derivative of the Airy function 


VCStt) 


When a: = 0, 


0 (0) = = 0-629, 

' 32/3r(f) 


OYO) = = -0-459. 


Figure 55 shows a graph of the Airy function. 



-6 -4 -2 


Fig. 55 


§c. Legendre polynomialsf 

The Legendre polynomials Pi{cos 6) are defined by the formula 




t There are in the mathematical literature many good accounts of the theory of 
harmonics. Here we shall give, for reference, only a few basic relations, and make no attempt 
at a systematic discussion of the theory of these functions. 



§c Legendre polynomials 

They satisfy the differential equation 
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The associated Legendre polynomials are defined by 

P,"'(cos 6 ) = sin” e 6 ) 

(d cos 0)™ 


(C.2) 


1 Al+m 

= —T- sin™ 6 — _(cos^ 6 —\y, 


2 Hl (d cos &)*+™ 


(C.3) 


or, equivalently, 

i7(cos 0) = (- 1 sin -™ e --(cos2 0 -1(c.4) 

’ ^ ’ {l-m)\2n\ (dcos^y-™^ ’’ ^ ’ 

with m = 0, 1, The associated polynomials satisfy the equation 

-A-^/'sin 5^) +[*/(/+!)-^1/7 = 0. (c.5) 

smfldfll, de J V sin2 0j ' ^ ^ 


The normalization integral 




(/X = cos 6 ) for the Legendre polynomials is calculated by substituting (c.l) 
and integrating / times by parts, which gives 


(-ly 

22J(/!)2 


-1 


Substitution of u — i(l —/x) reduces this integral to Euler’s beta function, 
and the result is 


1 

I 


■2 d/i = 


2 /+ 1 ' 


(c.6) 


Similarly, it is easily seen that the functions P,(/x) with different / are 
orthogonal; 


1 

f M d^x = 0. / ^ 


(C.7) 
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The calculation of the normalization integral for the associated Legendre 
polynomials is easily effected by a similar method. We write a 

product of the expressions (c.3) and (c.4), and integrate l—m times by parts; 
the result is 


f [priH-w dM 


2 (l + my. 

2/+1 {l-m)[ 


(C.8) 


It is also easily seen that the functions Pf with different / (and the same m) are 
orthogonal: 


J pr(/^)^r(M) d/x = 0, / # (c.9) 

-1 


The calculation of the integrals of products of three Legendre polynomials is 
discussed in §107. 

The following addition theorem holds for Legendre polynomials. Let y be 
the angle between two directions defined by the spherical angles 6 , <f} and 
6 ', <}>': cos y = cos 6 cos 6 ' + sin 6 sin d' cos (</> — (^'). Then 


Pj(cos y) = Pt(cos 6 )Pi{cos 6') 

+ ^ 2^^—!^Pr'(cos Q)Pf{cos 6') cos m{(j> — (f>'). 

This theorem can also be written in terms of the spherical harmonic functions 
defined by (28.7): 


I 

Pi{n . n') = ^ 2 

m— ~ i 


Here n and n' are two unit vectors, and Vim(n) denotes the spherical har¬ 
monic function of the polar angle and azimuth of the direction of n relative to 
a fixed system of coordinates. 

If equation (c. 10) is multiplied by Pi(cos 6) and integrated over do = 
sin 6 A6 d«^, the integration with respect to 4 > for all'terrns on 

the right that contain factors cos m{<j>-<i>')\ using (c.6) and (c.7), we obtain 

Pj(cos y)Pj.(cos 0)do = ^ Pt(cos 6 '). 
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This result may be written in the symmetrical form 
r 4 tt 

Pj(ni. n 2 )Pi-(ni. n 3 )doi = hii.;^j—^Pi{n 2 . 113 ), (c.l 2 ) 

■where ni, 112 , na are three unit vectors and the integration is with respect to 
the direction of ni. 

Finally, we give the first few normalized spherical harmonics Yim : 

Too = l/V(4^): 

Yio = i\/{3l‘^)cos6, Fi.±i = +«V(3/87r)sin6 . 

F 2 o= ^(5/1677X1 -3 cos2e), 

F 2 .ii = ± VCl 5 / 877 ) cos 6 sin 6 . 

F 2 .i 2 = -■v/(15/3277)sin2e.e±2<<!'; 

F30= -iV(7/1677)cos«(5cos20-3), 

F 3 .ii = ± 7V(21 /6477) sin 6(5 cosW— 

Fa.ia = —iV(lOS/3277) cos 6 sin 2 e . e±24(>^ 

Fs.is = ± i\/(35/6477) sin®^. e±2i^. 


§d. The confluent hypergeometric function 
The confluent hypergeometric function is defined by the series 


= 1+-T7 
y 1 ! 


a(a+ 1 ) z 2 ^ 
y(y+\) 


(d.l) 


which converges for all finite z', the parameter a is arbitrary, while the 
parameter y is supposed not zero or a negative integer. If a is a negative 
integer (or zero), F(a, y, z) reduces to a polynomial of degree laj. 

The function F(a, y, 2 ) satisfies the differential equation 

2w"+(y—2)«'—aM = 0, (tl-2) 

as is easily seen by direct verification.f By the substitution u = 
this equation is transformed into another of the same form, 

^Ui"+(2 — y—z)ux —(a—y+l)wi =0. (d'5) 

Hence we see that, for non-integral y, equation (d.2) has also the particular 
integral 2 *"’’ F(a—y-fl, 2 —y, 2 ), which is linearly independent of (d.l)i 
so that the general solution of equation (d. 2 ) is of the form 

u = c,F(a, y, 2 )-{-c 22 i -rF(a-y+ 1,2-y.z}. (d.4) 

+ The equation (d 2) with a negative integral y does not require special discussion, since it 
can be reduced to a case of positive integral y by the transformation which gives equation (d.3). 
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The second term, unlike the first, has a singular point at xr = 0. 

Equation (d.2) is of Laplace’s type, and its solutions can be represented 
as contour integrals. Following the general method, we form the functions 

P{t) = yt-a, Q{t) = /(/-I), Z(0 = f=-i(z-l)r-a-i, 

so that 

« = J dt. (d.5) 

The path of integration must be chosen so that the function V{t) 
= £**/“(/ —1)’'““ returns to its original value on traversing the path. Applying 
the same method to equation (d.3), we can obtain for u a contour integral of 
another form: 


u = z^-y J 1)-“ dt. 

The substitution tz t reduces this integral to the convenient form 

«(i) = J d{t—z)-H'‘-y dt, (d.6) 

and the corresponding function V to 

V(i) = 

The integrand in (d.6) has in general two singular points, at t = z and 
t = 0. We take a contour of integration C which passes from infinity 
(re t ->■ — oo) round the two singular points in the positive direction and back 
to infinity (Fig. 56). This contour satisfies the required conditions, since 
V(t) vanishes at its ends. The integral (d.6), taken along the contour C, 
has no singular point for ar = 0; hence it must be the same, apart from a 



constant factor, as the function F(a, y, z), which also has no singularity. 
For ar = 0 the two singular points of the integrand coincide; according to a 
well-known formula in the theory of the gamma function. 


1 

Zttj 


/ 


eU-ydt = llT{y). 


(d.7) 
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§d The confluent hypergeometric function 

Since F{a, y, 0) = 1, it is evident that 

r'Cy) r 

F(a,y,z) = - d<. 

Ini J 
C 

The integrand in (d.5) has singular points at f = 0 and i = 1. If re(y — 

> 0, and y is not a positive integer, the path of integration can be taken as a 
contour C starting from the point f = 1, passing round the point t = 0 
in the positive direction, and returning to f = 1 (Fig. 57); for re(y — a) > 0, 



the function V(t) returns to its original value of zero on passing round such a 
contour-! The integral thus defined again has no singularity for ar = 0, 
and is related to F(a, y, z) by 

1 r(l-a)r(y) r 

F(«,y,2) = ^ d> et^{-t)-i{\-t)y—i dt. (d.9) 

2m r(y—a) J 
C 

The following remark should be made concerning the integrals (d.8), (d.9). 
For non-integral a and y, the integrands are not one-valued functions. 
Their values at each point are supposed chosen in accordance with the con¬ 
dition that the complex quantity which is raised to a power is taken with the 
argument whose absolute value is least. 

We may notice the useful relation 

F(a,y,2) = e*F(y—a,y, —«), (d.lO) 

which is obtained at once by substituting t -► t-i-ar in the integral (d.8). 

We have already remarked that, if a = —w, where n is a positive integer, 
the function F(a, y, ^r) reduces to a polynomial. A concise formula can be 
obtained for these polynomials. Making in the integral (d.9) the substitution 
\ —tjz and applying Cauchy’s formula to the resulting integral, we find 


F{—n,y,z) = 


d" 

-2ri-re*-(e~*a:'>'+”-l). 


y(y+f)---(y+n—1) da" 

If also y = a positive integer m, we have the formula 

(— I)"*'! (Jm+n-1 


(d.ll) 


F{—n,m,z) = 


^(rn-t-1)... (m-J-n—1) d^m+n-i 


(g-Zjj-n) 


(d.l2) 


t If y is a positive integer, C' can be any contour which passes round both the points t = 0 
and t = 
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This formula is obtained by applying Cauchy’s formula to the integral derived 
from (d.8) by the substitution t -* z—t. 

The polynomials F{—n, m, z), 0 < w < w, are (apart from a constant 
factor) the generalized Laguerre polynomials 


m\{n—m)\ 

n\ d" 

=- ^ 

{n—m)\ dz" 

n\ d"-*" 

= (—I)"-- 

(«— m)\ dz""”* 


(d.l3) 


The polynomials for w = 0 are denoted by L„(^) and are called simply 
Laguerre polynomials', from (d.l3) we have 

d" 

Ln{z) = e* — 
dz" 


The integral representation (d.8) is convenient for obtaining the asymptotic 
expansion of the confluent hypergeometric function for large z. We deform 
the contour into two contours C\ and C 2 (Fig. 56), which pass round the points 
t — Q and t = z respectively; the lower branch of Cj and the upper branch of 
Cl are supposed to join at infinity. To obtain an expansion in inverse powers 
of z, we take (—z)"<* outside the parenthesis in the integrand. In the integral 
along the contour Cj, we make the substitution t -*• t+z; the contour Ct 
is thereby transformed into Ci. We thus represent the formula (d.8) as 


r(y) 

^(a.y.^) = 7^7 --(- 2 :)-»G(a,a-y+l, -z)+ 

r(y-a) 

r(y) 

H-e'«“"'rG(y—a, 1—a,z), (d.l4) 

r(«) 

where 

G(a,^,z) = J (^+~) 
c. 


In raising —z and z to powers in the formula (d.l4) we must take the argu¬ 
ments which have the smallest absolute value. Finally, expanding (1 +tlz)~^ 
in the integrand in powers of tjz and applying formula (d.7), we have for 
G(a, /3, z) the asymptotic series ■ 


ogS a(a+l)^(^-l-l) 

G(«,^,.) = l+-+—-+-• 


(d.l6l 


Formulae (d.l4) and (d.l6) give the asymptotic expansion of the function 
Ffa, y, z). 
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§e The hypergeometric function 

For positive integral y, the second term in the general solution (d.4) 
of equation (d.2) is either the same as the first term (if y = 1) or meaningless 
(if y > 1). In this case we can take, as a set of two linearly independent 
solutions, the two terms in formula (d.l4), i.e. the integrals (d.8) taken along 
the contours Q and Cg (these contours, like C, satisfy the required conditions, 
so that the integrals along them are solutions of equation (d.2)). The asymp¬ 
totic form of these solutions is given by the formulae already obtained; it 
remains for us to find their expansion in ascending powers of z. To do this, 
we start from equation (d.l4) and the analogous equation for the function 
^\~y ^(a—y-plj 2—y, z). From these two equations we express 
G(a,a—y-Hl, —z) in terms of F{o., y, z) and F(a—y+1, 2—y, z)] we then 
put y = p + e (j> being a positive integer), and pass to the limit e ->■ 0, 
resolving the indeterminacy by L’Hospital’s rule. A fairly lengthy calcula¬ 
tion gives the following expansion: 


sinTra. r(*—a) 

G(a, a—p-f-l, —a) =-r—^-2“X 


x|log2.F(a,p,2)4- 2' 

fi -0 


7rr(p) 

r(p)r{a.+s)[^a.+s)-ip{p+s)—,lj{s+ 1)] 


r(«)r(rH-p)r(r-)-i) 

^ l'(j)r(a-r)r(/)) \ 

r(«)r(p-r) r 


z‘+ 






(d.l7) 


where 0 denotes the logarithmic derivative of the gamma function: 0(a) 

= r'(«)/r(«). 


§e. The hypergeometric function 
The hypergeometric function is defined in the circle \z\ < 1 by the series 


T{a.,P,y,z) 


ajS z «{ai+l)P{^+l) z^ 

y II y(y+i) 2! 


(e.l) 


and for | 2 | > 1 it is obtained by analytical continuation of this series (see 
(e.6)). The hypergeometric function is a particular integral of the differential 
equation 


z{l—z)u"+[y—{a.+^+l)z]u'—a^u =0. (e.2) 

The parameters a and /3 are arbitrary, while y # 0, — 1, —2,.... The 
function F(a, )3, y, z) is evidently symmetrical with respect to the parameters 
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a and /S.f The second independent solution of equation (e.2) is 

z^~yF(P—y+l, a—y 4 -1,2—y, z ); 

it has a singular point at z = 0. 

We shall give here for reference a number of relations obeyed by the hyper¬ 
geometric function. 

The function F(a, jS, y, z) can be represented for all z, if re(y-a) > 0, 
as an integral: 

1 r(l-a)r(y) r 

F{a,p,y.z) = -r;-—(h d/, 

Irrl r(y—a) J 

c (e.3) 

taken along the contour C shown in Fig. 57. That this integral in fact 
satisfies equation (e.2) is easily seen by direct substitution; the constant 
factor is chosen so as to give unity for z = 0. 

The substitution u = (1 — in equation (e.2) leads to an equation 

of the same form, with parameters y—a, y —jS, y in place of a, y respec¬ 
tively. Hence we have 

f'{,a.,^,y,z) = (1— 2 ;)r-“->’F(y—a,y—^,y, 2 r); (e.4) 

both sides of this equation satisfy the same equation, and they have the same 
value for z = 0. 

The substitution t ->■ tl{l—z+zt) in the integral (e.3) leads to the fol¬ 
lowing relation between hypergeometric functions with variables z and 
zl{z-l): 

F{a,^,y,z) = (l-z)-<‘F{a.,y-p,y,zl{z-l)). (e.5) 

The value of the many-valued expression (1—z)““ in this formula (and of 
similar expressions in all the following formulae) b determined by the con¬ 
dition that the complex quantity which b raised to a power is taken with the 
argument whose absolute value is least. 

Next we shall give, without proof, an important formula relating hyper- 
geometric functions with variables z and l/z: 


F(a,^,y,2r) 


r(y)r(/3—a) 
r(y)r(a-fi) 


(.. 6 ) 


j- The confluent hypergeometric function is obtained from. F{(x., y* taking the limit 

/-KD 

The notation ,F.(a, P. y, z) for the hypergeometric function and 

hvpergeometr.c function is also used in the literature. The subscripts to ^ 

show the numbers of parameters in the numerators and denominators respectively o 
terms in the series. 
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This formula expresses F(a, /3, y. 2 ) as a series which converges for [a] > 1, 
i.e. it is the analytical continuation of the original series (e.l). 

The formula 

r(y)r(y—a—/3) 

F(a./3,y.a) = ^ Z F(a.^,a+;3+l-y.l-ar)+ 

r(y—a)l {y—p) 

T{y)T{a.+P-y) 

- " - p - " :-- " (1^ 1-^) 

(e.7) 

relates hypergeometric functions of^ and 1 — again, the proof will not 
be given here. Combining (e.7) with (e.6), we obtain the relations 




r(y)r(i3-a) 

= - fir y-)3.«+1 -p, m-z))+ 

r(p)r(y-a) 

r(y)r(a-i3) 

r(a)r(y-i3) ' 


(e.8) 


F(a,^,y,«) = 


r(y)r(y-a-i3) 


r'(y-^)r(y-«) 

r(y)r(«+^-y) 


-«) \ 


*+ 1 —y. «+^+1 ~y, —14- 
2 — 1 ' 


r(«)r(i3) 


(1 _2)r-«-^2r/J-rF^l-j3,y-i3,y+l-«-jS,^^. (e. 


9) 


Each of the terms in the sums on the right of equatioits (e.6)-(e.9) is itself 
a solution of the hypergeometric equation. 

If a (or jS) is a negative integer or zero, a = — w, the hypergeometric 
function reduces to a polynomial of the «th degree, and can be represented 
in the form 


P{-n,P,y,s!) 


z^-y{l—z)r+n-f d" 

y(y+l)...(y+«—l)d2» 


[27'+"-i(l—a)^-r]. 


(e.lO) 


These polynomials are the same, apart from a constant factor, as the Jacobi 
polynomials, defined by 


= {a+\){a + 2)...{ayn) j^^_^^ a + byny\, a+\, J-J 2 ) 

^ (e.ll) 


For a = A = 0, the Jacobi polynomials are the Legendre polynomials For 
n = 0,Fo<“'*’) = 1. 
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§f. The calculation of integrals containing confluent hypergeometric 

functions 

Let us consider an integral of the form 

CD 

Jay" = J e-^z'’F{oi,y,kz)A.z. (f.l) 

0 

We assume that it converges. If this is so we must have re v > — 1 and 
re A > IreAl; if a is a negative integer, the latter condition can be replaced 
by re A > 0. Using for F(a, y, kz) the integral representation (d.9) and 
effecting the integration over z under the contour integral, we have 


Jay" ~ 


1 r(i-a)r(y) r r 
2« r(y-a) jJ 


1 r(i-«)r(y) 
Irri r(y—a) 


.A-»-ir(v+l)X 




Using (e.3), we have finally 

Jay" = r(v+ 1)A—iF(a,v+1, y, A/A). (f.2) 

In the cases where the function F{ol, v+1, y, A/A) reduces to a polynomial, 
we have for the integral Jay" an expression in terms of elementary functions: 

Jayy^-^ = (- l)”r(y) ^[A«-r(A-A)-“], (f.3) 


r(v+l)(A-A)r+"-*’-i d" 

[A--HA-A)-r+il. (f.4) 

y(y+l)...(y+n—1) dA" 

(_ntn-n / d" 

7 --5^- - - -(m-1)!-[A‘«-i(A-A)"»-“-i]+ 

A»»-i(l-a)(2-a)...(m-l-a)\ dA"^ ^ ^ 

d»n-n-8 \ 

+„1 {m-n- 1)... (m- l)A“-"-»(A-A)-i+’«-"-» —-j|^[A'"-“-HA-A)“-‘][: (f-5) 


here m, n are integers, with 0 < « < w —2. 
Next, let us calculate the integral 


y„ = J e-i»z'-^[F{—n,y,kz)'pdz, 
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where n is an integer and re v > 0. To calculate this, we begin with a more 
general integral having instead of c"** in the integrand. We write one 
of the functions F( — n, y, kz) as a contour integral (d.9), and then integrate 
over z, using formula (f.3): 


00 


J e-^z<’-^{F{—n,y,kz)Y‘^z = 
0 


1 r(i+>,)r(y) 

2771 r(y+M) 


ou 

X {-t)-”-\\-t)y^-^e-^->^^z<'-iF{-n,y,kz) dids 

0 C' 


1 /(i+n)r2(y)r(v) 

2-iri r2(y+n) 


X 


X 




c> 


d" 

(A-At-A)r+n->'(_/)-n-i(i_f)r+n-i- [(A_At)--(A-A<-A)‘'-r] d<. 

dA" 


The «th derivative with respect to A can evidently be replaced by a derivative 
of the same order with respect to t; we then put A = A, and thereby return 
to the integral 


1 r(n+i)r(v)r2(y) 

2771 r2(y4-w)A*' 


C d" 

X ® (—«)r+n-i—[(1—<)-»■(—t)*'-r] d«. 

c 


By integrating n times by parts, we transfer the operator d"/dt" to the expres¬ 
sion { — (1—and then expand the derivative by Leibniz’ 

formula. As a result, we obtain a sum of integrals, each of which reduces 
to Euler’s well-known integral. We finally have the following expression 
for the integral required: 

”A-y(y+l)...(y+«-l) "" 


n-1 


xin-2 

3*0 


n(n — 1) ... (« — r)(y — V — s— l)(y — v — r) ... (y — v-l-r) 


[(r+l)!]2y(y + l)...(y + j) 

It is easy to see that the integrals /„ are related by 

, _(y-p-'^){y-p)...(y+p-l) ^ 

- Jy-i-pt 


k^p+i 


where p is any integer. 

We similarly calculate the integral 


/ — J ^~^^~^Fio;y,hz)F(a.',y,k'z) dz. 


(f.7) 


(f.8) 


(f.9) 
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We represent the function F(a', y, k'z) as a contour integral (d.9), and 
integrate over z, using formula (f.3) with « = 0: 


J = 


1 r(i-«or(y ) 

'im r(y-a) 


uu 

- ^ J {-ty-K^-t 

C 0 


kz) dzdt 


1 r(i-a-)r2(y) 
277/ r(y—a^) 


() (—A)-® d/. 

4 


By the substitution t -> Xtl{k't + X—k'), this integral is brought to the form 
(e.3), giving 

/ \ 

J = (f.lO) 


If a (or a') is a negative integer, a = —n, this expression can be rewritten, 
using (e.7), as 


/ = 


P ( y ) r ( y +>/-«0 

r(y+«)r(y-a') 


A -r(A - A)"(A - A') X 



—n, a', —n+«^+l~ 


X(X-k-k') 

'^\X-k){X-k') 


) 


(f.ll) 


Fini-liy, let us consider integrals of the form 


*') 


00 

J* e-<fc+*'te/2^r-i+«F(a,y, A:«)F(a',y—p,A'a) dz. 
0 


(f.l2) 


The values of the parameters are supposed such that the integral converges 
absolutely; s and p are positive integers. The simplest of these integrals, 

//0(a. a'), is, by (f.lO), 

/ ^kk’ \ 

//0(a,a') = 2rr(y)(^+A')“+“--r(^'-^)-“(A-A')-“F^a,a',y, — j: (f-13) 


if a (or a') is a negative integer, a = —n, we can also write, by (f.H). 

r(y)(y-a')(y-«'+ 1) - (y-«'+«-1) ^ 


/ = 2v- 


y(y+l) • (y+”—1) 




14) 
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The general formula a') can be derived, but it is so complex that 

it cannot be used conveniently. It is more convenient to use recurrence 
formulae, which enable us to reduce the integrals a') to the integral 

with r = p = 0. The formula 

y—1 

«') = —1. a )} 

enables us to reduce a') to the integral with p = 0. The fcrtmula 

4 

/y*+i-0(a, a') = ^^i^[ly{k-k')-koL+k'a'-k's]Jy‘0{oi, a')+ 

+i(y— 1 +s—2a.')Jy‘-^-%a, a')+2a'i/y«-l-0(a, a'+1)} (f.l6) 

then makes possible the final reduction to the integral with r = /> = O.')' 
t See W. Gordon, Annalen der Physik [5] 2, 1031, 1929. 
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Parahydrogen 334, 643 - 4 
Parity 97 

addition rule for 101 
selection rules for 98 
Particle density operator 247 
Paschen - Back effect 467,468 
Pauli matrices 204 
Pauli’s principle 230 
Periodic system 271-9 
Permutations 234-41 
Perturbation theory (VI) 133 ff. 
Perturbations 

adiabatic 148, 195-8 
in diatomic molecule 352 - 3 
Phase 
factor 7 
shift 109 

space 172, 261, 481 
Physical quantity 5 
Physical sheet 527 
Planck’s constant 20 
Plane wave, resolution of 112-14 
Point groups 362 — 70, 378 — 82, 389 — 97 
continuous 370, 389-93 
Poisson bracket 27 n., 36 n. ^ 

Polar vector 98 
Polarizability 285 

Polarization of particles, partial 221 -3 
Polyatomic molecules (XIII) 398 ff. 
Positive terms 331, 425 
Potential barrier 79-81 

in quasi-classical case 179-85, 191-5 
Potential scattering 562, 611 



Index 


675 


Potential wall 76-8, 170 
Potential well 63 - 7, 72 - 4, 110- 11, 127 - 8, 
137-8, 160, 162-3, 549 
Predictable measurements 5 
Pre-dissociation 344 - 55 
Principal groups 274-5, 311-13 
Principal quantum number 119, 252, 485 
Principle ol'least action 20 
Probability current density 57 
Product 

of elements of group 360 
of groups 362 
of matrices 32 
of operators 14 
of quantities 13 
of representations of groups 376 
of spinors 209 
Pseudo-potential 641 
Pseudoscalar 98 
^-operators 246 
Pure states 39 n. 

Quadrupole moment 281 -4, 496 
Quantum mechanics 2 
basic concepts of (I) 1 ff. 
and classical mechanics 2 - 3, 20 - 1, 51 - 2, 
54. 97, 160. (VII) 164 ff., 199 f.. 227, 
456. 509. 521 -6 
Quantum number 
azimuthal 104 
magnetic 104, 130 
parabolic 131 
principal 119, 252, 485 
radial 104, 119 
vibrational 319 
Quasi-classicality condition 165 
Quasi-classical systems 20, 48, 114, (VII) 

164 ff., 521 -6 

Quasi-discrete spectrum 559 
Qudsi-siationary states 159, 559, 593, 608 

Racah coelllcicnts 445 
Radial 

quantum number 104, 119 
wave function 103-5 

in Coulomb field 117-26 
in free motion 106-9 
Rainbow' scattering 526 n. 

Ramsducr effect 547 n. 

Range, effective 555 

Reciprocity theorem for scattering 513, 

586. 606 

Reflection above the barrier 191 -3 
Reflection amplitudes 78 
Reflection coefficient 77 

in quasi-classical case 191 -3 
Regge poles 590 
Regge trajectories 590 
Represen tdiion 
coordinate 44 
encrg> 33 n. 


Representation {cont.) 
momentum 44, 535 - 8 
of group 370 - 85 

antisymmetric product of 377 
basis of 371 
character of 372 
dimension of 199 n., 371 
direct product of 376 
equivalent 372 
irreducible 199 n., 372-85 
Kronecker product of 376 
physically irreducible 383 
reducible 372 
regular 375 

symmetric product of 377 
total vibrational 399 
two-valued 393 - 7 
unit 374 
of matrices 33 
of operators 37 — 8, 44 
of wave functions 18 
Schrbdingcr 37 
Resonance 152 
mattering 552 -64, 574-9 
Retardation, effective 633 - 7 
Rigid body, rotation of 412-21 
Rotary-reflection axis 357 
Rotation of molecules 316-21, 323 -31, 
421 -5 

Russell-Saunders coupling 270 
Rutherford’s formula 567 
Rydberg’s correction 256 


Saddle-point method 655 
Scattering {see also Elasti collisions; In¬ 
elastic collisions) 
amplitude 505, 526-38 
nuclear 578 
partial 507 

general theory of 504 IT. 
length 547 

in magnetic field 544 - 5 
matrix 512 ff., 603 - 7 
of^rator 512 
potential 562, 611 
quasi-classical 521 — 6 
rainbow 526 n. 
resonance 552 - 64, 574 - 9 
Schrodinger representation 37 
Schrodinger’s equation 51 ff. 
in central field 102-3 
for free particle 51 
in homogeneous field 74 
for linear oscillator 69 
in magnetic field 455 - 8 
in one dimension 60, 64 
in quasi-cla.ssical case 164 
Second quantization 241 - 50 
Secular equation 139 

Selection rules 93 - 4. 98, 385 - 9, 442 
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Self-adjoint operator, see Self-conjugate 
operator 

Self-conjugate operator 12 
Self-consistent field 252, 257-60, 483 
Shell model of the nucleus 482 - 91 
Sign of terms 331 -2, 425 
^'-symbols 444 - 9 
Slow particles 

elastic scattering of 545 - 59 
inelastic scattering of 601 - 3 
^-matrix 5l2; see also Scattering matrix 
Spectral terms 252, 300 
Spectrum 

continuous 8, 15-19, 567 - 71 
discrete 8-15 
of eigenvalues 8 
Spherical Bessel functions 107 
Spherical harmonics 91, 656-9 
Spherical tensor 441 
Spherical top 413 
Spin (VIII) 199 ff. 

commutation relations 201 

components 200 

in magnetic field 470 - 2 

nuclear 485 

operator 204 

total 202 

variable 200 

Spin - axis interac tion 321 
Spin - orbit interaction 267 -70, 321, 484, 
583 - 7 

Spin - spin interaction 267, 270, 326 
Spinors 206 IT. 
contraction c^l 209 
metric 209 
multiplication of 209 
symmetrical 209 
and tensors 210-15 
unit 209 

Spur oi matrix 36 
Stability of molecules 407 - 12 
Stark effect 284 - 99 

in diatomic molecule 337 -8 
linear 289 
Stationary stales 28 
Statistical weight 333 n., 427 n., 607 
Sum ol cjuaniities 13 
Summation theorem 634 
Superposition principle 7 
j-wave scattering 546 
Symmetric term 332 
Symmetrizalion 
of funt’tions 235 
of spiimrs 209 - 12 
Symini'lrv 
axis ol 356 
bilaicral 363 
equi\alent 363 
centre ol 357 
charge 474. 
groups 35‘) II. 


Symmetry {cont.) 
plane of 356 
equivalent 363 
of terms 

in diatomic molecule 300 - 1, 331 -4 
in polyatomic molecules 398 ff. 
theory of (XII) 356 ff. 
transformations 356 - 9 


Tensor 

antisymmetric unit 84 
forces 479 
irreducible 214 
matrix elements of 441 - 4 
spherical 441 

Thomas-Fermi method 261 -6, 277 -9 
3j'-symbols 433 - 40 
Threshold of reactions 618 
Time reversal 24, 55, 207 n., 223 -6, 436 n., 
455 n., 512, 606 
Time-reversed states 606 
Top 412-21 

asymmetrical 415-18 
spherical 413 
symmetrical 414-15 
Trace of matrix 36 
Transition 
frequency 31 

probability, in quasi-classical case 191 -5 
Transmission coefficient 77 
in quasi-cIassical case 182-5 
Transport cross-section 519, 581 
Transposed operator 11 
Tunnel effect 179 
Turning points 165 

Uncertainly 
principle 2 
relations 47 
for energy 157 
Unitarity condition 5l2 
complex 590 
Unitary operator 36 


Valency 3(^ - 16 
Van der Waals forces 342 
Variational principle 58 - 60 
Vector addition coefficients 436 
Vector model 100 

Velocity, in quantum mechanics 4, 55-6, 
457 

Vibrational 

angular momentum 422 
coordinates 399 
energy levels 405 - 7 
quantum number 319 
states and rotational states in diatomic 
molecule 316—21, 323 — 31 
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Vibrations, molecular 
anharmonic 405 
classification of 398 - 405 
interaction with rotations 421—5 
Virtual level 554 

Wall, potential 76-8, 170 
Wave equation 26 
Wave function 6, 21 -4, 57 ff. 
antisymmetrical 228 
of boson system 229 
coordinate 230 
of fermion system 229 
in magnetic field 457. 458-9 
near nucleus 266 - 7 
orbital 230 
quasi-classical 164 ff. 
radial 103-5, 106-9, 117-26 
spin 230 

for arbitrary spin 210-12 
symmetrical 228 


Wave mechanics 2 
Wave number 61, 106 
Wave packet 21, 47 
Well, potential, see Potential well 

Width 

of channel 610 - 11 
of level 159, 559, 610 
Wigner-Eckart theorem 442 
Wigner ^-symbols 435 


X-ray terms 279- 81 


Young diagrams 236- 41 


Zeeman effect 464-70, 501 
anomalous 465 n 



